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PREFACE 


The present volume contains a complete translation, made 
in consequence of a suggestion by my eminent friend, Professor 
E. T. Whittaker, F.R.S., of- the Italian text of my Lezioni di 
calcolo dijferenziale Two new chapters have been added, 

which are intended to exhibit'the fimdamental principles of 
Einstein’s General Theory of Relativity (including, of course, 
as a limiting case, the so-called Special or Restricted Theory) 
as an application of the Absolute Calculus. 

I have already had occasion to remark in the Preface to the 
Italian edition that we pos.se.ss various systematic and well- 
writtrm ex{)o.sition.s of Relativity by celebrated authors. The 
short treatment which i.s offered in the two new chapter.s of the 
present work presents some distinctive feature.s which it may 
be well to point out explicitly. 

In the first place, in order not to increase the size of the book 
unduly, I have thought it expedient to confine myself to tracing 
the relativistic evolution of Mechanic's (properly so called) and 
of Geometrical Optic.s, and to developing its most important 
consequences. In tliis treatment the whole of Electromagnetism 
is sacrificed. The sacrifice is certainly regrettable, since Electro¬ 
magnetism was historically related in the most intimate way to 
Einstein’s conception, having served indeed a.s the 8u})port and 
model for Re.stricted Relativity. Furthermore, Electromagnetism, 
in common w'ith every other physical phenomenon, now’ comes 
within the ambit of General Relativity. Much as the omission 
of Electromagnetism is to be regretted, it has the advantage 
of reducing the progranune to subjects belonging to the pure 
Newtonian tradition (or to its developments); and it allows us 
to take a clearer and more exact view of the transition from the 
classical scheme of Mechanics to the relativistic one. 

' CotupUed by Dr. Enrioo I’eraico (Rome, Stook, 192.'i). 



vi PREFACE 

For this reason I have followed the method—which I have 
adopted sometimes in lectures or articles on special subjects— 
of taking the classical laws as the starting point and then of 
trying to find inductively what modifications—negligible in 
ordinary circumstances—should be introduced in order to take 
account of Einstein’s ideas; and in the first place, naturally, 
to take account of his Principle of Relativity, that is to say, the 
invariant behaviour of these laws under all transformations of 
space and time, an auxiliary four-dimensional being duly 
employed. This method has seemed to me to be preferable to 
the procedure of enunciating the postulates of relativistic 
Mechanics in abstract tensorial form, which is so comprehensive 
in physical content as to be almost inacceasible to ordinary 
intuition, except with ample comment and illustration. 

A further characteristic of our exposition is that we make 
extensive use not only of geometrical representation but also 
of the differential properties pertaining to the 8i)ace-time con¬ 
tinuum; attention is drawn also to the sp<'cial importance of 
the Ein.steinian statics, the treatment being rigorous in some 
cases, while in others which involve fields variable with the time 
it is approximate. 

In closing this introduction to Chapters XI and XII I would 
add that they were prcfiared, still in collaboration with Professor 
Persico, at the suggestion of Mr. F. F. P. Bisacre, M.A. 

In connexion with the whole of the English edition, I must 
warmly thank the translator, Miss Marjorie Long, formerly 
Scholar of Girton College, who with double competence, .scientific 
and linguistic, has known how to combine .scrupulous respect 
for the text with its effective adaptation to the spirit of the 
English language. 

I owe hearty thanks also to Dr. John Dougall, who, while 
revising the proofs, has checked the analysis throughout, detected 
some oversights, and made many useful suggestions for improve¬ 
ment. 1 wish finally to thank my English publishers, who have 
not only acceded to, but almost always anticipated, my wishes 
in regard to symbols and the typography of the book. 

T. LEVI-CIVITA. 

Rome, October, 193G. 



PREFACE TO THE 
FIRST (ITALIAN) EDITION 


Riemann’s general metric and a formula of ChristofEel con¬ 
stitute the premises of the absolute differential calculus. Its 
development as a systematic branch of mathematics was a later 
process, the credit for which is due to Ricci, who during the ten 
years 1887-1890 elaborated the theory and worked out the 
elegant and comprehensive notation which enables it to be easily 
adapted to a wide variety of questions of analysis, geometry, 
and physics. 

Ricci him.self, in an article published in Volume XVI of the 
Bulletin des Sciences Mathhnntiqws (1892), gave a first account 
of his methods, and applied them to some problems in differential 
geometry and mathematical phy.sics. Later on other interesting 
applications, made by himself or his students (to which group 
1 had the privilege of belonging), suggested the desirability of 
preparing a general account of the whole subject, including 
methods, results, and a bibliography. This was the origin of the 
memoir “ Mrthodes de calcul diff4rentiel absolu et leurs appli¬ 
cations ”, which was compiled by Professor Ricci and myself in 
collaboration, on the courteous invitation of Klein, and appeared 
in Volume 54 of Math. Ann. (1901). 

There is a chapter on the foundations of the absolute calculus, 
with special reference to the transformation of the equations of 
dynamics, in Wright’s Tract, Inmriants of Quadratic Differential 
Forms (Cambridge University Press, 1908); apart from this, 
while special researches based on the use of this method were 
continued after 1901 by a limited number of mathematicians, 
yet general attention was not again directed to it until the great 
renaissance of natural philosopliy, due to Einstein, which found 
in the absolute differential calculus the necessary instrument 

vU 
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for fotmulating the new ideas mathematioallj and for the sub- 
seqn^t nnmeiical work. 

Einstein’s discovery of the gravitational equations was an¬ 
nounced by him in the famous note “ Zur allgemeinen Relati- 
vitatstheorie ” ^ in the following words: “ Sie bedeutet einen 
wahren Triumph der durch Gauss, Riemann, Christoifel, Ricci. . . 
begrUndeten Methoden des allgemeinen Differentialkalculus.” 

In an earlier memoir Einstein had given a new exposition of 
those elements and formulse of the absolute calculus which more 
specifically served his purposes. A similar standpoint was sub¬ 
sequently adopted by the most distinguished workers in the field 
of general relativity, in particular by Weyl,® Laue,® Eddington,* 
and Birkholi,® aU of whom made conspicuous original contribu¬ 
tions, both of idea and of method, to the physical theories, in 
addition to useful and elegant developments of the tensor calculus. 
Similar statements can be made for Carmichael,® Marcolongo,^ 
Kopff,® Becquerel ®—to mention, from the vast literature on the 
subject, only the books I have myself had occasion to consult 
—while de Bonder has avoided the notation of the absolute 
calculus and used instead the theory of integral invariants. 

In recent years there have been some general treatises devoted 
to the absolute calculus; for instance, those of Juvet,i^ Marais,^® 
and Galbrun.i® Lastly, there is another calculus, in a new order 
of ideas, not less comprehensive and perhaps even more general, 
invented by Schouten, and developed with the collaboration 
of Struik.i* 

In face of this plentiful and valuable literature a new dis¬ 
cussion of Ricci’s methods might seem to be superfiuous; and 
conceptually this is perhaps true. 

In fact, of the improvements and additions to the scheme 
of 1901 (the memoir in Math. Ann.), derived mainly from the 
notion of parallelism and on this basis introduced by me into 
two courses of lectures given at the University of Rome during 
the sessions 1920-1921 and 1922-1923, all, or almost all, will 
be found as independent discoveries of the authors already cited, 
in one or other of their books. 

For instance, the definition of a tensor, and some algebraic 
anticipations of the results intended to simplify the proofs, are 
to be found in Weyl, Lane, and Marais, all of whom, like Edding¬ 
ton, establish a more or less intimate connexjon between co- 
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variant differentiation and parallelism. A thorough discussion 
of the latter is also given by Juvet and Galbrun. But the associa¬ 
tion with the algebraioo-tensorial notation and with the elements 
of differential geometry is always less detailed and systematic 
than what I tried to establish in my lectures. The line of argu¬ 
ment followed in them has a particular unity, which may perhaps 
justify their appearance in print at this juncture. 

The manuscript was edited with great care and intelligence 
by Dr. Enrico Persico, from notes of the lectures. I wish to express 
my thanks to him for his valuable help, and to my publisher, 
Signor Stock (who also attended the lectures), to whose continued 
encouragement the existence of the book is due. 

TULLIO LEVI-CIVITA. 

Roub, Dteembtr. 192S. 
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oalminartod iu a farther generalistation—the work of £iiiat«in-~of the reUtivietio 
scheme. 17he spatial structure in relatmn to Weyl's new eunuept {affine geometry) 
has been the subject of study by WvTL himself, whose results hare been published 
in the volume Mathemaiitehe Analj/u de» JlaumprobUmi (Berlin, Springer, 1928), 
of further important systematic research by 0.iRTAN, and of numerous notes on 
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and others. 

Bendieonti del CtnUo Matemaiieo di PaUrmo, fascicolo XLII, 1917, 
pp. 178-216. 


NOTE TO 

SECOND ENGLISH IMPRESSION 

Advantage has been taken of a reprint to correct a few 
typographical errors and to add references to some recent 
work (see p. 441). 

T. L. C. 

Roms, November, 1928. 


PUBLISHER’S NOTE 

Professor TuUio Levi-Civita died in Rome on the 29th of 
December, 1941. 

An appreciation of his work was published in the AUi ddla 
Accademia Nazionale dei lAncei, Serie Ottava, Vol. I, Fascicolo 
11, November, 1946, with a list of his 204 scientific publications- 
This volume includes the Author’s last revisions of the 
English Version. 


April, mr. 
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THE ABSOLUTE 
DIFFERENTIAL CALCULUS 


PART I 

Introductory Theories 


CHAPTER I 

Functional Determinants and Matrices 

1. Oeometrioal terminolonr. 

In analytical geometry it frequently happens that compli¬ 
cated algebraic relationships represent simple geometrical pro¬ 
perties. In some of these cases, while the algebraic relationships 
are not easily expressed in words, the use of geometrical language, 
on the contrary, makes it possible to express the equivalent 
geometrical relationships clearly, ctmcisely, and intuitively. 
Further, geometrical relationships are often easier to discover 
than are the corresponding analytical properties, so that geo¬ 
metrical terminology offers not only an illuminating means of 
exposition, but also a powerful instrument of research. We 
can therefore anticipate that in various questions of analysis it 
will be advantageous to adopt terms taken over from geometry. 

For thi.s purpose it is essential to adopt the fundamental 
convention of umng the term poiiU of an c^straM n-dimensioncH 
manifM (n being any positive integer whatever) to denote a 
set of n values assigned to any n variables Xj, . . . This 
is an obvious extension of the use of the term in the one-to-one 
correspondence which can be established between pairs or trip¬ 
lets of co-ordinates and the points of a plane or space, for the 

1 



A 


INTRODUCTORY THEORIES 


oaa^ » = 2 and « = 3 H»pectively, For the case of « vari¬ 
ables we can thus also speak of a field of points (rather than of 
values assigned to the x’s), and of the region round a specified 
point (t = 1, 2,.., n). 

If the x's are n functions x, {t) of a real variable <, then when 
t varies continuously between and we get a simply infinite 
succession of points, the aggregate of which (as for n = 2 and 
n = 3) is called a line, and more precisely an arc or segment of 
a line. 


2. Functional determinants and change of variables. 

Let there be n functions of n variables: 

u.(a;„ x^, . . . x„), 

the functions and their derivatives to any required degree being 
supposed finite and continuous in the field considered. 

To amplify the notation, let * (without a suffix) represent 
not only (as is usual) any one of the n variables ij, Xg, . . . x,,, 
but also (as is sometimes done) the whole set of them; and 
similarly for other letters which will be used farther on. With 
this convention the given functions can be written in the abridged 


With the usual notation, the functional determinant or Jacobian 
of the m’s is the determinant of the nth order whose terms are 
the first derivatives of the m’s; i.e. 


dui 

0t<j 

0Mi 

dx^ 

0Xj 

0x,. 


0«2 

0U3 

0Xi 

dxg 

0X„ 

du„ 

du„ 

0M,. 

0*1 

Ox^ " 

0X„ 


SQch a determinant is 
notation 


sometimes represented by the abridged 

/Mj Mg . - . mA 

\xi X, ... xj 
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analogous to that used for firactions and substitutions, the set 
of functions u representing the numerator and the set of vari¬ 
ables X the denominator of a fraction. The analogy of form 
is justified by the analogy of properties, as can be seen by con¬ 
sidering the effect on a functional determinant of a change of 
variables. For let the x's be functions of n variables y, 


Oh = ■ • • yJ.j 


. • - 2/J. 


( 1 ) 


and suppose further that these equations represent a reversible 
transformation, i.e. that they also define the y's, as functions 
of the x’s, or, in other words, that they are soluble with respect 
to the y’s. If then the m’s are considered as functions of the 
y’s (being given in terms of the x’s, which are functions of the 
«/’s), and the corresponding functional determinant 



is formed, it will be found, as will be shotrn below in § 4, 
that = D multiplied by the determinant of the functions 
defined by equations ( 1 ), i.e. by 

A = 

• yJ 


3. The fundamental theorem on implimt functions. 

Before proving the theorem just referred to, we must recall 
a fundamental theorem relating to implicit functions. It is known 
that a relation between two variables of the type 

f(y, x) = 0 

defines y as a function of x, provided certain suitable qualitative 
conditions are satisfied.^ A classical form of the conditions 
sufficient for solubility is as follows. Let x®, y®, be a point at which 
/ vanishes, / being finite in a (plane) region I round the point. 

]jet ~ exist in I and be not zero for x == ofi, y = Then 

‘ When an equation ie said to be "soluble ", this will not necessarily mean that 
tiic prooess of finding an olgelmiic solution can be carried out 
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in a certain ^Hneai’) region round the value ti*e given equation 
defines a continuous function jf(x) such that f^x), x) vanishes 
identically. 

For implicit functions of several vaxiahles the following 
theorem, which is a generalization of the one just stated, holds. 

. Let there be given n equations between n variables y and 
any number of variables x of the form 

/Ay 1 a:) = 0 (f = 1, 2, . . . «). 


Let there be a set of values a^, i/®, which satisfy these equa¬ 
tions; in a region round the point a;®, y®, let the/’s and their 
derivatives with respect to the y’s be continuous, and let the 


deternunant 



be not zero. Then the given equations define the y’s as functions 
of the x’s in a region round the set of values i®. 

It will be seen that from a certain point of view the func¬ 
tional determinant of several functions of the same number of 
variables constitutes a natural generalization of the derivative 
of a function of one variable. This will follow explicitly from the 
applications of the following section. 


4. Effect on a functional determinant of a change of variables. 

(Consider first the (sufficient) condition of solubility of the 
set of equations (1). Write the equations in the form 

• • • yJ — *, = 0 (i = 1, 2, . . . M), 

and suppose that there exists at least one set of values of the 
y’s and the a;’s which satisfy them and for which the functions 
Xf(y) and their derivatives are continuous. Then, to apply the 
preceding theorem, we must calculate the partial derivatives of 
ihe left-hand ride of each equation with respect to the y’s, and 
form their'determinant. But these derivatives are the terms 

^ {j sa 1, 2, .. . n), and hence the condition of solubility with 
^^lespect to die y’s k 

A = 
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Now take tke theorem stated in § 2, and suppose A 4= 0. 
Multiply together the two detenninants D and A, i.e., inter¬ 
changing rows and columns in A, form the product 



Bill 

Bui 


Bxi 

8x2 

dx„ 

dxi 

SaJg 




a^i 

"■ ay, 

0Mj 




Bxj^ 

8x2 

8x„ 

dx^ 

Bx2 

“* dx. 

X 

22/2 

22/2 

dy2 

du„ 

Bu„ 

8 u„ 


0Xi 

8x2 

dx„ 


8x^ 



at/,. 

8yn 

8y,. 


Applying the ordinary rule, the product hy rows gives as 
the typical element a„ of the resulting determinant the expression 

^ 3Wr _ du^ 

I'dXi dy, By, 

(remembering the rule for differentiating a function of one or 
more functions). Hence, as already stated, the product is the 
determinant D^. This result is expressed by the formula 



which justifies the use of this notation for the functional deter¬ 
minants. 

5. The necessary and sufficient conditions for the independence 
of n fonctions of n variables. 

If therefore the functional determinant of n functions of n 
variables does not vanish identically, it follows that this pro- 
j)erty still holds when the original variables are replaced by 
others related to the first set by the transformation (1) (with 
the condition A =# 0); in other words, this is an invariant property. 
The following definition may therefore be given: 

DEFiNrrioK.—n/uncffons of n vorioNes are mid to 6e indepen¬ 
dent when their functional determinant does not vanish identioaUy. 

The reason for applying the word “ independence ” to this 
property is shown by f^e following Idieorem. 
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* 


Thbobbu.— 0mm nfwnctims u of n mriabies x, ike neoemiry 
amd siitffiaerU condiUm for the non-ea>iaimoe of any {differmtiidbie} 
rdatim betwom them of the type 

f{ui, u„) = 0 .... (3) 

imxlving only the u’s and not the x’s, is that their functional deter- 
mmanl does not vanish identically. 

We shall first show that the condition is sufficient; then that 
it is also necessary, but for the moment confining the proof to 
a particular case; the theorem in its general form will be shown 
farther on to be itself only a particular case of another stiU 
more general theorem (of. § 7). 

Suppose the condition satisfied 



We shall then show that no relation of the type (3) can exist. 
(Identities are of course not considered; i.e. we exclude the case 
where equation (3) is satisfied when arbitrary values are assigned 
to the m’s, as it would not then represent any relation between 
the u’s.) Suppose that such a relation does exist. Differentiating 
with respect to r,, . . . x,„ we should get n equations 


3w, 


3 / 3 «„ 

dx. 


linear and homogeneous in the derivatives 


0 (f = I, 2, . . . n), 

5/ 


3m„ 


Now since by 


hypothesis / is a true function, not zexo identically, these deri¬ 
vatives are not all zero. Hence the determinant of the coefficients 
of this group of equations vanishes; i.e. D = 0, which is con¬ 
trary to our hypothesis. The condition (4) is therefore sufficient 
to secure the non-existence of any relation of the type (3). 

To prove that condition (4) is necessary, we shall show that 
if it is not satisfied, ie. if 

D=0, .(6) 


then the u’s are connected by a relation (at least one) of the 
fype (3). For the moment the only case considered will be that 
^ which at least one of the minors of ordw n — 1 of the deter- 
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minant D does oot vanish. This minor will in general be of tJie 
type 

where pi,... p,i_i and q„.i represent any two arrangements 
of » — 1 integers chosen without repetitions from the numbers 

1, 2. n. But since the order in which the x's and m’s are 

made to correspond to the numbers 1, 2 ,... n is immaterial, we 
can, without loss of generality, suppose numbers assigned to the 
variables in such a way that D' is the minor formed by the first 
n — 1 rows and « — 1 columns; we thus get 



This condition expresses the fact that no relation exists 
between the first w — 1 functions. 

Now we know that if a reversible transformation is applied 
to the x’s, it follows from hypothesis (5) that the determinant 
of the u’s with respect to the new set of variables y is also zero. 
Let the relation between the ac’s and y's be given by the following 
equations; 

yi 


yii-l — • • • *«)> 

Vii " 

We may note thai. these formul® define a reversible trans¬ 
formation, since the functional determinant of the j/’s with respect 
to the x’s is 

du^ 0«1 0Mi 

aa?i " ■ 0x„_i dx„ 


dxi " ’ ax„_i da^ 

0 . . 0 1 







iJ^TRWyOtOftV THEORIES 




aAd 6Zf)iUidiB^ this from th« last tow, it is s«eQ to i>e equal to 
ly, which by hypothesis is not sero. 

Now consider the u’s as functions of the y’a; using equations 
(7) we ge* 

«! = yi. \ 


= y»-i. 

«« = «iyi. • • • y«-i. yJ--' 


. ( 8 > 


Expressing the fact that the determinant of the u’s with 
respect to the y's is zero, we get 


1 0 . . . 0 0 

0 1 .. . 0 0 

• •« »• • 

0 0 . . . 1 0 

3^, i 

Syi 3^2 ■ * ‘ dy„.i dy„ \ 


^y,. 


0 . 


It follows that the last of the equations (8) does not contain 
y„; substituting in it from the remaimng equations, it becomes 

M., = ««K. • • •«.. l)i 

Le. a relation between the u’s which does not contain any of the 

x’s. 

Hence from the hypotheses (6) and (6) it follows that there 
exists om rdation of the type (3), which is such that «„ can be 
expressed in terms of the other u’s. This relation is unique, 
because if there were another, then eJimmatmg u„ between them 
We should get a relation between u^,... u„_i; but this, as already 
pointed out, is incompatible with hypothesis (6). 


j FonctiiHial matrices. Definition of the independence of 
m^fnnctions of n variables. 

We diall now examine tiie more general case in which the 
tnunber m of the functions u is not equal to the number n of the 
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vaiiables is. For this pofpose we must consider the functmud 
medrix of the given functions, i.e the following matrix of m 
rows and n columns: 


dui 

0% 

0«1 

Zxy 

0*, *" 

0X„ 

9m,« 

9m„ 

9m.„ 

dxi 

dx^ ■" 

0®„ 


In what follows it will be denoted by M; but it must be noted 
that no numerical value is attached to the symbol, and there¬ 
fore that M does not represent a quantity, but is an abbreviation 
for the arrangement of terms under consideration. 

The characteristic of a matrix is the order of the non-vanishing 
determinanta of highest order which can be constructed from it; 
it can therefore obviously not be greater than the number 
rows or the number of columns, whichever is the less. 

We now give a definition, which will be justified in the follow¬ 
ing section. 

Definition.— m/uwctions of any number of variables are said 
to be independent when the characteristic of their functional matrix 
is m. It follows immediately that if the number of functions is 
greater than the number of variables, the functions cannot be 
independent; while if the two numbers are equal, the definition 
coincides with that already given, since the matrix becomes a 
determinant of order m, and if its characteristic is m this is 
equivalent to saying that the determinant does not vanish. 

7. Theorem. 

Given m furuHons u of any number of variables x, if the 
charaderistic of their functional matrix is k, then there are m — k 
relations {and not more) between the u’s which do not involve 
the x’s. 

It will follow immediately as a corollary that if the functions 
are independent (the case I; = m) there exists no relation between 
tiiem. 

The theorem just stated has been proved above (§ 5) for the 
particular eases in which the number (d functions is equal to the 
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Humbec of variables and in addition — 1. 

We proceed to prove it in genial, taking various cases in turn, 
as follow. 


(1) k — m (and .*. m < »), the case of independence; 


(2) k < w: I 


(2o) k — n, 
(26) k < n. 


Case (1); k = m. This hypothesis is equivalent to sajdng 
that there exists a minor of order m which is not zero; remember¬ 
ing the remark made on p. 7, we may suppose without loss of 
generality that 



Applying the theorem of p. 6 it follows that the m’s are not 
connected by any relation which does not involve any of the 
a:’a. 

Case (2o): k < m, k — n. There is therefore a minor of 
order n which is not zero. We may arrange the suffixes of the 
tf’s and the x’s so that the minor in question is that formed by 
the first n rows and n columns, and we shall have 



We shall now show that «„+i, w„+ 2 , •••»«* c®® k® expressed 
in terms of the remaining «’s, without using the x’s, so that we 
shall have m — n (which is the same a&m~ k) relations between 
the m’s. For since D =1= 0 we may change the variables. Let 
the new variables be given by the equations 

ttj = ^(^> • • • ®«»)» 


M„ — ^n(^» • • • ®n)- 


.Solving these equations with respect to the x’s, and substituting 
’'ilpe expressions so obtained in these will be expressed 

|,la(i functions of tq,... hence the theorem is true for this 
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Case (2&): k <m,k <n. The hypothesis is that there exists 
a determinant of order k Tirhich is not zero, and that every deter¬ 
minant of higher order vanishes. Let us arrange the u’b and the 
x’b bo that 



We shall show that any function U/, {h = k + 1, ... m) 
can be expressed in terms of the first k functions u, without 
involving any of the x's. For this purpose, consider the deter¬ 
minant 0 formed by bordering D with the (i + l)th column 
and Ath row of the matrix; since it is of order A -f 1, it is 
zero by hypothesis, i.e. 

0 ^ /“i • • • “i % \ ^ 0. , . . (10) 

\Xj . . . Xj. 


Now applying the theorem stated on p. 6, it follows from this 
equation and the inequality (9) that can be expressed as a 
function of . u^, which does not involve Xi,... Xj, i.e. 
since we are not yet able to say anything about the remaining 
x’s, 

Ma = • • (11) 

The next step is to show that ... x„ do not in fact occur 
in this expression. If n = I: + 1, there is no need to consider 
X;^^ 2 * • • • therefore the formula (11) represents the expres¬ 
sion we are in search of, giving m* in terms of alone. 

If this is not so, let x^ denote any of the variables . . . x„, 
and consider the determinant ©', obtained from © by replacing 
**+i by Xj, so that 

M . . . «, mA ^ 

\Xi . . . Xt XjJ 


©' vanishing because it is a minor of order I: 1 taken from the 
matrix. Expanding it, substituting from equation (11), and 
making certain transformations, we can easily show that it 

involve the vanishing of whence it follows that ^ does not 

OXj 

contain x. In fact, representing compactly by the letter D tdie 



4*''''; ' ■ ^ V'': ■:;. ;; 

igwe matiix of tiiose olementB of @ which fom the detmakaat 
D, we have 


dXj 


0' = 


0Mt ' 

, 


9«* 3m/, 9«4 

9a^ 9xj. ^Xj 


Using equation (11) the elements of the last row are given by 


1, 2, .. . A); 


3% ^ 2 a (i 

dxi i^dui dxf 

3ua _ _|_ 2 

dx^ dXj i‘dui dxj 


Multiplying the elements of each of the first A rows in turn 

by —^,. . . ~, and subtracting the sum of these products from 
0% 

the elements of the last row (which does not change the value 
of th'} determinant) the last row becomes 


0 . . . 0 


0^ 

dx/ 


and thwefore, expanding from this row, we get 

d4 


0 ' 


0X| 


R 


;^nce hy hypothec D 4^ 0, it Idllows that = 0, which 
proves the assertion. 

I^e theorem enunciated at the beginning of this section is 
completely proved. Applying it to the particular caae 
' ip la », it ooinddes with the theorem of p. 6, which is therefore 
it^ elmwn to hold without miy resiaicticQ. 
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CHAPTER II 

Systems of Total Differential Equations 


1. Preliminary remarks. 

The reader may first be reminded of some general considera- 
ticms on differential expressions. 

Given a function/(ai, ... x,J, the expression 

1 PX, 

is called the total differential of the function /; it is equal (except 
for infinitesimals of higher order) to the increment of f in passing 
from the point Xj,... x„ to the infinitely near point x^ + dx^, 
Xa + dxg, . . . x„ + dx„. 

Given n functions Ai, of the x’s, which, together with their 
first derivatives, we shall suppose finite and continuous, the 
expression 

^ (Xj, Xa, . . . x„) dx, . . . (1) 

1 

is called a differential, or Pfaffian, expression. 

An expres.sion of this form is not always an exact differential; 
i.A there does not always exist a function /(Xj, Xj, . . . x„) such 
that the given Pfaffian is its total differential. The necessary 
and sufficient condition for the existence of such an /, i.e. for the 
integrability of an equation of the type 

df^i,X,dx, .(2) 

1 


is that the following |n(» — l)-ctondition8 should be satisfied; 


dX, 

dx, 


dx. 


a, 3 = 1 , 2 , 


(3) 


If these conditions are satisfied in a certain field, the int^ral 
oalmlwt shows bow to construct the most general fmcihn / 
Fiiicih has the leqaiied property; i.e. it shows how to tnieifrsite 
expiessim. All the possible fa diffw 
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(m^ .aiidtto by a coostant. I£ we loQow inocedouQ ttsoai Iq. 
d^estary treatises, and consider not the whole field but a suit¬ 
ably restricted region round a point x arbitrarily fixed in advance, 
then in this region each of the/'s is a m.%fbr^ function (i.e. one- 
valued, like all the functions we are cohmdering) of the argu¬ 
ments . . . x^. 

We now proceed to discuss a more general problem than this. 
Let there be m unknown functions m of n independent variables 
X, and let there be given a set of relations between their difier- 
entials which define the dw’s in terms of the dx’&, in the form 

n 

du^ = (jcJ u)dxi (a = 1, 2,.. . wi), . (4) 

I 

where the JC’s are mn arbitrarily assigned functions (finite and 
continuous, together with their first derivatives). 

A group of relations of the type (4) is called a system of 
total differenticd equations^; equation (2) is obviously only a 
particular case. It may be remarked that equation (2) is itself 
equivalent to the system of n equations 

K = X,ix) a = 1, 2. ...«), . . (2') 

and that the equations (4) are analogously equivalent to the 
system of mn equations 



Both are problems of partial differential equations, and are 
soluble only under specific conditions; but if these are satisfied, 

* In a syiitMn of this kind the group of variables to be considered independent 
is fixed in advance. The late Profeaun- O. Ricci in a recent work has considered 
instesd a a^rstem of I equations of the type 

2ar,(x)dx, =0 (r = 1, 2, . . . i), 

1 

determining the conditions that the n variables tc may be considered functions of 
any iliunibery»(<n) of independent variables, and indicating the steps necessary 
to find the solution (of. Atti dd Xeale Id. Ven., Vol. XXXI, 1022-3, pp. 170-183). 

jfixi account of the general theory of Pfafiian systems, with recent develop- 
menits doe mainly to von Weber, Cartan. and Gownat, is given in the last-named 
Imthitr’s tur h prdiiim de (Paris, Hemwiin, 1022). 
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mre shall see that the int^atiou reduces to that of ordiuary 
difiereatial equations. 


'i. Oonditioiu oeoeisary for integrabOity. Ck>mpietely in- 
tegrable, or oomplete, sfftems. 

"When the problem is stated in the form (4'), it is obvious 
ffrom the symmetry of the second dwivatives of the u’s) that 
a necessary condition for the existence of solutions is that the 
following conditions shall be satisfied: 

/® = 1, 2, . . . 

dxj daSj \i,j = 1,2, ... n I 


The symbol denoting total differentiation has been used as 
a reminder that in differentiating it is necessary to take into 
account that the arguments u also depend on the as’s, i.e. that 


dx^ 




dx. 


1 


dXj 1 du^ 


dXj 


( 6 ) 


Using this result, the equations (5) take the form of — 1) 
relations of the type 

ffx 1 m) = 0.(6') 


These, it will be seen, in general contain not only the x’s but 
also the m’s (unlike the equations (3)); and we must suppose the 
m’s replaced by those unknown functions of x which satisfy the 
given system of equations. The conditions of integrability can¬ 
not therefore be given explicitly without knowing beforehand 
the solutions of the system. This difiSculty did not arise for the 
equation (2), since the Jl’s, and therefore their derivatives, did 
not contain the unknown function. 

But it may happen—and this is the most interesting case— 
that the equations (5) are not only satisfied for those particular 
m’s which form a solution of the system, but are true identically, 
i.e. for any set of values whatever of the m’s and of the x’s. In 
this case, as we shall see, these conditions are not only necessary, 
but also sufficient, for the integrability of the system, which is 
then said to be compLetdy integrable, or conijUete. 
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3. Tii« iai^i^oii of » nuBliu^ oouMni afil«BiL oim 
i^NmfS b« ndnood to that of a eom^ta aritom. 

We shall now ^ow that whenever a system of total difEerehtial 
equations is integrable (in the sense that there exists at least on© 
Set of m functions *a,. .. a;,,) which satisfy tihe system), 
the integration reduces to that of a complete system; we shall 
thus be able to confine our subsequent discussions to systems of 
the latter kind. 

As we have already said, there are j[wn(n— 1) conditions of 
iutegrability (S'), while there are w m’s. Now for n > 2, 
m < ^mn(n r- 1). In general, therefore, there cannot be m func¬ 
tions u which satisfy these conditions, and therefore the systotn 
can certainly not admit of solutions. If exceptionally these con- 
ditions are mutually consistent it may happen either that m of 
them are independent, so that there is then one single set of 
values for the w’s which satisfies these m conditions, and it only 
remains to test whether these «'s also satisfy the given system 
of equations; or that they are all satisfied identically (and then 
the system is complete); or that—the most general case—they 
reduce to a number v <m ot mutually consistent and indepen¬ 
dent equations. In the latter case, v of the unknowns can be found 
in finite terms, expressed in terms of the x’s and the remaining 
m — V = fi unknowns. Arranging the m’s in a suitable order, 
we may suppose that the equations (S') give us the last v of the 
functions u, viz. the functions 

+ 1 » + 2 > • ’ • 

in terms of the x’s and the remaining m’s, 

iq. Mg, . . . 

For greater clearness, we shall denote these first fi functions 
M by M„ (a == 1,2,... fi), and the last v by ==«,. + s 
(fi = 1, 2,... v). Using this notation, the equations (6') can 
be put in the form resolved with respect to the , namely 

== /s (* 1«') (fi — 1,2, .. . v). . (6") 

Next, suppose the system of equations (4) divided into two 
groups; one consisting of the first fi: 

dtt* = £, J.ji (x J tt) <fx, (a = 1,2, . . . n); . {4q) 

^ (dSSS) 
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and tke other of the remaining v. 

n 

du^ = {x\u)dXi (a ~ /a -f 1 , /i + 2 , . . . ffi = ft 4- »')• 

The latter group, putting o = /t + j 8 , we shall write 
in the form: 

du'^ =-- Si {x 1 u)dXi = 1, 2, . . . v). . (46) 

1 

Substituting from the equations (5") and (4a), the two sides 
of this last equation become linear expressions in the differentials 
dx^, with coefficients which depend solely on the x'a and the m’s. 
Since the coefficients on both sides must be the same (the differ¬ 
entials dx^ being independent), the equations (46) reduce to 
equations in finite terms, nv in number, between the u '’8 and 
the x’h. 

If all these reduce to identities, we need only consider the 
system of equations (4a). in which the functions «" are to be con¬ 
sidered as reydaced by their values as given by the equations 
(5"), so that we have a total differential system, of the same 
form as the original system (4), involving only the u'’s, fi in 
number, where p. ~ m — v < m. The essential result in the 
case under consideration is that the system (4a) so reduced is 
necessarily cximplete. In fact, it consists of a part of the original 
system (4) with the additional relations (5") between the w’s. 
The condition of integrability of the whole system (4) (where 
a priori the u's were treated as so many unknowns) consisted of 
the equations (5), or, we may say, of the equivalent equations 
(5"). For the system of equations (4a) the analogous coiulitions 
will consist of a part of the conditions (5") (or combinations of 
these), with the proviso that every u" is to be replaced by the 
corresponding expression given by the equations (5") themselves. 
This process obviously leads to mere identities; hence, as stated, 
the system (4a) is complete. 

If on the other hand the equations (46) give rise to non¬ 
identical relations in finite terms between the m'’s and the x'&, 
we shall have to associate them with the equations (4a) and 
treat this whole system of equations in p unknowns (including 

some total differential equations and some equations in finite 

* 
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terms) as we have already treated the syst^ of e^ualiofia (4) 

and the conditions (5). 

Proceeding in this way, we shall reach a stage where either 
the conditions are found to be mutually inconsistent, when we 
must conclude that the given system has no solution, or else the 
problem reduces to the integration of a complete system (with a 
number of unknowns which is certainly less than m). Q.E.D. 

In consequence we shall now confine our attention solely to 
complete systems. 


4. Bilinear oovarianta and the resulting form for the conditions 
of oomidete integrability. 


We have expressed the condition of complete integrability 
by means of the equations (5), which are supposed to hold for 
arbitrary values of the w’s and of the x'a. We shall now express 
this condition in a more concise form. 

For this purpose take two different systems of infinitesimal 
increments of the denoted by dx, and Bx, respectively; the 
corresponding increments of a generic function u of the x’s will 
then be denoted by du and Su respectively, and will be given 

by 


du 

8u 


2.. dx„ 

1 OXi 

A 8 a:,. 

J OXi 


0 ) 


Now the dx’B are arbitrary infinitesimals, on which we can 
o jHiori impose any hypotheses we please; we shall consider 
them as infinitesimal functions of the 3 :’b. With this hypothesis 
the increments of these dx's, corresponding to the increments 
Bx of the variables, will naturally be denoted by Bdx; with a 
fflmilar interpretation for dSx. The increment du will also be an 
infinitesimal function of the x’s, and we shall thus have to con¬ 
sider Bdu\ dSu will be similarly defined. We shall next obtain 
the explicit expression of these two second differentials of u, in 
ord^ to show that a slight restriction on the arbitrariness of 
the second differentials of the independent variables will he 
sufficient to ensure the result 8du = dSu, whatever the 
loncrion u may be. 
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Applying the symbol of operation S to the first of the equations 
(7), we get (without any restrictive hypothesis) 


** /S'?/ \ ^ S?y 

Bdu= + 

1 \d x^/ 1 cx^ 


** S'?/ 


( 8 ) 


The expression for d&u will evidently be similar, with d and 
S interchanged. Now the first part of the formula is unaltered 
by this interchange, while in the second Bdx, is replaced by 
dSa:,. If therefore we impose on the arbitrary functions dx and 
Bx of the x’s the condition 

dBx, — Bdx^ {i == 1, 2, . . n), . . (9) 


which represents a very small loss of generality, the second part 
of the formula (8) will also be unaltered when d and S are inter¬ 
changed; we shall therefore have, for any function whatever 
«(iCi, ajj, . . . a:,.), 

dBu = bdu .(10) 

It may be noted incidentally that in the differential calculus 
it is usual to impose a hypothesis involving considerably greater 
restrictions than the conditions (9); the usual convention is 
that the second differentials of the independent variables are 
zero, or that the dx’a are not functions of the x’s, but constants. 

We shall now consider, along with the increments of the 
independent variables, not a function u with its differentials, 
but a generic Pfaffian 

h = S.A.dx,, 

1 


in which the X’s are given functions of the x’s. 

The suflSx d has been inserted as a reminder that the Pfaffian 
refers to the increments dx,; the same Pfaffian relative to the 
increments 8x, will be conveniently distinguished by the analogous 
notation 

= 2,A,8x,. 

1 
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Both and will naturally be lunotions of the a*s. Oal- 
oolating 8^^ we thus get 

Sh = S.8Z.d*.+ S.^jSdx, = £. S/^^'djc,Sa!,+ S.jr.Sd®/, 

I 1 1 1 0®; 1 

or with the abridged notation which can be used when several 
summations between the same limits are applied to the same 
general term, 

1 0 ®, 1 


Interchanging d and 8 we get dtp^. Using the relation (9), 
the diflerence reduces to 


ft 




y 

! dxj 


Sx, dXj. 


But the value of a sum is plainly unaffected by the parti¬ 
cular letters of the alphabet which we choose to assign to the 
suflhxes with respect to which the summation is to be made. 
We may therefore interchange » and j in the second part of tlie 
preceding formula, so that we can now WTite the equation in the 
form 

. (U) 


The expression is ealJer] the bilinear comnant 

relative to the given Pfafiiau. The use of the term “ bilinear ” 
is sufficiently justified by the expression just found, which is 
linear in the arguments dx and also in the arguments 8x. The 
name “ covariant ” is due to the circumstance that the numerical 
value and formal structure of the two sides of equation (11) 
always remain the same when the independent variables x vary 
in any way wh^ver. But we shall return to this point farther 
on (cf. Chapter Vi, p. 144) in connexion with the general idea of 
invariants (functions or differential forms). 

Meanwhile it may be noted that if the Pfaffian tpa is an exact 
differential, i.e. if the conditions (3) are satisfied, the light'-haiai 
side of equation (11) becomes zero, and we reach a result whkffi 
has already berai found (cf. formula (10)). 
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We may now return to the eicamination of the system of 
equations (4), and the conditions of complete integrability. Con¬ 
sider the m Pfaffians which constitute the right-hand sides of 
the equations (4): 

1 

and construct their bilinear covariants. We shall show that the 
two conditions: (a) that these covariants vanish identically, 
however dx and Sx are chosen; and (b) that the equations (5) 
are identically true whatever values are assigned to the a’s, 
are completely equivalent, so that the condition of complete 
integrability may be written in the form 

~ = 0 (a -- 1,2, . . . (12) 

it being understood that this equation must hold for arbitrary 
values of the increments dr and 8rd 

To prove this, take the explicit expression of these bilinear 
covariants, in the form given by equation (11). In differentiating 
it must be remembered that the X’s must be considered as 
functions of the r’s, both directly, and also indirectly as functions 
of the u’s. Using the convention already adopted, the derivatives 
can therefore be denoted by the symbol for total difEerentiation; 
equation (12) thus becomes 

Now if the conditions (5) for complete integrability are satisfied, 
the coefficients of this bilinear form (i.e. the expressions in paren¬ 
theses in equation (12')) are all zero, and therefore the equation 
is satisfied however the dx's and Sx’s are chosen. Vice versa, 
8upf>ose that the equation is satisfied however the dx’s and Si’s 
are chosen. Then all the coefficients must necessarily be zero. 
For if we take all the dx’a and Si’s as zero, except one pair, 
e.g. dX{, hXj, where i, j, are two arbitrarily chosen but definite 

* A* a matter oS fact we have imposed the rtatrictioas (9) on the second 
differentials Sdx,, dto* but the infinitesimal increments dxt, J** to be assijfnod to 
the *('s at the generic point under consideration are still entirely arbitrary. 
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int^g^ of the series 1, 2 ,..«n; then the snm in eqimtion (12') 
xeduoes to the single t^m 



which cannot vanish unless 

— 0 

dXj d«, 

We therefore conclude that the conditions (5) can be written in 
the more concise form (12). 


5. Morera’s method of integration.^ 

We shall now show that the conditions of complete integrability 
are suflScient for integrability, or more precisely that if they are 
satisfied there exists one and only one set of m functions u(a") 
which satisfy the given system of equations and have values 
arbitrarily fixed in advance at a pomt also fixed in advance. 
Considering these initial values of « as arbitrary constants (as 
evidently they may be considered to be), we can say more 
shortly that the general integral depends on m arbitrary constants, 
or that there are oo*" integrals. 

For the proof, we first fix a generic point PofxJ, • • • ^^J*,), 
in the field of variation of the ar’s in which the X’s are defined. 
Let Pi(j;^, 3\,.. .x\) be another arbitrary point in the field, and 
suppose it joined to Pq by a line T which does not leave the 
field. T will be defined by parametric equations 

= </>.(<) (i = 1, 2, . . . n), . . (13) 


rriieire i is a parameter which has the value at Pq and the value 
#1 at Pj. We shall provisionally confine our investigation to the 
points of this line, so that for the present any functions ii of the 
ns's are to be considered as functions of the variable t alone (via 
the ic’s and the equations (13)). Their derivatives will be 

1^0 = I; ^ 

dt i‘3x, dt 


(a = 1, 2, 


w), 


l^Ztir Integration der voHstandigen Differentlale", in Math. Ann., Vol. 27, 
lgS6, pp. 408-411. Of. almi Skvieri: **Sii 1 metodo di Mayer per rintegraeinne 
dfdie eqnasiani linettri at differenaiali totaJi”, in AtU dd Jt, 1st. Venelo, VoL 
LKDC, 1910, pp. 419-425. 
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or, denoting difkrentiation respect to £ by a dot, and sub- 
stitaling from equation {4'), 

. 

The i/s are known functions of t given by equations (13); 
hence the equations (14') are of the type 

= U„(< I Ui. Mj, .. . ?0 (a = 1, 2, . . . m), (14") 

i.e. they form a system of ordinary differential equations, in the 
normal form. Now given rn arbitrary constants mJ, m”, , . . m^, 
it is known from the calculus that—subject to qualitative condi¬ 
tions of continuity and existence of derivatives, which we suppose 
satisfied—there exist m functions «„(<) which satisfy the system 
(14"), and which are equal to the given constants when t = tg. 
If, therefore, the «’s are given any arbitrary set of values at 
they are defined at all points of the line T, and therefore also 
at Pj. It may however happen—and does in general—that if 
the points P, and Pj are joined by another line instead of T, 
different values will be found for the u’s at Pj. But we shall 
now show that if the conditions of complete integrability are 
satisfied, the values of the w’s at Pj, found by the method just 
described, are independent of the line T, so that these u’s will 
be functions only of the co-ordinates of Pj, that is, functions of 
position; they will satisfy the given system of equations not 
only along a line, but along all the infinite number of lines which 
can be drawn in the given field, or, in other words, in the whole 
of this field. They will therefore constitute the required solutions 
of the total differential system (4), as w'e shall show later on. 

We shall simplify our task by considering infinitesimal dis¬ 
placements; i.e. by showing in the first place that the values of 
the w’s at P^ remain imaltered if the line T undergoes an infinitesi¬ 
mal deformation; it will follow that they will be the same for 
any line which can be obtained from T by a succession of infini¬ 
tesimal deformations, i.€. by a continuous deformation of T. 
If then we suppose the field such that every line joining and 
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Pi can be obtained in this way, we shall have all that h 
Such fields (e,g. a triangle or a circle in a plane, a cube or a s^ere 
in space) are called simply omnecled. 

Consider therefore a line T’ infinitely close to T] we may 
think of it as obtained by displacing each point P of T, of co¬ 
ordinates x^, to a point P' of co-ordinates and the 

infimtesimal increment Sa;, may be taken in the form 
example, where every is a finite quantity varying from point 
to point of the curve (and therefore a fimction of t), and e is 
an infinitesimal factor taken as constant, and therefore indepen¬ 
dent of t. With these conditions the parametric equations of 
the curve T' will be 

3-. -f Sr. = ^.(<) -f ex At)- . . • (15) 

The functions Xi 5® considered as arbitrary, except for 
the condition of vanishing for t ~ and for t ~ t^, so that the 
lines T and T' may have the same extremities. We shall adopt 
the natural convention of using the operator 8 to denote the incre¬ 
ment of a generic quantity (scalar or vector) in passing from the 
point P of r to the corresponding point P' of T\ 

Now suppose the equations (14") integrated along I”; we 
shall get functions of t, Sm„, satisfying the equations 

^ («.+8«.) = »<•’+ H':') (• “ 1.2, • • ■ >«). 

or 


using hypothesis (12), expressing the complete integrability of 
the system, we can also write the equations in the form 


dt dt ' 


(16) 


From the theorem of the existence of integrals of ordinary 
diffenptial systems (already referred to m connexion with 
38 (14')), it follows that the quantities Si/., are uniquely 
ned by these equations together with the condition of 
shing at P#. Now the equations (16) are obviously satisfied 
taking. 

(17) 
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(Le. assutuing for the quantities Su^ the expressions appropriate 
to the case where the u’a are in fact functions of the x’s). These 
expressions vanish with the Sx/s, ie. at Pg (so satisfying the 
initial conditions which, together with the equations (16), deter¬ 
mine them uniquely), and also at P^; which proves the required 
result. 

It is thus proved that in order to construct the functions 
u whose total differentials are the assigned Pfaffians (satisfy¬ 
ing identically the equations (12) or the original equations (5)) 
and which have given values «" at a given f>oint Pg, we need 
only join Pg to any point P, by any line T, and integrate the 
system of ordinary differential equations along T. 

To complete the proof, we must now show that the differentials 
of the functions of the co-ordinates of Pj obtained in this way 
are in fact the functions Consider a point Pj infinitesimally 
close to Pi, to construct the values of the w’s at Pg take the 
broken line made up of T and the small segment PiPf It is 
then obvious that integrating the equations (14) along this line 
we get, in passing from P^ to ^2. the increment 

6 . Note on Mayer's method. 

The method followed in the preceding section to show the 
existence of the integrals of a complete system of total differential 
equations, is due to Morera. 

There was an earlier method, proposed by Mayer, by no 
means so clear, and seemingly dependent on a purely forma’, 
device. M(>rera’8 method, -which is inspired by geometrical 
intuition, brings out the true reason for the success of Mayer’s 
device, and provides a criterion for its validity. 

Mayer’s method is to join the points Pg and Pj by a segment 
of a straight line, instead of by any line T, so giving the equations 
(13) the form 

+ (a^! — *''); (t = 1,2 ,... n); 

the proof consists of a series of purely algebraic operations, 
instead of the proof developed above almost without calculations. 
In addition, while Morera's method can be applied if we merely 
suppose that the field in which the given equations hold is simply 
connected, Mayer’s method, on the contrary, obviously requires 

1 1) t 2* 
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a much more restrictive hypothesis, namely, that any two points 
in the field can be joined by a straight line which lies wholly in 
the field. This property is expired by saying that the field is 
convex. 

7. AppUoation. 

Given a generic Pfaffian 

0 =- 2,Z.(x)da:„ 

1 

we shall investigate whether it is possible to find a relation between 
x'a of the type 

/(xj, Xj, . . . x„) — C (C constant), . (18) 

which shall be an integral of the equation 

Ip = i.,X,dx, = 0, . . . . (39) 

1 

in the sense that the relation produced by differentiating equation 

(18) , namely, 

df ^ i,l^ dx, 0 .(18') 

1 ox, 

is equivalent to the equation (19). 

For this it is plainly both necessary and sufficient that the 
derivatives of the unknoivn function / should be proportional 
to the given functions X,. We therefore need some test to apply 
to the X^a them-selves which will show whether they are pro 
portional to the derivatives of a single function not known in 
advance. 

This problem, which also occurs in geometrical questions (as 
we shall see in particular on pp. 263-265), reduces at once to a 
particular case of a total differential system. In fact, given that 
tp does not vanish identically, and therefore has at least one of 
its coefficients not equal to zero, we may legitimately suppose 
that Xn does not vanish identically. We can thus write equation 

(19) in the form 

dx, = -i\^dx, .(19') 

1 
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la order that this may be equivalent to the equation (18'), 

df 

we must have =|= 0 in the latter. From this condition it follows 

0a:,. ^ 

that the equation in finite terms (18) defines a function 

C), , . (18") 


which makes equation (18) an identity, and therefore also equation 
(18'), as well as the equivalent equations (19) and (19'). This 
last equation is evidently a particular case of systems of the 
type (4) consisting of one equation and one unknown function 
jc,,; it must therefore be completely integrable, having as integral 
the function given by formula (18"), which depends on the arbi¬ 
trary constant C. Reciprocally, if (19') is completely integrable, 
then there will be a solution (18") depending on an arbitrary 
constant C; solving with respect to C, this becomes an integral 
relation of the desired form (18). The problem therefore reduces 
to expressing the completeness of equation (19'). 

Applying formula (5), the required conditions of completeness 


are 

d X. __ d Xj_ 
dXj Xu dx, X,, 


ihj = 1, 2, ... n — 1; i + j). 


Expanding the derivatives, these relations are easily put in 
the following form; 

dXj dxJ '\0ar„ dxj 
(i, j = 1, 2, ... n 



—1; i + j)- 


( 20 ). 


Introduce for the moment the restriction that all the other 
functions X, as well as X,„ are different from zero. We can then 
write 


1 

- dxJ 


(r,s= 1,2 ,... n) (21) 


whatever r and s may be, so that the conditions of integrability 
take the more concise form 


Pi} + Pin. + = 0 (i, j = 1, 2,... n - 1; i 4=i). (22) 

' The coaditions (22) are |(rt — 1) (n — 2) in number, this being 
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the number of ways of choosing two distinct integers, t, y, feotn 
the series 1 , 2 , . > . « — 1 . Ihey represent aU the oonditkms of 
integrability. Now the choice of the variable as,, to be expressed 
as a function of the remaining at’s was arbitrary (subject only to 
the condition = 4 = 0 ); hence in general the relations 

Pii + P}i + Pk, ^ ^ ■ • • • (22') 

must be satisfied, where t, j, k, are any three integers, no two of 
which are the same, chosen from the series 1 , 2, ... n. Such 
a triplet can be chosen in ^n{n — l) (n — 2) ways; this is therefore 
the number of relations of the form (22'). But these are of course 
not all independent, since the conditions ( 22 ) (which form only 
liart of (22')) are sufficient for the complete integrability of the 
expression under consideration. In fact, it is easy to show directly 
that only i(n— 1 )(m —2 ) of the equations (22'), e.g. tho.se given 
by formula (22), are essential, the others reducing to algebraic 
deductions from them. 

This can be shown by means of the following lemma, which 
holds whatever the terms p,^ may be. If p,,. {i, k, ~ 1 , 2 ,... n) 
is a double skew (or antisymmetrical) system,^ and if for some 
fixed suffix a the cyclic relation 

P,i + Pk ^ + Pai = 0 

is true for every pair of suffixes i, k, then this relation is also 
true for any three suffixes i, k, 1. 

To prove this, take the corresponding relations for the pairs 
k, I, and I, i, 

Ptl + Pi, + Pak 0, 

Ph + p« + pj 0. 

Adding, and remembering the condition of skewness 

P*. + P,* =" 0, &c., 

there remains 

P<* 4- Pw + Pii = 0. Q.E.I). 

Substituting in equations ( 22 ') the values of the p’s given by 

* l.e. ft aystem of num>ierfi »uch thftt a one to-one coitespondenee, l>y ft given 
law, exieta between them »nd the pairs of integers » i (= 1, 2, ... ond such 
^ pt, for any pair of indices whatever. 
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formula (21), and multiplying by X.X^X^ so as to clear of 
fraOtiona, we get the equations of condition 





(i,j, k ~ 1, 2, ... n). 


(23) 


We thus find this whole set of equations as a necessary con¬ 
sequence of that group of them—say, the group (20)—m which 
one of the suffixes is fixed, with the further condition that none 
of the X’s vanish. This last condition was applied at the point 
where we divided by the product of the A'’b; it is, however, not 
essential, and can ultimately be discarded, as we shall now show'. 
In fact, the equations (23) being necessary consequences of the 
equations (20) for any non-zero values of the X's, however 
small, and being integral in the X's and their derivatives, it 
foUow's that we may jiass to the limit when any one of the X’s 
tends to zero. We therefore have, for all values of the Z’s, that 
the equations (23)—or a group of them of the type (20)—con¬ 
stitute the necessary and sufficient conditions for the complete 
integrability of the equations (19), or, in other words, the condi¬ 
tion that the n functions At,(xi, Xj, . . . x„) may be proportional 
to the derivatives of a single function. 


8 . Kized systems ol equations. 

In certain problems w'c have to deal with mixed systems, i.e. 
those containing some total differential equations and some 
equations in finite terms; 

dw., i:. A.I.dx. (a 1, 2, . . . m), . (4) 

1 

F, (x 1 li) -= 0 (k 1,2 _ i>). . . (24) 

The discussion is essentially the same as in § 3 (p. 16). But 
we propose to go through it again in order to obtain, in a form 
suitable for use in concrete case.s, the condition of complete 
integrability of a mixed system of the type (4), (24). 

It is obvious in the first place that a necessary condition for 
the existence of solutions is that the equations (24) (which we 
shall suppose mutually consistent and independent) are not more 
in number than m, the number of the imknowns u. If there were 
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exactly m of them, they would completely determine the u% 
and we should only have to examine whether the w’e satisfy 
the equations (4). We shall therefore suppose 

V < m, 

and shall imagine the equations (24) solved with respect to v 
of the «’s, which will thus be expressed in terms of the x'a and 
the remaining m — v = unknowns u. 

As on p. IG. we shall call the two groups of tt’s respectively 
u"(i8=l,2 ....v) and {a — 1,2,... ju), so that the equations 
(24) may be written (cf. equations (5")) in the form 

< = I«') {^=--1,2, ... v). . . (24') 

Corresponding to this division of the u’s into two groups it 
will be convenient to divide the equations (1) into two grouixs 
(4a) and (4i) (as Wiis done on p. IG), which we repeat here for the 
reader’s convenience: 

dul = (a = 1,2. . . ./i), . . (4a) 

1 

dii^ = S,Z,.+^l.(a:lM)di, (jS == 1, 2, . . . v). (46) 

W’e now propose to show that the given mixed system is 
completely integrable—and it will be called cotnplete —if the 
following conditions are satisfied: 

(а) The conditions (5) for the complete integrability of the 
equations (4) are satisfied when after differentiation the values 
of tt" given by equations (24') are substituted in them; they 
need not in general hold when any arbitrary functions are taken 
for the m"’s; 

( б ) When the functions m" are replaced by their values as 
given by equations (24'), the equations (46) must be identical 
with the equations obtained by differentiating the equations 
(24'); or more concisely, the equations (46) must reduce to iden¬ 
tities on substituting from equations (24'). 

We shall show that if the mixed system is complete, in the 
sense now contidered, then the equations (4a), when the tt"’s 
in thtem are expressed in terms of the u’s and the x’s by means 
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of equations (24'), constitute a completely integrable system of 
fi total differential equations in p. unknowns; the u'’6 can there¬ 
fore be obtained from them, and hence, by equations (24'), the 
«"’b; by hypothesis (h) above, the equations (46) will thus be 
satisfied. Hence the problem will be solved and its general integral 
(p. 22 ) will contain arbitrary constants. 

To simplify the formulae, we shall agree that if 

d) (x I u', u") 

is any function whatever of the x’s and the u’s, then 

[0](xl«') 


will denote the same function when the u "’8 are replaced by the 
expressions (24'). We shall ob\'iously have 


dxj 


{j = 1 , 2 , 

. . . n), (25) 

c%\ 


(y- 1 , 2 , 

. . , /x). (26) 

With this convention, we can 

write hypotheses (a) and ( 6 ) 

respectively in the fonns 



fax,,.] 

L - 

*?•[%■] w 





'] [-•-] ] 

• • (27) 


(i, j “ 1 , 2 , . . • 11 *) 


(a = 1 , 2 , . . , fi). 

J 



dx-/Vdul ^'\ 

1 ()S = 1, 2 

. ^•). (28) 


We have therefore to examine the conditions of complete 
integrability of equations (4a), which will be 

(a = 1, 2, . . . y), (29) 

dXj dxi 

and we have to show that they are satisfied identically. 
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Let us transform the left-hand side of (29) by first writing ont 

d 

in full the result of applying the operator - — to a function of 
the x’s and the m''s. We shall get 


dXj 1 ’’ du'^ 


[Xyul 


or, using formulse (25) and (26), 

L sa;, /L8«; J 


and finally, using (28), 


4 L rX 1^' 




Remembering that the m arguments u consist of the two 
groups «' and u", it will at once be seen that this is merely the 
left-hand side of (27). Interchanging i and j, the right-hand side 
of (29) similarly is seen to be identical with the right-hand side 
of (27); equations (27) being supposed to hold, it follows that the 
equations (29) are satisfied identically. 

It follows that the mtegmtim of a complete mixed system of 
the type (4), (24), reduces to that of a complete land therefore mte- 
grable) total differential system in p unknoums. The general integral 
therefore contains p = m — v arbitrary constants. 

If the mixed system is not complete, i e if the conditions 
(o) and (6) are not satisfied without further restrictions, then 
discussion on the lines of § 3 (p. 16) obviously shows that we must 
add to the equations (24) so many of the conditions (a) and (6) 
as do not reduce to identities in virtue of equations (24), since 
the equations (12) must hold whenever a set of m integrals m, 
^^xists. Repeating the same procedure, we reach either an inoon- 
iUBtency, showing that equations (4), (24), can have no solutions 
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or else a complete system with less than 11 unknowns. In the 
latter case the number of constants in the general integral is also 
less than /*. 

A particular result of the foregoing discussion is that if v 
independent equations in finite terms are associated with a system 
of total differential equations in m functions u, the differential 
system being itself complete, then in the most favourable case 
(i.e. when the combined system is also complete) the number of 
constants in the integral is lowered by v units, from mto m ~ v. 

In general (i.e. when the mixed system is not complete) the 
integrals, if they exist, certainly contain less than m — v con¬ 
stants. 


CHAPTER III 

Linear Partial Differential Equations 
Complete Systems 


1. Linear operators. 


In this chapter we shall frequently use iV to denote the number 
of independent variables, ivhich will themselves be denoted by 
the letters Sj, . . . s.,. 

Let /( 2 i, ... 2 ,) be any function whatever, subject only to the 
condition of being differentiable to any required order. The 
term linear operator relative to / will be used to denote the opera¬ 
tion by means of w^hich an expression of the type 


.V 

1 


I -- 

"dz.. 


is obtained from/, the o.’s being any functions whatever of the 
2 ’s. An expression of this kind will sometimes be denoted by a 
formula of the tyfie Af, in which it is hardly necessary to point 
out that A is not a quantity, but the symbol of operation just 
defined. 

We have therefore ^ 

A == Z a 

, "dz. 


It can at once be verified that the linear operator symbol 
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behaves in exactly the same way as the differentiation sympo} 
when / is a sum, a product, or a composite function (a function 
of one or more functions); i.e. for two generic functions /j, /g, 
we have identically 

A(fy+f2}= Af, + Af, .( 1 ) 

• • • ( 2 ) 

with obvious extensions to any number of terms. Further, if 
/ is given as a function of n arguments Vg, . . . which are 
themselves functions of z, we obviously have 

Af{Vi> Vjj, . . . cj = Juj, + . ■ . + Av,^. (3) 

dj)i UOj dv„ 


Now consider the result of applying successively the two linear 
operators 

d 

'dzj 
d 


A - 


A" 

V 


1 


■'az’ 


the b’a, like the a’s, denoting functions of z which are differentiable 
to any required order. 

The second-order operators 

A{Bf), B{Af) 


are thus completely defined; they may be written without danger 
of ambiguity in the form 

ABf, BAf. 

Writing out the first of these in full, we get by successive 

I dBf V V 3 //. V\ 
t' “• 32, f ?' iz, V' ii) 


“vp 


3z, az, i 

N 


' az„ dZf, 
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interchanging A and B, and therefore a and b. 


we get ^ rif ^ 

BAf= S,f-5a,+ S, 
1 


« h 


It appears from this that the two operators ABf and BAf 
are not equal; the second-order terms are however the same, 
as will be seen on interchanging the indices v and p in one of the 
two double sums. It follows that the difference of the two opera¬ 
tors in question is a linear operator of the first order; it is called 
the alternate function or Poisson’s parenthesis relative to the two 
operators A and B, and is denoted by the symbol of operation 
(A, B), so that 

(A, B)f ^ ABf - BAf - Bn.) f. . (4) 

1 02. 


It follows from the definition of the symbol that 

{A, B)f - - {B, A)f. .... (5) 

We shall now establish a formal property of linear operators, 
which we shall use farther on. 

Let there be n linear operators 

A/ -= 2 , a,s|, {k = 1 , 2 , . . . n), 

and let any two linear combinations of these (which will also be 
linear operators), „ 

Bf ~ Si- Ai Aji f, 

1 

C/= kfi,AJ, 

1 

be constructed, the A’s and the p’b being any differentiable func¬ 
tions whatever of the independent variables z. 

We propose to .show that the alternate fimction [B, C)/ is 
a linear combination of the operators A and of their alternate 
functions. For the proof, it is suflScient to write out (B, C)f 
in full; this gives 

(B.C)/= BCf~ CBf= i,X,A,{Cf)^i,p„A,{Bf) 

1 1 

— (Ph f) — Ph /)] 
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Applpng the rule for the di^rentiation of a product, ihd last 
ezpreasiou becomes 

H 

I 1 

SO that finally 

{^) ^)f — — (fij^A/^Xn.)At/-l- X^fii,{Air, Aj,)f]. 

Q.E.D. 

2. Integrals ol an ordinary differential system and the partial 
differential equation which determines them. 

Consider a system of n ordinary differential equations of the 
first order, in n unknowns x,. Denoting the independent variable 
by t, and supposing the equations solved for the derivatives of 
the unknown functions, we get the equations in what is called 
the normal form: 

= XAx\t) (1 = 1,2, . . . . (6) 

Any set of n functions x,({) which satisfies the given equations 
is called a solution of the system. 

The terra integral of the system, on the other hand, is used 
to denote any function /(rjf) which reduces to a constant when 
the x’s are replaced by any solution of the equations (6). We 
can therefore say that / is an integral if the result 

f{x 1 1) — constant 

is a necessary consequence of the differential equations (6). 

We shall now show that all the functions / with this property 
(Mid no other functions) satisfy a homogeneous linear partial 
dil^rential equation of the first order; it follows, as we shall 
see farther on, that the integration of an equation of this form 
cain always be reduced to that of a system of the type (6). 

Let f{x I <) be an integral of the equations (6), then by definition, 
when x’s represent functions of t which satisfy equations (6), 
•Wtfthave 


= constant, 
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and therefore, differentiating mth respect to t, 
dt i^dXi At 


or, since the functions «,(<) satisfy equations (6), 


( 7 ) 


This is the partial differential equation referred to. Introducing 
for shortness the linear operator 


.i 3 , V y 2 

^ ~ a, + a . 

ot 1 ox. 

we can write it concisely in the form 

Af - 0. 


( 7 ') 


Now by hypothesis equation ( 7 ), like the equation / = con¬ 
stant, from which it is derived by differentiation, becomes an 
identity w'hen the x’s in it are replaced by any solutions whatever 
of the system (6); from this it is easy to deduce that ( 7 ) is an 
identity, that is, that it holds for any values whatever (in a 
suitable field) which may be assigned to the arguments x, t, 
of which / is a function. In fact, given n -f 1 numbers x®,... i®, 
belonging to a field within which the general existence theorem 
holds for the system (G), we know that there always exists a 
solution X, of the system fG), which takes the values x®, ... 
w'hen t — Iq. Now' equation ( 7 ) must hold (whatever t may be) 
when this particular solution x,(f) is substituted for the x’s. 
In particular, putting t — the equation is satisfied for the 
values x", <□, arbitrarily chosen in advance. Q.E.D. 

It is further evident that any function /(x | <) which satisfies 
equation ( 7 ), when the x’s and the t’s in it are treated as indepen¬ 
dent variables, constitutes an integral of the system (6). In 
fact, since equation ( 7 ) holds however the x’s are chosen, it will 
be satisfied in particular when we take a solution of the sptem 

(6) for the x’s; but when this is done the left-hand side of equation 

(7) becotnes identical with The function / is therefore such 
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that when tihe x's are solutions of the system (6), = 0, mr 

f = constant. 

To sum up, we can state that the necessary and suffkmd 
condition that a function f(x 11) nuiy be am integral of the system 
(6) is that it should satisfy the partial differential equation (7), m 
which the x’s and t are n + 1 independent variables. 


3. Principal integrals. 

Among the integrals f of the system (G) (which, as we have 
seen in the preceding section, can also be called integrals of 
equation ( 7 )), there are, for each value tg of t, n of special impor¬ 
tance which we now proceed to specify. 

We take as our starting-point the most general solution of 
the equations (6), which is known to be a set of n functions of t, 
containing n arbitrary constants x'J, . . . 

X. = ii= 1,2, ...n). ... (8) 


The constants x° are the values of the x’s for a given value 


tg of t, so that 


= ^ 1 ’. 


( 9 ) 


We shall show first that the equations (8) are soluble with 

respect to the x®’8 in a region round the point Write them in 

file form / i a 

j x») - X. -= 0 , 


and consider the functional determinant of the left-hand side 
with respect to the x® s, which is 


n = 


4>z 



or, since the x^’s are contained only in the ^’s, and not in the 
x’s,. 

D 


W X? . . . x«/’ 


Now calculate the value Dg of this determinant for t — tg. 
Sinpe.liio determinant itself contains no derivatives with respect 
to t, we shall obtain the same result if we differentiate the functions 
I X®) with respect to the x®^, form their determinant, and 
Inally make t — tg, as if we first make < = ^ in the ^’s, and 
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then form the determinant of their derivatives. Following the 
second alternative and remembering the formute ( 9 ) we see at 
once that the determinant becomes 


^0 


ix\ 

\x? xl 



14 = 0 . 


Now if D, which is a continuous function of t, does not vanish 
for t = <0, it will have these same properties in some region 
round and therefore within this region the equations (8) wUl 
be soluble with respect to the 

Solving the equations, we shall get 

— w^{x\t) {i — 2 , ... n), . . (10) 


and the vf& on the right-hand side constitute n integrals of the 
system (6). In fact, if we replace the x’s in them by any solution 
of the system (6), (i.e. by a set of n functions obtained from the 
equations (8) by assigning particular arbitrary values to the 
constants jc®), then each w necessarily becomes equal to the 
corresponding x®, i.e. to a constant. 

The integrals of equation ( 7 ) obtained in this way are called 
principal integrals relative to t = t^. From the definition it follows 
that 

= K- 


Writing x instead of afi, we see that a characteristic property 
of the principal integials w, relative to t is that each of the 
functions w^{x 1 1 ) reduces to the corresponding variable x when 

Without undertaking a detailed study of the n principal 
integrals, we may at least show that none of them can be expressed 
as a function of the others only; i.e. that considered as n functions 
of the n + 1 variables x and f, they are independent. For this 
it is necessary and sufficient that the functional matrix (with 
n rows and «-f 1 columns) of the w’s with respect to the x’s 
and t shall have n for its characteristic; i.e. that the matrix shall 
contain a determinant of order n which is not zero. Now if we 
take the determinant 

/wj . . . wA 

\Xj Xjj . . . 


. . (11) 
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and apply to it the same considerations as we have ahmdy used 
for D, we find that it = 1 for i = ig (since then «>,• = a:,) and 
therefore there is a region round in which it is not zero; hmice 
the characteristic of the matrix is n and the principal integrals 
are independent. 


4. Independent integrals. General integral. 

More generally, n integrals Vj, v^, . . . of equation ( 7 ) are 
said to be independent if the functions v,(x | <) (i = 1, 2, . . . n) 
are independent. Of course every function 

^'2. ■ • • O.(12) 

of the v’s only is also an integral, as follows immediately from 
formula ( 3 ), remembering that for every v„ with the operator 
A as defined by ( 7 '), we have 

Av, — 0. 


But the reciprocal theorem is also true, and every integral 
of equation ( 7 ) can be put in the form ( 12 ), nhich therefore repre¬ 
sents the general integral of equation ( 7 ). 

To prove this, let / be an integral of equation ( 7 ); then the 
n -f 1 equations 


Af 

Av^ 


9 / , V 3 / V __ 0 


di\ 

dt 


+mx,-^o (.= 1 , 2 , 


. n„ 


linear and homogeneous in the n -f 1 quantities 1 , Xy . . . X,„ 
which do not all vanish, will be satisfied. The determinant of 
their coefficients must therefore vanish, i.e. 

\/ Xj , .. xj 

This means that /, «j, . . . v„ are not independent. As the 

tfs are independent, one of the determinants of order « of the 
fanctional matrix relative to Uj, Uj, . . . is certainly not zero, 
But this is the case considered in Chapter I, pp. 5 - 8 ; hence w© 
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conclude that / can be expreesed in terms of the v’s only, without 
involving t or the a:’s. 


5. Direct study of the most general linear homogeneous partial 
differential equation. 

As a consequence of the relations which we have shown to 
hold between linear homogeneous partial differential equations 
of the first order, and systems of ordinary differential equations 
of the first order, we can in every case reduce the integration of 
an equation of the former kind to the integration of a system of 
the latter. In fact, equation ( 7 ) differs from the most general 
possible equation only in having one of its coefficients equal to 
1 ; but it will be at once obvious that every linear homogeneous 
equation of the first order can be reduced to this form—an 
elementary remark which we shall examine in more detail. 

Consider the equation 

Af -- i a,, y 0 .... (13) 

I oz,. 


in N independent variables Zj, ... Zy. 

At least one of the a’s, say Oy, will be different from zero. 
We may therefore divide the equation by a ^. As a result of this 
step, Zy is in what we may call a privileged position (the co- 

efficient of - - being reduced to unity); it is therefore natural 

CZy 

to denote it by a special symbol. Calling it t, and introducing the 
symmetrical notation Xj, Xj,;.. x„ (n = N — 1) for the remain¬ 
ing variables z, equation ( 13 ) becomes 


3/ , 2 = 0 

dt 1 * Ojv d*. 


which will coincide term for term with equation ( 7 ) if we put 
- X, ({ = 1, 2, . . . n). 

Cy 

The corresponding system of equations (6) will thus be 

dx, ^ 

dt tty 


(i - 1, 2, . . . n). . . . (U) 
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Integrating these % equations, in which t is considered as the 
independent variable, we get the functions tCj (* j a^), which reduce 
to x" when t — solving for each of the x®’8, the resulting 
expressions 

iic,(x|<) = Wi{z) 

will be the n principal integrals of equation ( 13 ) relative to < = 
and we may take 

F{w^, . ..w„) 

as the form of the general integral, where the symbol F denotes 
an arbitrary fimction. 

It will frequently be quicker not to find the principal integrals 
w, but to obtain n independent integrals v^, v^, ... t)„ of the equa¬ 
tions ( 14 ) in any way whatever. The general integral is then at 
once expressible as an arbitrary function of the v’s only, in the 
form 

Va, . . . t),.). 


We have seen that we may choose as independent variable 
(for the sptem of equations ( 14 )) any one of the variables z 

3 f 

which contributes an actual term - to equation ( 13 ) (the corre- 

oz 

spending coefficient a not being zero). The choice may be deter¬ 
mined by reasons of convenience for the particular case concerned. 
In order to avoid prejudging the case before the necessary reasons 
for our choice appear, we may write the equations ( 14 ) in the 
form 

dxt di . • 1 ft \ 

— = - (i = 1, 2, . . . n), 
o. ay 


or, returning to the original notation, 
dz^ dz^ dZjy 

Oj Oa Off 


( 16 ) 


It will be seen that these can be at once written down from 
the given partial differential equation; it should be noted that 
if any of the a’s is zero, the differential of the corresponding 
variable must also be equated to zero. 
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Examples: 

(1) Take the equation in three variables 
dx ^dy 02 


( 16 ) 


The corresponding system of two ordinary differential equa¬ 
tions is 


dx dy _ dz 
X y z' 


i.e. d logx — d logy — d log2. 


Writing these in the form 

d logy — d logT = 0, 
d log2 — d loga; -- 0, 

which is the same as 

d log^ = 0, • 

X 

(ilogf = 0, 

X 

we get 

^ — q, ^ —- Cj (cj, Cg constants). 


Hence two independent integrals are 


y 2^ 
x' x' 


and therefore the general integral will be 



This is merely the most general homogeneous function of 
d^ee zero. In fact, if y, 2) denotes the latter, then by 
definition we must have, for any value of A whatever. 

Ay, Az) = ^(x, y, 2); 
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and therefore, putting A == \ 

X 

= <l>{x, y, 2); 

\ X X/ 

iu 

is therefore in effect an arbitrary function F of 

X X 


We have thus found for a particular case (which can obviously 
be generalized) Euler’s well-known theorem on homogeneous 
functions. 

( 2 ) Take the equation 


3 / 

dx 

X 

a 


y 

h 


dz 

z 

c 


- 0 , 


where a, 6, c are constants which 


X --= 


I y 2 1 
b c , 



are not all zero. Putting 

z x\ X y 

I’ I 

c a' 0 


the equation may be written in the form 

xl^ + yY -f zY ^ 

ox dy dz 


and the corresponding system of ordinary differential equations 
is 

dx _ dy _ dz 
X ~ Y~ Z . 


( 17 ) 


Taking x as independent variable, we shall have to integrate 
the two equations 


dy ^ Y dz _ Z 
dx X’ dx X 


But we can find two independent integrals more easily by 
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another method. In fact, from the form of the equations defining 
X, Y, Z, "we see that the equations 

xX + yY + zZ = 0 ] 

aX + bY + cZ = Oj ' ■ ■ ■ 

are satisfied, since the given determinant vanishes if the elements 
of the first row are replaced by x, y, 2, or by a, ft, c; expanding, 
we find that the equations ( 18 ) are identically true. 

Now if dx, dy, dz satisfy equations ( 17 ), i.e. ate proportional 
to X, y, Z, we can substitute them for X, Y, Z in equations 
( 18 ), so getting 

xdx -f ydy + zdz ~~ 0, 
adx -f hdy + cdz — 0. 

The left-hand side of each of these equations is an exact 
differential; hence, integrating, wc get as a necessary consequence 
of equations ( 17 ) 

-f y* 4. 22 ^ Cj, 
ax 4 - by 4 C2 — c^. 

Thcvse are two particular integrals of the system, which are 
certainly independent, since at least one of the coefficients «, ft, c, 
is not zero. The general integral is thus 

F(,f2 4- 1/ 4- ax-\- by cz). 

Geometrical interpretation.-—'When there are three (or two) 
variable^?, the foregoing discussion can be given a geometrical 
interpretation in ordinary space (or in a plane). For this purpose, 
let any integral f(x, y. z) of an equation 

(a) A’^'^4-y'/4-2^-^ = 0 

dx vy dz 

be considered as the paraineter of a family of surfaces f — con¬ 
stant. By a suitable choice of the constant on the right-hand 
side of this equation, we can make one surface of the family 
pass through a point P arbitrarily chosen in advance; it is plainly 
only necessary to give this constant the value of / at the chosen 
point P. The equation (a) wffiich / must satisfy expresses the 
geometrical fact that at any point P the normal to that surface 
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of the family which passes through P is normal also to the direc¬ 
tion of the vector {X, Y, Z), given as a function of position. 
The sj^stem of equations associated with equation (a), namely 

,,, dx dy dz 
(^) ~X^ Z' 


which expresses the relation of two of the variables to the third, 
represents on the other hand a property of certain curves. We 
know from the existence theorem that we can find (and in only 
one way) two functions x = x{z), y = y{z) which satisfy the 
system of equations (6), and which take values x^, y^, arbitrarily 
fixed in advance, when z has the value Zq, which is also arbitrary; 
hence we can state that, given any point P, there passes through 
it one and only one curve which has the property expressed by 
the equations (b), i.e. that of being at every point in the direction 
of the vector (X, Y, Z). An aggregate of curves such that one 
and only one of thejn passes through every point of a given field 
is called a congruence. 

There is a very simple relation between the family of surfaces 
which represent the integrals of equation (a) and the congruence 
of curves which represent the solutions of the system of equations 
(6), namely, that each curve of the congruence lies wholly on a surface 
of the family. In fact, consider a point P(x, y, 2), and let L be 
the curve of the congruence, and S the surface of the family 
considered, which pass respectively through P. W'e shall show 
that a point which undergoes an infinitely small displacement 
along L, from P to a jioint P', does not leave the surface, or in 
other words that if the equation of the surface S, f{x, y, z) ~ C, 
is satisfied by the co-ordinates x, y, z of P, it is also satisfied by 
the co-ordinates x dx, y dy, z -{■ dz, of P'. The result is 
obvious, since for the co-ordinates of P' / becomes 

f{x, y, z) + 1 ^ dx+ dy -f dz, 
ox dy dz 


and as dx, dy, dz, are by equations (6) proportional to X, Y. Z, 
the increment of / is proportional to 


0 / 

8 x 






which vanishes by equation (a). 
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The surfaces considered are therefore formed by curves of 
the congruence; these curves are called their characteristics. 

We can of course avoid the use of infinitesimal displacements 
in proving the property that every curve of the congruence lies 
wholly on a surface / = constant. The argument, which is 
essentially tlie same as before, will be as follows. Let the vari¬ 
ables X, y, z, in the expression f{x, y, z) be considered as the co¬ 
ordinates of points of a curve L of the congruence, and let A 
be any parameter, e.g. the arc of the curve, which fixes definitely 
the jjosition of a point on i; x, y, z, are thus considered as definite 
functions of A. Substituting these functions of A for x, y, z in 
the expression/(x, y, 2), we shall see that the result is independent 

of A, or that*?"^ = 0. We have in fact 
dX 

df __ dfdx df dy df dz_ 
dX “ dx dX^ dy dX'^ dz dX' 

but by equations (b), along L, are proportional to 

dX dX dX ,, 

X, r, Z, and / satisfies equation (a); hence { = 0 . The fact 

dX 

that / remains constant along L is the algebraical equivalent of 
the geometrical property that the curve L belongs to a surface 
/ = constant. 

0 . Integrals of a total differential system, and the associated 
system of partial differential equations which determines them. 

Starting from a system of ordinary differential equations, 
we have succeeded in integrating the most general linear homo¬ 
geneous })artial difierential equation of the first order. By an 
analogous procedure, starting from a system of total differential 
equations, we shall succeed in integrating the most general 
system of linear homogeneous partial differential equations of the 
first order. 

Consider the system of equations 

du^ — SjX^jjdXi (a = 1 , 2 , . . . m). . ( 19 ) 

1 

We shall apply the term integral of this system to every 
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function /(»| w) which is such that it reduces to a constant whan 
the m’s are replaced by any solution of the equations ( 19 ). 
Differentiating / we get 

d/= du^, 

1 dx^ I du^ 

and, if the w’s are solutions of the equations ( 19 ), 



The necessary and sufficient condition for the vanishing of 
this differential, whatever the dx'% may be, is evidently that the 
n equations 

+ S.= 0 (t - 1, 2, . . . «) . (20) 

OX^ 1 cu^ 

shall be satisfied. They must be satisfied not only when the 
«’s are solutions of the equations ( 19 ), as is clear from what has 
already been said, but also identically, which can be seen m the 
same way as for the corresponding result m § 2 (p. 30 ) 

Introducing the linear operators 

D. = 1..(21) 

1 du, 

B, + {i = 1,2, ...«),. . (22) 

ox, 

the equations (20) may be written in the form 

BJ 0 (i - 1 , 2 . . . . «). . . ( 20 ’) 

The system of equations ( 20 ) or ( 20 ') is said to be associated 
with the system of equations ( 19 ), the necessary and sufficient 
condition that / may be an integral of the system of equations 
( 19 ) is that it should satisfy the associated 8y.stem of partial 
differential equations (20), or, in other words, that it should be 
an integral of the associated system. 

> T. Principal integrals, as typical cases of independent integrals. 

Suppose that the system of equations ( 19 ) is completely 
integrable, and let us assign fixed arbitrary values to the con- 
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stants sP and m® in the field in which the Z’b are regular; then 
we know that there exist m functions, 

-= I «“) (a == m), 

regular in the region round the values sP, u^, which satisfy the 
equations ( 19 ), and which become respectively equal to the 
assigned constants u'^ when .t. ~ *)'. The equations so written 
are soluble with respect to the quantities u® in a region round 
the point a^, as can be shown by me^ins of the same arguments 
as those of § 3 (p. 38 ). Suppo-se them solved; we can then express 
the M®-s in terms of the x's and the tt’s, and we shall write 

j u) ul 

The w’s arc evidently integrals of the .system of total differential 
equations ( 19 ), and are therefore also integrals of the system of 
partial differential equations (20); w'e shall now show that they 
are independent. 

Consider the functional matrix of the tv’n with respect to the 
aj’s and the u’s; we shall have to show that its characteristic is 
m. or, w'hich come.s to the same thing (since it contains no deter¬ 
minants of order > m), that it contains a determinant of order 
m which is not zero. Now the determinant 

/ti’i tcjj . . . 

\u, ... uj 

becomes = 1 when j, ~ x", and therefore is different from 
zero in a region round that point; hence the required result 
follow's. 

The m independent integrals v are called ‘principal integrals 
of the total differential system ( 19 ), or of the partial differential 
system (20), corresponding to the values x® of the independent 
variables x. We have thils showm that, with the hypothesis that 
the system of equations ( 19 ) is completely integrable, the system 
of equations (20) (or (20')) admits of w independent integrals, 
which can be determined in an infinite number of ways; namely, 
the principal integrals just considered, which in general vary 
with the choice of the initial values x®. 

Here too, as on p. 40 , we shall say more generally that the 
m integrals v^, . . . of the system (20) are independent 

( a «&f> Y * 
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if the functions of the n-\- m variables x and u are 

independent. 

8 . The general integral. 

By a projjerty already noted of linear operators, if we con¬ 
struct any function whatever of the n’s, 

F{%\, tfj, . . . v,„), , . , . (23) 

we get a new integral of the system of partial differential equations 
(20). In addition, for the system of equations (20), as before for 
the single equation (7), the most general function which satisfies 
the system is included in the expression (23); or this expression, 
when F is considered as an arbitrary function, constitutes the 
general integral of the system. 

To prove this, let f(x | n) denote any integral of the system 
(20), and consider the functional matrix of the .n + 1 functions 
(of m -j- n variables) Uj, Vj. .. v,„, f: 


dvi 

dvi 

dvi 

dvj 

dxi 

dx„ 

du^ 

3m,„ 




3v,„ 

dxi 

dx,. 

dui 

3m„. 

3/ 

3/ 

3/ 

3/ 

dxi 

dx„ 

dui 

3m,« I 


If we can show that the characteristic of this matrix is m, 
it will follow that there exists (m + 1) — m, or 1, relation between 
the m -h 1 functions wliich does not involve the r’s or the m’s 
(cf. § 7, pp. 9-12). This relation must necessarily contain / ex¬ 
plicitly, since there can be no relation connecting the v’b alone. 
We can therefore solve it for /, which will have the form (23), 
80 giving the required result. 

We shall first make a slight change in the form of the matrix 
M, by mak i ng it contain only derivatives with respect to the 
«’s. This is easily done, for since 

BiV, = 0 , Btf = 0 , 
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we get from formula (22) 




3/ 

dx. 


The matrix thus becomes 


- Qii’i ... - 

— • — fiA, 

-- QJ ... - LXJ 


-OJ. 


dvi 


0 'tfrY 

Su,„ 


dv,„ 


9u,„ 

V 

3/ 

9u^ 

9u„. 


To prove that the characteristic is m, we have to prove: 

(1) That every determinant of order m + 1 (the highest 
order possible) vanishes; 

(2) That at least one determinant of order m does not vanish. 
A generic determinant of order m + 1 will be formed by 

taking all the m + 1 rows, and m + 1 columns chosen arbitrarily 
from the m + n of the matrix. These m + n columns are of two 
types: the first n contain the ojjerators fi, the remaining m the 
0 

operators ; let r columns be taken of the first type, and s of 
du 

the second, with of course r -f « = m Now in order to 

write down in a perfectly general form a row of this determinant, 
which will contain either the tj's or (if it is the last row)/, we shall 
use the symbol ^ to denote either one of the v'a or /; we can then 
write the row as follows: 




Cl <f, 

du. 


where the suffixes h^, Aj, . . . h, constitute any arrangement of 
r numbers, chosen from 1 to w, and the suffixes ki, ^'2, ... it, any 
arrangement of s numbers, chosen from 1 to m. Remembering 
the definition of £1 given in (21), we see that each of the first r 
elements of the general row is a linear combination of the other 
elements; or, as we usually say, that the first r columns of the 
determinant are linear combinations of the other columns. The 
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deteriainant can thus be broken up into a linear combination of 
determinants of ord^r »?? + 1 in which all the columns are of the 


second type (i.e. are composed of terms But there 

\ OM/ 


are m 


all only m columns of the second type, it is therefore impossible 
to choose m + 1 of them without repeating at least one. It 
follows that in each of these partial determinants there are at 
least two columns equal, and therefore these determinants all 
vanish. The general determinant of order m which is a 
linear combination of them, must therefore also vanish. This 
proves the first of the required pro[)ositions. 

The existence of a non-vamshing determinant of order m 
is a direct consequence of the hyjKithesis that the integrals v 
are independent. 

We have therefore proved completely that the characteristic 
of M is m, and therefore that / can be expressed in terras of the 
independent integrals v, i.e. that / has the form given m (23). 


9. Direct study of the most general system of linear homo¬ 
geneous partial differential equations of the first order. Complete 
systems. Jacobian systems. 

Let us consider a generic system of n linear homogeneous 
partial dilferential equations of the first order, in N variables, 
and with only one unknown function; 

A/ = -= 0 (* - 1, 2, . . . n). . (24) 

1 dz 


We shall suppose that these w equations are independent, 
and we can therefore assume n <. N. In fact, if n > A^, the 
equations, which we have supposed independent, considered as 

r^f 

algebraic equations in the N quantities , would be mutually 

inconsistent; and if n — N, this would imply that = 0, 

or/ = constant. Further, it is clear that every/which satisfies 
equations (24) must necessarily also satisfy the following ^n{n — 1) 
equations (obtained by constructing all possible Poisson’s paren¬ 
theses with the given operators): 

{A/,, Aji)f =0 {h, k ~ f, 2, , , , n). . (25) 
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These are differential consequences of the given system. Since 
derivatives of the second order disappear from equations (25), 
it may happen that these equations, or some of them, are also 
algebraic consequences of the system, i.e. that they can be obtained 
algebraically by taking a linear combination of the n given 
equations. 

If all the equations (25) are algebraic consequences of the 
sptem of equations (24), this system is called cnmpleie. 

In the opposite case, consider the system formed by adding 
to (24) those of (25) which, together with (24), are linearly inde¬ 
pendent. The new system will be equivalent to the original one, 
and will contain one or more additional equations. Repeating 
the same procedure for the new system, and so on, W(“ shall reach 
either a complete system or else a system in which the number 
of equations is equal to or greater than N — the case of mutual 
inconsistency, as already noted at the beginning of this section. 

We need therefore only consider complete systems. The 
condition of completeness can be written in the following form: 

^k)f — Phki ^if> ■ • • (2b) 

1 

where the coefficients p denote functions (a prion of any form 
whatever) of the independent variables z. From the definition, 
and applying identity (5), it follows that the coefficients p satisfy 
the relations 

Pm = - Pm {h hi ^ 1,2,... n). 

A particular case •— of special importance — of a complete 
system is that in which all Poisson’s parentheses are identically 
zero (i.e. all the coefficients p are zero); when this is so the system 
is called Jacobian. 

10. Eanivalenoe of every complete system to a Jacobian system 
with the same number of equations. Note on Cramer’s rule. 

We propose to show that a complete system can always be 
replaced by a Jacobian system with the same number of equations; 
thus the consideration of any complete system can be reduced 
to that of a Jacobian system. 

Starting from the system of equations (24), we shall suppose 
that it is complete; i.e. that the equations (26) are satisfied. We 



54 


INTRODUCTORY THEORIES 


shall adopt the following procedure; we shall construct n distinct 
linear combinations of the n given equations, 

BJ ^ =0, ... (27) 

1 

with the condition 

I 'j 4= 0 (i = 1, 2, . . . n), 


and we shall choose the coefficients c in such a way that the 
system (27), which is equivalent to the given system, may be 
Jacobian. 

Before doing this, however, we shall write the given equations 
in a slightly different form. We know that the matnx of the 
o’s has its characteristic equal to n (since the equations are inde¬ 
pendent); let us arrange the variables in such an order that the 
determinant a formed by taking the first n oolunms of the matrix 
may be that which does not vanish (or one of those which do 
not); 


a = 


“ll 

«12 • 

• <hn 

®21 

^22 • 

• ®2>i 


«n2 • 

• ®Hn 


4= 0. 


We shall next divide the variables z into two groups: we shall 
call the first n of them Xj, . . . x„, and the remaining N — n 
= m we shall call u,„. With this notation, the given 

system can be written in the form 

a,*+ UJ =0 {k = 1,2, .. .n), 

1 ox 


where Uj^ denotes an operator involving only derivatives 
with respect to the m’s, the explicit expression of which does 
not for the moment concern us. Now solve ^ these n equa- 

* Cramer’s well-known i ule may be put jn the following form, which we shall 
frequently use, here and elsewhere. 

Let there be given n linear equations 
n 

iy — Vt (I = 1, 2, ... n),.(o) 

1 * 

8BCh that the determinant a of their coefficients is not zero. 

We shall denote by a™ the reciprocal dement of the generic element On of the 





LINEAR PARTIAL DIFFERENTIAL EQUATIONS 55 


tions with respect to the terms 


3/ 


S„ a 

1 


3a:„ 

3/ _ 


Putting them in the form 


dx^ 


multiply each equation by the corresponding a'*" (the reciprocal 
element of in the determinant of the a’s) and sum with respect 
to A from 1 to n. We thus get n linear combinations: 

== — {i =• 1, 2, . . . n), 

ax^ 1 


which are independent, since by a well-known result the deter¬ 
minant of the coefficients is equal to and therefore is not 

a 

zero. These equations can be written in the more concise form 

5 + iij = 0 (i = 1, 2, . . . n), . (24') 

ox^ 

where the Li’s represent linear operators containing, like the U’s, 


doturniinant a; i c. Uic* alj^ebraic compleuieiit (or minor) of Or» divided by a. 
Then, api>lying two ordinary tiu'oroms on doU^rminants, and indicating by either 
zero or unity, according aa r 4= ^ or ^ we get 

. . iP) 

1 * 

.(/S') 

1 * 

Applying these properties, the e«[uatioiis (a) can be solved by constructing 
Ruitable linear combinations of them. F<ir instance, to find ft, multiply the A'th 
equation by a**; then giving k all values from 1 to «, and summing, we get 

n ?» n 

11 1 

The left-hand side of this etjuation can be transformed as follows: 

= Li 

1 11 1 


hence the solution is given by the formula: 
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S6 


only derivatives with respect to the m’s, and therefore of the 
form 





du‘ 


The system of equations (24') is equivalent to the original 
system (24). The only formal simplification is the specially 

0 

simple way in which the terms in occur. But we shall show 

ox 

that the system (24') has the advantage of being both complete 
and Jacobian; it therefore constitutes precisely the system we 
are in search of, containing n hnear combinations which we 
have denoted in equations (27) by the operators B,; the co¬ 
efficients c,^ of (27) will be identical with the coefficients a'^. 

We shall first show that the system (24') is complete. We can 
write it shortly in the form 


where 


B, = 


— -h — ■ -j- ij, 

OiC, OXi 1 


‘ du„ 


(24") 

(28) 


Since the operators B are linear combinations of the .4's, it 
follows from a theorem proved above on p. 35 that Poisson’s 
parentheses (B^, B^)/ are linear combinations of the expressions 

AJ, {A„A,)f. 


Now since the system (24) is complete, it follows that the 
expressions {A,„ A^)f are in their turn linear combinations of 
the expressions Af] so that the operators (B,-, Bj) are seen to be 
Linear combinations of the A’s alone. But the ^’s are linear 
combinations of the B’s (since the B’s are independent com¬ 
binations of the A’s); hence ultimately the operators (B;, Bj) 
are linear combinations of the B’s. In other words, the system 
(24") also is itself complete. 

We can therefore write 

(B, B,)f == .... (29) 

I 


wjjere tfje coefficients y are analogous to the y>’s of formula (26^. 
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To show that the system (24") is Jacobian, we must prove 
that all the coefficients q vanish. Wc note that both sides of 

equation (29) are linear in the terms and the identity cannot 

CX 

hold iinless the coefficients of the same derivative, e.g. , are 

ox,, 

the same on both sides. We proceed to find these coefficients. 
The left-hand side of (29) can be written in the form 


B. 




We saw on p. 35 that the result contains no second-order 
derivatives; it is therefore unnecessary to apply the operator B 
to the derivatives of /, so that the expression in question reduces 
to 




BjQ. 




3/ 

du„ 




3/ 

3m„ 




(30) 


As this contains no terms in —, it follows that the coefficient 

df 

of every - is zero. On the right-hand side the coefficient of the 
ox,, 

corresponding term is q,j,, (remembering the definition of B)', 
hence every q -- 0, and in consequence 

{B„ B^)f 0, 


or the system (24') is Jacobian.. 

A further remark which will shortly be useful is that from 
the vanishing identically of each side of equation (29) and from 

g 

equation (30) it follows that the coefficients of the terms bi - 
also vanish, or from (30), “ 

= 0.(31) 


11. Integration by means of the associated system. 

Gathering up the foregoing results, we now see that, given a 
system of linear homogeneous partial diSerential equations of 
the first order, we can find its general integral—if one exists— 
by means of the integration of a complete system of total differ¬ 
ential equations. 

(ntiuS) ** 
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We have seen how to transform the given system into a com¬ 
plete sj^tem (if it is not so already, and provided it contains no 
inconsistency). We now note that the Jacobian system (24') 
which we reached as a result of transforming the generic complete 
system (24) for other purposes, is identical with the system (20), 
which originally arose as the system associated with a generic 
system of total differential equations. The important point here 
is that if with the coefficients X belonging to the system (24') 
we construct the system of total differential equations (19), this 
system is completely integrable. 

In fact, the condition for this is that 


= 1, 2, . . . n; a = 1, 2, . . . m), 


dx, 


dx, 


or 


3j:.i r „ a;(.i - aj;.j , 


*18 


and remembering the definition (28) of the operators B, these 
can be written shortly in the form 

The equations (31) show that the X's obtained from the 
system (24) satisfy these conditions. 

Having transformed the given system into the form (24'), 
we need therefore only construct the associated system (19) 
and integrate by the method given in the preceding chapter- 
the most general solution will be obtained in the form 

Wa = I «“) (a ^ 1,2,... m). 


Solving these m equations with respect to the w®'s, we get 
m = N — n principal integrals, and constructing any function 
whatever of these integrals we have the general integral of the 
given system. 

This systematic method of integration is in theory quite 
gemeral and covers all possible cases, but it is somewhat laborious 
to apply. In practice it is often shorter to integrate the equations 
separately, and then to look for the m common integrals which 
certainly exist, when we have ascertained beforehand that we 
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are dealing with a complete system. The following may be given 
as an example. 

Consider the system 


Af^- 


3/ , 3/ , 9/ , 9/ _ 

2^1 2 + *25 - + - + x.A- = 0, 

C/ G 3^^ ^ 2/0 0 2 /^ 

9/ ,9/ , Sf . 

-^2^-+ - ^4^ + *3.- = 0. 
0 3/^ (/ 3>2 V 2/0 f/ 


• (32) 


We shall first show that it is not only complete, but also 
Jacobian. To show this as shortly as possible, we put 


s , a 

= 2^2 , 

dxj 0X3 

B,=- 

3 , 3 

2:25- + . 

U Xj ^ ^2 

3 , 9 

3x3 

to 

II 

1 

3 ^ 3 

^3x3 *3X4 


so that /I /fj + A^, B ~ B^, and then construct 

the alternate function of the two given operators. We get by 
successive transformations 

{A, B)f - ABf - BAf 

~ A\Bif -f- A^B^f A^B^f + A^B^ 

- B^AJ- B^AJ- B,AJ~ B^AJ 
~ (^ 1 - Bi)f + (.^ 2 , Bj)f + (A-^, B^f + (A^, B^f. 

Now it can be shown directly that 

(A^, B^)f ~ 0 , {A^, B^)f = 0 , 

and interchanging x^, i2> *3, x^, it follows that 

(^2, S^)/ = 0, (A„ B,)f = 0. 

Hence 

(A, B)f = 0, 

which means that the system is Jacobian. It will therefore have 
4 — 2=2 independent integrals, or rather (cf. p. 40) an infinite 
number of pairs of such integrals. 

To find one such pair, note that the first equation (which is 
of the type considered in the example on p. 43) has as its general 
integral any homogeneous fimction of degree sero in the variables 
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Xi, *8, X 3 , x^. We need therefore only find two independent 
integrals of the second equation which are homogeneous of 
degree zero. 

Now the system of ordinary differential equations associated 
with the second of the equations (32) is 

_ dx^ dx.^ _ dx^ _ dxn 

The equation formed of the first two of these terms can be 
integrated immediately, and gives 

+ x.^ ^ a^; .(33o) 

similarly the other two terras give 

^2 4. 3-^2 _ ^2.(33^,) 


where a and b denote constants. 

Equating the first and third terras, after substituting in them 
for X 2 and the expressions given by equations (33a) and (336), 
we get 

dxy __ dxg 

~ x^ — x^' 

and therefore integrating 

sm ^ — sin ‘ = c, 

a h 


where c is a third constant. 

This last integral can be put in the form 


sm 


-1 




-- sin ' - ^ — = c. 


(33c) 


We also get from (33o) and (336) 

V + * 2 * ^ ^ 

3 ^ 3 ® + 


(33d) 


Of the four integrals thus found, the last two, (33c) and 
(33d), are homogeneous of degree zero, and are therefore also 
integrals of the first equation; and it would be easy to verify 
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that they are indepeudent. Hence the general integral of the 
system of equations (32) is 



where f is the symbol of an arbitrary function. 


CHAPTER IV 

Algebeaio Foundations of the Absolute 
Differential Calculus 

1. Effect on some analytical entities o! a change of variables. 

This chapter is devoted to the study of the effect on some 
analytical entities of a change of vanables. In this first section 
we propose to give some examples showing the nature of the 
general considerations which will be subsequently established. 

Consider n independent variables Tj, x^, . . . which we shall 
as usual denote collectively by x, and suppose a transformation 
applied to them which leads to another set of n independent 
variables X ] it is understood that the transformation used is 
reversible, i.e. that the transformation formula! 

X , = x ,( x ) (i = 1, 2, . . . w) . . . (1) 

can be solved for the i’s in the field considered, so that we have 
simultaneously the equivalent equations 

= Al-j:).(!') 

The geometrical name for this operation is of course change 
of co-ordinate^-, to fix the ideas, w6 may take n = 3, so that we 
are passing from Cartesian orthogonal co-ordinates x, y, z to 
three generic independent combinations of them (curvilinear co¬ 
ordinates) Ji, q^, q^. 

Now suppose that in dealing with a physical, geometrical, 
or other question we find that w'e have to consider not only the 
variables x , but a certain aggregate of entities connected with 




62 


INTRODUCTORY THEORIES 


them. For instance, in a certain region of physical space referred 
to Cartesian co-ordinates x, y, z, let the temperature T be defined 
at every point; then it is a determinate function of x, y, z. Oi’ 
we may suppose that a field of force exists in the given region, 
and we shall then have to consider at every point a vector, and 
hence its components, i.e. three functions X, Y, Z of x, y, z. 
Now change the variables. We have to find some way of expressing 
the same quantity or physical phenomenon (temperature, force, 
&c.); for this purpose we find that we have to introduce certain 
parameters which in the new system of reference will with advan¬ 
tage take the place of those which w’ere more suitable when we 
were using Cartesian co-ordinates. These new {larameters are 
naturally called transforms of the original ones; they are obtained 
from them by a law which cannot be assigned a priori, but depends 
on the nature of the problem, and in part on suitable conventions. 
For instance, in the new system the temperature T will be a 
function of q^, q^, q^, such that the same temj)erature belongs 
to the same point of space, whether the calculations are made 
with the original or with the new variables; hence T as a function 
of the q's will be obtained by substituting for x, y. z in Tfx, y, z) 
their values in terms of q^, q^, q^. This kind of behaviour, which 
is the simplest we shall have to con-sider, is called transfoi'mation 
by invariance', all functions of position which have a value inde¬ 
pendent of the system of co-ordinates chosen are transformed in 
this way. 

With the components of a vector, in the other example cited, 
this does not happen. If in fact, as we may suppose, the vector 
has a magnitude and a direction which are independent of the 
system of co-ordinates chosen (we shall think of it as being 
defined physically as a force), its components, on the contrary, 
even when the point considerefl remains unchanged, change their 
values when the frame of reference is changed. This is obvious 
in the case of a rotation of Cartesian axes. If, however, the trans¬ 
formation considered is not of this particular kind, we do not 
know a priori what to substitute for the projections X, Y, Z 
of the vector on the axes of the old system in order to specify 
the vector in the new system;i.e. we have to determine the law 


^ We shall see in various parts of Chapter V how the introduction of new 
vanahles gi, gt, ga gives rise geometrically to corresiionding oo ordinatr turfaeet 
gi # constant, g^ = constant, qt = constant, and oo-ordinate linet winch are their 
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of transformation which will meet the needs of the case in ques¬ 
tion. The most suitable criterion to take as a guide in Tnalfin g 
our choice is found by introducing, alongside the given vector, a 
scalar quantity with a physical significance which is transformed 
by invariance. In this case we take two infinitely near points 
whose co-ordinates differ by dx, dy, dz; then the work of the 
force whose components are X, Y, Z, in passing from one of 
these points to the other, will be 

dW Xdx + Ydy + Zdz; ... (2) 


this scalar quantity has a phy.sical significance which is invariant, 
and it can therefore be concretely determined. From the mathe¬ 
matical point of view it is an important fact that with any system 
of orthogonal axe.s Oryz the Cartesian components of the force 
are irientical with the coefficients of dx, dy, dz in this expression. 
C'hanging to the curvilinear co-ordinates g^, q^, q^, we can find 
the resulting values of dx, dy, dz by means of the differentials 
of the new variables, using the formulcB 

dx = i, dq„ &c. 

1 cq, 


The work dW will take the form 


1 'v?, oq, dq, / 


which is analogous to formula (2). 
In fact, putting 


X + 1^ Y + Z = Q, 
3?, dq, 


we get 


(i= 1, 2, 3), 
dW — Qj dq^ -j- Qj dq^ -f- dq^. 


(3) 


intensectiDns. Hearing tins in mind, if we priunmed to u.se geometrical criteria 
taken from our co ordinate Hy.stem in order to p]H3Lify the elements which deter¬ 
mine a vector, we should find oiirgelves faced liy four possibilities, all equally 
acceptable, and with one or another pieferahle according to circumstances. At 
every point, in fact, the tangents to the co-ordinate lines and the normals to the 
co-ordinate .surfaces form two siipplomentary trihedra, which are in general 
oblique-angled, and therefore distinct; and a vector may be defined either by 
its orthogonal projections on, or by its components along, either of these two 
trihedra. 
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The quantities Qy, Q^, Qj here hold the same position as did 
X, Y, Z in Cartesian co-ordinates; it therefore seems suitable 
to call them the components of the force in the new system of 
reference, so that we may say that formula (3) represents the 
law of transformation of the components of a vector. This law 
is called covariance. 

We can also reach this law from a different point of view, 
which, however, we shall show in a moment to be really a particular 
case of the preceding argument. Consider an invariant function 
«(*, y, 2 ); we shall try to find the most convenient law of trans¬ 
formation of its three derivatives ^ which are evidently 

ox oy oz 

functions of x, y, 2 . A natural course is to consider the three 

derivatives^^, as being the expressions which correspond 

to them in the new system of reference; these are of course given 
by the ordinary formulae 


du_dudx du dy du dz 
dx dy dq^ dz dq^ 


{i = 1, 2, 3). 


If instead we were to assume transformation by invariance, 
the three quantities we are considering would represent deri¬ 
vatives of a function only m the original Cartesian system of 
reference, while in any other they would in general lose this 
special property. 

The formulas (4) are evidently a particular case of the formulee 
(3), in which the derivatives of a single function u have been 
substituted for the components of the generic vector. The real 
reason for this is found in the fact that the law of persistence 
of the derivatives can also be included as a special case of the 
invariance of a linear differential form. As a particular case, we 
need merely replace dW (which is not in general an exact differ¬ 
ential) by the total differential du, which may be expressed in 
either of the two forms 
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The foregoing remarks will suggest what it is we propose 
to do, though naturally this will become clearer as we 
proceed. 

Given in a certain system of reference (which may be of any 
kind whatever) a set of quantities having a certain significance, 
physical, geometrical, or other, we assign a law of transforma¬ 
tion by means of which a set of quantities having the same 
significance is associated with any other system of reference, 
and we are thus led to introduce a set of parameters, collectively 
independent of the system of reference, whether Cartesian or not. 
This is the basis of the conceptual importance and the fertility 
of the considerations which we propose to develop. 

2. m-fold systems. Forms oi degree m and m-ply linear 
forms. 

We shall first define a system of order m or mfold system. 
We apply the term to a system of numbers 

A 

"«! h im 

which are such that a one-to-one correspondence with a specific 
law exists between them and the set of m integers q, • • • fm> 
where each of the I’s can take all integral values from 1 to n. 
The number of elements of an rn-fold system is thus n'", this 
being the nimiber of permutations (wdth repetitions) of n numbers 
taken m at a time. It is not necessary that these k"‘ elements 
should be all different. 

A system composed of a single number (which may be repre¬ 
sented by a letter without a suffix) may be considered as a system 
of order zero. A simple (one-fold) system will be the aggregate 
of n elements which can be represented by the notation 

A, {i = 1, 2, . . . w); 

e.g. the set of three components of a vector, for which m = 1, 

w = 3. 

A double (2-fold) system will be of the type 
(i i = 1, 2 , . . . m), 

and will consist of elements; and so on. 

A system of order greater than i is called symmetrical if all 
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the elements in it which differ only as to the order of their suffixes 
have the same value; e.g. for the case m = 2, if — Ay. 
A system is called antisymmetrical [skm) if when two suffixes 
are interchanged the element changes its sign but not its value; 
again for the case m ~ 2, if A,j ~ — Aj,. The n coefficients 
M of a generic linear form^ 

^ 

1 

constitute a simple system, which is in fact the most general of 
its kind, since, given n quantities u„ it is evidently always possible 
to consider them as being the coefficients of a linear form cf>. 

Consider next a quadratic form, which we may write as 

II 

^ Ay X, Xj ; 

I 

as the sum includes all permutations of the suffixes two at a time, 
the product of x, and x, will occur twice, once as j.r, and once 
as XjXy so that the coefficient of the ])Toduct is Ay -|- . This 

is unchanged if i and j are interchanged; hence we see that the 
coefficients of a quadratic form constitute a symmetrical double 
system, which is the most general possible. But if we wish to 
determine a generic (non-.symmetrical) double system by means 
of the coefficients of a form, a quadric in the independent vari¬ 
ables X is no longer sufficient. We shall now require two different 
w-fold systems of independent variables, e.g. the co-ordinates 
X and x' of two points between which no a prtori relation exists, 
and we must construct the expression {hilmenr form) 

n 

F = l.y Ay X, xj, 

which is linear in both the x’& and the the coefficients of this 
form are the required arbitrary quantities Ay. 

More generally, it is easy to see that a generic m-fold system 
is determined by a multilinear form of m groups of variables, 
while the coefficients of a form of degree m constitute the most 
general symmetrical m-fold system. 

* The term form with respect to given arguments (e.g. the independent variables 
.. .x„) means a polynomial homogeneous in those arguments, 
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3. Invariance, covariance, and contravariance of a simple 
system with respect to linear transformations. Dual variables. 

We now proceed to examine the laws of transformation of 
systems. We shall at first limit our investigation to a linear 
change of variables and a simple system Mj, u^, . . . v„. 

We shall suppose tliat we can pass from the variables 
or to the new variables x, and vice versa, by means of the 
formula) 


n 


1 

(i 1, 2, . 

. . «), . 

• (5) 

11 

X, - SiC'^'x. 

(i - 1, 2, . 


■ (5') 


where the coefficients c are arbitrary constants whose determinant 
is not zero; the second formula follows from the first by ajiplying 
Cramer’s rule, so that c''' is the recijirocal element of C|,^ (cf. 
p. .'I'l, footnote). 

The moat obvious hypothesis to make is that the ?/’s are 
functions of position which are transformed by invariance 
(cf. § 1). 

We get a .slightly less simple, but remarkable, case if we sup¬ 
pose that the w’s are tran.sformed by the same law as the co¬ 
ordinates, in which ca.se the u’s will be called cantravarianls. In 
particular, the co-ordinates themselves form a contravariant 
simple system. 

Next suppose that the u\ are the coefficients of a linear 
form 

n 

<f) = 2 , M, a-,, 

< I 

and that (f) is transformed by invariance, i.e. by substituting for 
the x’s the expressions (6), so that (j) is also a linear form of the 
new variables 3. We shall take the coefficients of this new form 
as the transforms u of the u’s; we shall then say that the m’s 
form a comriant system. 

Writing out the expressions in full, we have 

n n n n 

4 = 2, M, £, f* = Sit c,* M. = St Xj, S. Cj, M,. 

11 1 11 



6 S 


INTRODUCTORY THEORIES 


The new coefficients are therefore 

n 

1 

Interchanging i and A;, so as to get the formulse in the same 
shape as (5'), we get 

n 

= '^kCu^k (* = 1, 2, . . . n), 

1 

which gives the law of covariance. 

Here, too, we naturally add the equivalent formulse, which 
are obtained by solving for the original elements u, and are given 
by the usual formula (Cramer’s rule). Writing them first, so 
that we get them in the order corresponding to that of (6) and 
(S'), we have finally the law of covanance expressed by the two 
groups of eqvimlent formulce 

«. = .( 6 ) 

1 

M, = (t -= 1, 2, . . . n). . (6') 

1 

We .shall frequently consider, together with the variables x 
(which are also called jmnt variables), a system of covariant 
variables u (called dual variables), the behaviour of both sets 
of variables when a linear change of variables is made is shown 
by formulff (5) and (6). 

To find a geometrical interpretation of dual variables, we may 
fix our attention on the case n = 4, in which Xj, Xj, can 
be considered as homogeneous Cartesian co-ordinates of the 
points of space. A plane has an equation of the type 

Xj -f 772 *2 -f Ms Xs 4 - Ms X4 ^ 0 , . , ( 7 ) 


where with the usual terminology, the coefficients iq, Mj, M 3 , m^ 
are Fliicker’s co-ordinates of the plane. Now, given the geometrical 
a^tifin ance of equation (7), its left-hand side must be invariant 
JbasQit for a non-essential factor, the co-ordinates being homo- 
'Jpaeous), and hence the Plucker’.s co-ordinates u must be trans¬ 
formable by covariance. From the well-known law of duality of 
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projective geometry the m’s have been given the name of dual 
variables. Analogous results hold for any value of n. 

4. Invariance, covariance, and oontravariance of an m-fold 
system with respect to linear transformations. Mixed systems or 
tensors. Vanishing of a tensor an invariant property. 

We shall now extend the discussion of the preceding section 
to systems of any order, but still limiting it to the case of linear 
transformations of the type (5), (S'). We thus define mixed 
systems, of which oovariant and contravariant systems are 
particular cases. 

Consider rn sets of n point variables (i.e. m points). Denoting 
by an ujijier index the ordinal number of each point, we get the 
set of arguments 

xl, xl, . . . xi; 

3 ^, xl . . . rl; 


y f * • • n • 

Consider also a certain number /a of sets of n dual variables 

«J, . . . u\\ 

ul u\, . . . ul; 


u 


1 y 




U 


n" 


Construct a multilinear form F in all these variables, each 
term of F containing as factor an element taken from every set 
of the m x’s and the (jl m’s. The coefficients of these terms, which 
are a pnon^mpletely arbitrary, will constitute a generic system 
of order m 4- Writmg the indices corresponding to the x’s 
below and those corresponding to the m’s above, we shall have 





X"' «‘ . . . 


( 8 ) 


Now transforming the x’s by the law of contravariance and 
the m’s by the law of covariance, and substituting the expressions 
80 obtained in ( 8 ) (i.e. transforming F by invariance), we shall 
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get a multiliuear form of the new variables x, we shall take 
the coefficients A of this new form as being the transforms of 
the coefficients A. We shall then say that the A’s constitute 
a tensor or mixed system, covariant with respect to the lower 
indices, cordravariant with respect to the upper. In particular, 
m 01 ft, may be zero, loading to the absence from F of the point 
or dual variables respectively; then the system of coefficients is 
purely contravariant if the variables in F are all covariant, and 
vice versa. 

The case of the simple sy.stem comes at once under this 
definition. In fact, F in this ease becomes the ^ of the preceding 
section; if we consider it as linear in the r’s, w(' find that the 
coefficients u, according to the definition just given, must be 
called covariants; while if it is considered as linear in the ids, 
we conclude that the j"’.s form a contravariant system, which 
agrees with the dehnitions already as.signed. 

A covariant, contravariant, or mixed tensor, having m -|- ft- 
indices in all, is said to be of rank m fi: a simple, system, either 
covariant or contravariant (i.c. a tensor of rank 1) is also called 
a vector, and its elements arc called respectively covariant or 
contravariant components of the vector. 

Following a similar method to that ii.scd in the preceding 
section to find the formula; (C) and (O'), we could find the general 
transformation formula; for mixed systems, and hence, in jiarti- 
cular, the formulsc for contravariant and covariant systems. 
We shall not need these formulae, as in what follows we shall 
always go back directly to the definition just given. As an 
example, however, we propose to find them and give them in 
full for the .simplest case of the mixed sy.stem, i.e. the sy.stem 
with a single index each of covariance and of contravariance. 

Consider therefore the bilinear form 

F = i:,j A-'^ X, Uj, 

I 

and transform it by invariance. Using formute (0) and (0), we 

got I, u ti II 

F — S,J A^^ Sj. C,* X/j 2^ Uf, = ^\k '^h 

111 1 

n 'll 

I 1 
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The coefficients of this new form are 




■ • (9) 


which gives the law of transformation for mixed systems with 
two indices. We should get similarly, for the most general 
mixed system, 



■ K„hi 




c. , ... cV^. (10) 

"irrm ' ' 


As a mettioria technica, we may add that the transformation 
formulae for the r’s and the w’s give an easy way of remembering 
those for a tensor of any kind. The latter are always linear, and 
the coefficients are composed of the c’s in a similar way to those 
of (.^i) and (6); to each index of covariaiice corresponds a c with 
the indices below, to each index of contravariance a c with the 
indices above. The op{K)site holds in the inver.se formulae. 

We may sum up the discussion so far in the following defini¬ 
tions. 

An m-POLD oovARiANT is an m-foU syskm which is transformed 
in the same way as the coefficients of a multilinear form in point 
variai}les\ an in-KOLD contra variant is one which is transformed 
in the same way as the coefficients of a multilinear form in dual 
varial)ks; more yeneraUy, a mixkji .system or ten.sor is one which 
is transfornu'd in the same way as the coefficients of a multilinear 
form in both point and dual variables {includiny also as particular 
cases) both purely covariant and purely contravariant systems). 

The indices of contravariance are generally written above, 
those of covariance below; an exception is however made for 
the variables x, which are as u.snal ilenoted by x^, Xg, . . . x,„ 
with the indices below, even if, as in the present case, we are 
dealing with a contravariant system and linear transformations. 

We shall close this section with a remark which is as obvious 
as it is fundamental whenever the notion of a tensor occurs. 
This is the fact that if all the elements of a tensor, with reference 
to a certain system of variables, vanish, this necessarily also 
happens for the transformed elements which correspond to any 
linear change of variables whatever. This is an immediate con¬ 
sequence of the fact that the hypothesis makes the invariant 
form F vanish identically. 
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5 . Symmetrical double systems. 

Since we shall have occasion later on to deal with a remarkable 
symmetrical covariant double system, we propose to give here 
some properties of systems of this kind. Let the elements of such 
a system be 

=•- .( 11 ) 

their c.ovariance will be expressed by the fact that the bilinear 
form 

l'(x| x') . . . (12) 

i 

is invariant in any linear transformation which changes the x'e, 
and the x's, into other sets of variables I, x'. 

We shall first show that such a change of variables leaves 
the symmetry of the system unchanged, i.e. that 

.(1^1) 

In fact, if we interchange the variables x, x' in the bihnear 
form (12), we get „ 

F(x' 1 r) -- 

1 

and since the right-hand side of this equation differs from that of 
equation (12) only by the non-essential interchange of the letters 
i and k, it follows that 

F(x’\x) ^ F{x\x') . ( 11 ') 

Vice versa, if this relation holds, we conclude, by reversing 
the steps of the argument, that (11) is also true. 

Hence the condition of symmetry (11) is completely equivalent 
to the condition (11'). From this standpoint it is easily seen to 
be invariant. In fact, changing the variables, and denoting for 
shortness J’{a:(J) | x'(x')} 

by F(x I x'), 

equation (11') changes to the equality 

F{x'\x-) - F{x\r) 


which, as we have just seen, is equivalent to (13). 
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We could show in the same way that if a contravcmant double 
system is symmetrical with respect to one system of co-ordinates, 
it is still symmetrical after any linear change of variables; a 
mixed system af, however, has not this property. For an anti- 
symrmrkal double system, either covariant or contravariant, 
we could also show similarly that antisymmetry is an invariant 
property. 

We can now use the property just illustrated to establish 
the covariance of the coefficients of an invariant quadratic form. 
Let the quadratic form be 

n 

.(14) 

1 

Changing the variables, ^(x) evidently becomes a quadratic 
form in the xa, which we shall write 

^ n 

<^(x) = .(14') 

We shall show that the coefficients are the transforms by 
covariance of the coefficients a.j, or in other words are the same 
as would be obtained by changing the variables in F(x | x'). 
In fact, we get <f){x) from F(x| x') by first putting x' equal to x, 
or 

<f>{x} ~ F{x\x), 

and from this, with the usual rfiange of variables, we then get 
^(x), which is thus derived from F (xj x') by applying successively 
the two operations 

^ a:.,. (a) 

" == x,(x).(6) 

But the same result will obviously be obtained if these two 
operations are applied in inverse order, i.e. if we pass first from 
F(x 1 x’) to F{x I x') (the coefficients of which are by definition 
the transforms by covariance of the coefficients a^^), and then, 
by the operation (a), which implies x’ = x and on account of 
symmetry does not change the coefficients, to ^(x); the co¬ 
efficients of this last expression are therefore the transforms by 
gpvaxjance of the coefficients a^. 
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6. Sets ol n covariant and contravariant simple systems. 
Tbeorem on reciprocal sets. 

We now propose to prove a lemma in which we shall have to 
consider, not a single simple system, but a set of n covariant 
simple systems. We must therefore distmguish the elements in 
question by two indices, one showing the ordinal Tiuiuber of the 
system from which an element is taken, the other (which will 
be an index of covariance or of contravariance) showing the 
ordmal number of the element in that system. Consider, there¬ 
fore, the set of n covariant simple systems 

A„|, (a, i = 1, 2, . . . rt), , . . (15) 

where a represents the ordinal number of the system anti is 
therefore not an index of either covariance or contravariance; 
and suppo.se further that the determinant of the A’s does not 
vanish, or ui other words that the n systt'ms are independent. 
With this hypothesis, to every element A„|, will correspond a 
reciprocal element (its algebraic complement or minor divided 
by the value of the determinant), which we shall denote by 

A1 (a, r = 1, 2- n). . . . (1.5') 

In a linear change of variables the terms A,|, will be transformed 
by the law of covariance, and the transforms will be denoted by 
we shall take the reciprocal elements A^ of the terms A„|, 
as representing the transforms of the reciprocal elements A‘. 

We shall now show that this law is identical with contra¬ 
variance, i.e. that giving a the values 1, 2, . . . ?i, the terms A* 
constitute n contravariant simple .systems; or shortly, that the 
reciprocal set of n c^ivariant 8ystem.s is a set of n contravariant 
systems. This is the reason for placing the index t alxive. 

The hypothesis of covariance of the set of n systems (16) 
means that the n linear forms 

/I 

T„ — S, A„|, I, (a = 1, 2, . . . w) 

I 

are invariant. WTiat we have to prove is that the n linear forms 

~ S, A^«, (a = 1, 2, . . . n), 

1 
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are also invariant, i.e. that 

0 {a=l,2, . . .n), (16) 

1 1 

whatever the m’s may be. Now these last expressions are linear 
in the m’s (since the m’s are merely linear combinations of the 
m’s), so that each of them is of the type 

1 

To show that this vanishes identically (i.e. that all the ^’s are 
zero) we need only show that it vanishes when we give the m's 
n distinct sets of numerical values, as we shall then have n homo¬ 
geneous linear equations in the ^’s, whose determinant does not 
vanish (this condition being implied by the use just now of the 
adjective distinct). We shall give the m’s the values 

(A i ^ 1, 2, . . . n), 

and hence, from the covariance of these quantities, we shall have 
to give the m’s the values A^j,. Using a property of determinants 
(given as formula (^) in the footnote on p. 55), and substituting 
in equation (10), we get 

- 0 (a, ^ = 1, 2 . . . n), 

which proves the result required. 


7. Addition oi tensors. 

Take two temsors (in general mixed) of the same kind, i.e. 
having th<fc same number of indices of covariance and the same 
number of indice.s of contravariance (in particular, two covariant, 
or two contra variant, systems of the same order): 

>f • -hn >1 • ■ *m 


Summing corresponding elements (those with the same indices) 
we get a new system whose general term is 



-f !!■'“ 

' »i ■ 




depending on the same number of indices. 


We shall show that 
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this new system is also a tensor, covariant and contravariant 
respectively with respect to the indices of covariance and contra- 
variance of the given systems, so that with the notation previously 
adopted the general term can be written 

Jft. 

•i hn 

To simplify the formulae we shall prove the result for the 
case of a single index each of covariance and of contravariance; 
the reasoning is identical m the general case. Our hypothesis 
then 18 that the forms 

1 

d) = 

1 

are invariants. The sum 

-f <D - Sy + Bi) X. - k, uj, 

will therefore also be an invariant, which is as much as to say 
that the system 

Of =. Ai+ Bl 

is covariant with respect to the lower index, and contravariant 
with respect to the upper. 

The tensor C is called the sum of the two tensors A and B. 


8. Multiplication of tensors. 

We shall now define the product of two tensors. These may be 
of any kind, in general mixed; we shall suppose that one has m 
indices of covariance and /x of contravariance, and the other m' 
and /x' respectively, so that they are represented by 


Construct the system whose general term is the product of 
any element A by any element B\ the element so formed will 
contain wi -f- p - 1 - m’ + indices, so that the rank of the 
product 83r8tem will be the sum of the ranks of the given systems. 
We shall show that it is a tensor which has the m 4 - w' indices of 
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covariance of the given system as indices of covariance, and the 
(J. ft' indices of contravariance as indices of contravariance. 
To simplify the formulae we shall as before consider the case of 
only two indices. 

Let the two forms which by h 3 T)othesi 8 are mvariant be 

1 

] 

Their product will also be an mvariant, and is 

^ ^ K 3 -, Xj Uu U\ , 

or, putting 

A>m ^ 

1 

The invariance of this form means that the indices i and j 
attached to the letter 0 are indices of covariance, and h and k 
are indices of contravariance, which proves the statement just 
made. The argument is the same m the general case. 

9. Contraction of tensors. 

We shall now define the operation of contraction, by which 
we pass from any mixed system to another system having one 
index of covariance and one of contravariance less than the 
first. 

For convenience of printing, we shall give explicitly only 
one of the indices of covariance and one of contravariance, 
replacing the others by points, so that we shall put 

A : 

to represent the general term. 

Now construct the system 

B - irA :> 

1 

which will contain all the indie®, except the two shown on the 
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right; we say then that the tensor has been contracted with 
respect to these two indices. We shall show that the system 
so obtained is also a tensor, having the same indices of covariance 
and of contravariance—except of course the pair used in con¬ 
tracting—as the given tensor. To simplify the formulse, we sliall 
as usual consider a particular case, but one not differing essentially 
from the general case. Suppose, therefore, that the form 

F = A'lf X, x' M,, m' 


is invariant whatever may be the variables x, x', u, u', the only 
restriction being that x, x' arc point variables and u, u' dual 
variables. Their values being arbitrary, we may replace the 
variables u[ by n distinct systems of covariant quantities, which 
we shall denote by Ausing the notation (15) of § G; we can 
then replace the variables x\ by the quantities A^, which are 
the reciprocal elements of the former group, and therefore con- 
travariant (§ 6). We shall thus have the n linear forms 

(a = 1, 2, ... w) 


all invariant. Their sum G will therefore also be invariant. 
Writing out this sum, and making some slight transformations, 
we get (remembering the fundamental property of reciprocal 
elements) 




n 

2, A, 
1 


X, U,, 


Now we know that 5* = 0 if r 4 = * and = 1 if r = s; hence 
all the terms in the sum for which r 4 = s will disappear, and there 
remains 

G = --- = S.AX,My.5f. 

1 111 

The invariance of this form shows, as was required, that the 
system „ 

1 

is a tensor covariant with respect to the ^’8 and contravariant 
with respect to the A’s. 
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The operation of contraction can evidently be repeated .several 
times, contracting successively with resj>ect to vanous pairs of 
indices, so that, for example, from the system 

""ijr 

we can pass, by using two pairs of indices, to the tensor 

S': - irAt;:. 

1 

If tlie process is applied to the only pair of indices of a mixed 
double system, the result is an invariant; 

A ij;. 

1 

lU. Composition of tensors. 

If we combine the operation of muUiphmtion of two tensors 
with that of contraction, we get the operation called cornpnsition 
(or inner muUipliration) of two tensors. We shall wxite the two 
tensors in the abridged fonn 

A p B 

where we show only a single index of covariance for one and of 
contravariance for the other. 

The teii-sor 

C - 2 , ^ , S ' 

is said to be compounded of the first two or is called their inner 
product', its indices of covariance are those of A, except r, and 
all those of B, and its indices of contravariance are all those of 
A, and those of B, excejit s. 

It can at once be seen that the system C is a tensor, observing 
that it is obtained by contraction with respect to the indices 
r and s from the system 

r 'r-- A , 5 /, 

which is itself obtained by taking the product of the given 
systems. Thus, for instance, compounding the systems 

Ah Jpn 

" ify > 
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with respect to the indices r and s, we get 


11. Change o! variables in general, m-fold systems whose 
elements are tnnctions of position. First general definition of a 
tensor. Typical tensors of rank 1. 

Up to this point we have considered only linear changes of 
variables, and we have defined, with reference to them, covari¬ 
ance, contravariance, and the fundamental operations on systems. 
We shall now extend these definitions to any change whatever 
of the variables. 

Suppose, therefore, that the formiilse of transformation, instead 
of equations (5), are 

** = ^ 2 , . . . i„) (f = 1, 2, . . . n), (17) 

where the f'a denote arbitrary functions, except for the quali¬ 
tative restnctions as to differentiability, &c, which will be 
tacitly imposed whenever necessary, and the condition that the 
transformation is reversible, ie. that the equations (17) are 
soluble for the x’s and can therefore also be given in the equivalent 
form 

uMv % • ■ ■ ■ . • (17') 


The general transformation (17) involves a linear transfor¬ 
mation of the differentials. In fact, putting 


9^. 

dii 





(18) 


we get, differentiating (17) and (17'), 


dx, = 


1 dXi 

X,l^‘dx,=^ke^‘dx, 

I OX,, 1 


. . (19) 

1 

(f-],2,...«) (19') 


The second of these groups of forroulse must be identical with 
the group which would result from solving the first, the quantities 
C** must therefore be the reciprocal elements of the quantities 
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which justifies the choice of these symbols to represent the 
derivatives.^ 

From the analogy of formulae (19), (19') to (5), (5'), we can 
at once extend the earlier arguments to w-fold systems whose 
elements are any functions of position (i.e. of the independent 
variables a;^, x^, . . . x„). We shall say that an m-fold system 
whose elements are functions of position constitutes a tensor, 
covariant, oontravariant, or mixed, with respect to a generic 
transformation (17), when it is a tensor of the specified kind 
(at every point of the field considered) with respect to the linear 
transformation (19), (19') between the differentials of the old and 
the new variables. 

In consequence the differentials of the independent variables 
provide ns with the typical oontravariant simple system. We 
shall next consider what is the typical covariant simple 
system. 

Ill § 3 we introduced the dual variables u,, which were formally 
defined as the coefficients of a linear form in the variables x. 
These latter are now to be replaced by their differentials dx, so 
that we start from a generic Pfaffian 

U 

if) = I.,u,dx„ 

1 

and consider it as invariant for any change whatever of the vari¬ 
ables x. The coefficients u are considered as functions of position, 
and hence initially of the ar’s. When the transformation (17) 
18 made, the dependence on the point co-ordinates is expressed 
instead in terms of the new variables x. Substituting in if) for 
dx, from (19), we see in the first place that we still have a Pfaffian 

’This nan also be shown directly, by proving that the terms c*' and cn haie 
the fundamental property of reciprocal elements In fait, if in exiuations (17) 
wo replace tht x's by the expressions given by equations (17’), they reduce to 
identities. Differentiate one of these with respect to xt, using the rule for a 
compound function. We shall have 

i^dse* Sr* 

Now the left-hand side is 0 or 1 according as t =4= ^ or i = it; on the right hand 
side we can introduce the notation (18), so getting 

which proves the required result. 

(0 668 ) * 
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in the new variables x; this is obvious, since the original expression 
is linear in dx. Writing out the result, we get 




« » « 3 ™ n H 

S.M, 2* dxt =- ‘ dx^ = S.m, . 

1 1 ox/f 1 cXh 1 1 dXf 


3«< 


The coefficients of the new differentiaLs dx^, i.e. the elements 
Mi, of the system which is the transform of the coefficients u^, 
are therefore 


M, 


1 


dx. 


{k = 1, 2, . . . n). 


Interchanging i and k and adopting the notation (18), we get 
the law of transformation for the coefficients of a Pfaffian expressed 
by the formula! 

M, = Si Ci. Mi, 

1 


which are identical with the formulre (6'). Adding the inverse 
formul® and replacing the coefficients c'* by tlieir values as 
given by (18), we get the tramfomatvm formulwfar the cwffieient^ 
of a Pfoffian {an ineariant) which conatitule the typical simple 
covariant system, in the explicit form 




9x,’ 


1 ' dx, 


(i ^ 1, 2, . . . n). 


( 20 ) 

( 20 ') 


Suppose in particular that the (invariant) Pfaffian is the exact 
differential of a function « of jxisition; being invariant, m is such 
that its expression in terms of the J’s is obtained from its expres¬ 
sion in terms of the a’s by substituting f (I) for x„ and vice 
versa, so that the formula 

u(x) ^ u{x) 


is an identity when we substitute in it the expressions given by 
(17) (or (17')) for the x’h (or the x’s). 


■ 3 w 

The coefficients u„ m, of the Pfaffian are respectively - or 

0 

™ according as du is considered as expressed in terms of the x’s 

dx, 

or of the x’s. 
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It follows that the derivatives of an invariant are transformed 
by covariance, the law being given by formnlce (20), (20'). 

Vice versa, to obtain the fonnnlse of covariance (20) or (20') 
relative to a simple system, without having to go through all 
the steps from the beginning or to remember them by heart, 
the easiest niemoria technica is to consider the elements of the 
generic system in question as being for the moment the deri¬ 
vatives of a single function, and to apply the rule for differentiating 
a fimction of one or more functions. We then automatically get 
formula (20) or (20') according as we start from an original or 
a transformed element. 

The direct transformation of the differentials further, as we 
have seen, gives formulae (19) and (19'), which we can use as 
the transformation formula' for a generic contravariant simple 
system, by substituting the original elements for the differentials 
rfj, and the transformed elements p for the differentials dx/,. 

To sum up, the differentials of the independent variables and 
the derivatives of a single function give what we may call the 
j)attern of the transformation formula for simple contravariant 
and covariant systems respectively. 


12. Second general definition of tensors whose elements are 
functions of position. Examples. 

'Take a multilinear form in any number of sets of contravari¬ 
ant variables (i.e. ha\ ing the same law of transformation as the 
dx,) and in any number of sets of covariant variables (i.e. having 

the same law of transformation as the w, — Let the co- 

dorj 

efficients be con.sidered as functions of position, and the given 
form as invariant at each separate point. From the definition 
given in the preceding section it is clear that the coefficients 
form a mixed tensor, whose indices of covariance are those relative 
to the contravariant variables, and vice versa. Reciprocally, 
every tensor, in the sense of the first definition, can be identified 
with the coefficients of a multilinear form of the kind just 
described. The two definitions are therefore completely equi¬ 
valent. 

From this point everything is analogous to what was said in 
§ 4, and we may therefore dispense with further details, except 
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to repeat once more explicitly the remark made at the end of 
§ 4 as to the vanishing of a tensor (i.e. of all its elements) being 
an invariant property. The property holds in general for any 
change of variables of any kind. In other words, if all the elements 
of a generic tensor 

»i •a. hn,' 


referred to a particular system of variables, are zero, we may 
be sure that the equations 


V = 0 

■a *8 Sii 


(fl» ^2’ 


biiJ ^5 ^2’ • • ' — 1, • • • W) 


continue to hold however the variables may be changed. 

We shall close this section with two examples of tensors 
which occur fairly often. 

Consider first a linear operator A, where 

1 dx. 


whose coefficients A' are specified functions of position. Let us 

treat the operator as an invariant. Then since the terms 

are covariant, it follows that the A’ h are by definition contra- 
variant, and must therefore have their law of transformation 
given by the equations (19'), so that we get for the transformed 
coefficients the expressions 

A‘ - S,A'^p\ 

1 oajj. 

as could easily be verified directly. 

Consider next a differential quadratic form 




^tk da?, da?^, 

1 


which is to be invariant; the coefficients o,* (in general to be con¬ 
sidered as functions of position) will then be covariant, and hence 
their transformation formulffi will be 


n 


1 


dXy dx, 

dx^ 


( 21 ) 
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Of (solving for the transformed elements) 




P-, dx, 

\.ar.A- ^ • 

X ox, OXj. 


(21') 


13. More complex laws of transformation. Scope of the 
Absolute Differential Calculus. 


In a generic change of variables a system, as we have said, 
is transformed in a way which depends on its definition. The 
cases so far examined have been the simplest, but others of 
considerably greater complexity may also occur; we shall now 
give an example of these. 

We have seen that the simple system composed of the first 

derivatives of an invariant function u is covariant; we now 

proceed to examine the double system of the first derivatives 

3 u • ■ • 

^ * of a covariant simple system m,. As a particular case, if the 

du 

M,’s are the derivatives . - of a single function m, we cover the 
vx, 


case of the transformation of the second derivatives of an in¬ 
variant function. 

To find the transformation formulae for this system, i.e. the 
3 XI c? w 

relation between the terms ' and the terms . *, we start from 

dXj 

the transformation formula for the i/,’s: 




Differentiating it with respect to x^, and considering the 
on the right as fxmctions of the x’s and therefore of the x’s, we 
get 


du, _ " axfc dx,, du^ " dH^ 
oaTj 1 dx, dx^ dx/* 1 dx^ox^ 


( 22 ) 


If the last sum were absent, the law of transformation would 
be that of covariance. But in fact the presence of the second 
derivatives of the x’s with respect to the x’s shows that the 
system we are examining is neither invariant, nor covariant, nor 
contravariant, nor mixed, and therefore not a tensor, its law 
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of transformation is more complicated than any we have yet 
examined, A similar result is true more generally for the system 
composed of the derivatives of any tensor. 

It is often necessary to consider the derivatives with respect 
to the independent variables of the elements of a tensor, covariant, 
contravariant, or mixed. In order to avoid the complication 
just observed, it is therefore convenient to replace these deriva¬ 
tives by linear combinations of them with the elements of the 
tensor, so chosen that those terms which lead to the aforesaid 
complication disappear in the transformation formula!. This is 
the problem which the Absolute Differential Calculus proposes 
to solve; it does so, a.s we shall see farther on, by introducing 
an auxiliary element, namely, an invariant differential quadratic 
form. We shall therefore devote the next chapter to the study 
of this important element. 


CHAPTER V 

Geometetcal Inteoduction to the Theory of 
Differential Quadratic Forms 

(a) The Line Eletnent on a Surfiice 

1. Parametric eauations of a surface. 

The meaning of the term “ parametric equations of a sur¬ 
face” is known from analytical geometry. We propose, however, 
here to examine the idea from the beginning, in order to find the 
formulae in the shape which is bast suited to our purpose. 

We shall use the letters y^, y^, y^ throughout this chapter 
to represent the Cartesian co-ordinates of the points of space 
referred to three orthogonal axes. Now consider a surface, or 
more generally a piece of a surface a, to which alone the following 
remarks are understood to apply, and suppose that there has 
been established, in any way whatever, a one-to-one correspon¬ 
dence between the points of a and the pairs of values which can 
be assigned to two parameters a^, within a certain field C 
of a plane representative of the arguments a^, (cf. the general 
remarlffi in Chapter I, § 1). 
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This implies that the points of a and with them their Cartesian 
co-ordinates are definite (and finite) fimctions of Zj, in the 
field C, We shall accordingly write 

«/. = 3 ^ 2 ) (v = . . . ( 1 ) 

where for subsequent purposes the three functions must have 
derivatives, to any order which we may have occasion to consider, 
which are continuous in the field C. 

But this behaviour of the functions is not in itself sufficient 
to ensure that the equations (1) do effectively define a surface, 
i.e. that the supposed one-to-one correspondence does in fact 
exist between C and the points of a portion of a two-dimensional 
manifold. 

It might for instance happen that only the sum a\ 
ajipeared in the equations (1), in which case the dependence on 
two parameters vrould be only apparent, only one of them being 
essential. In this case the equations (1) would define a piece 
of a curve. To exclude the possibility of anything of this kind 
we shall suppose that two of the equations (1) are soluble (within 
C) for Xj, ^ 2 ’ that by solving them, and substituting the 
values so found in the remaining equation, we can get one (and 
only one) relation between y^, y^, y^, i.e. the equation of a surface. 

This is equivalent to imposing the condition that the char¬ 
acteristic of the functional matrix' of the equations (1) is 2. 
Then the equations (1) will actually represent the parametric 
equations of a piece of a surface cr; and it could be shown that 
—with the restriction, if necessary, of the field G to a convenient 
portion F of itself (around an arbitrarily chosen point)—the 
portion of surface so defined is such that to any point on it there 
corresponds one and only one set of values of the parameters 
in the field F. Accordingly, with this qualitative restriction as 
to the field—which we shall always consider as being of the 
type F—in which the parameters x^, are made to vary, we 
are quite justified in calling aq, aq curvilinear co-ordinates on 
the surface a defined by equations (1). 

Giving a constant value, and making x^ vary, we get all 
the points of a line, which we shall call the, line x^ = constant, 
or the line Xj, or more shortly, the line 2 (since only x^ varies along 


' S«e §§ 6, 7, pp. 8 12. 
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it); in the same way we can define the lines — cmstami, as 
the lines a^, or merely the lines 1, as those along which only 
varies. We can thus think of our surface (or portion of surface) 
a as covered by a double network of lines (co-ordinate lines) 
such that two and only two—one line and one line aig—pass 
through every point of it. 


2. Expression for ds^. 

We shaU now fix two infinitely near points, P, P\ on o; 
let their curvilinear co-ordinates be 

X, dx, (i — 1, 2), 

and, subject to the equations (1), let 

y., y. + dyy = i. 2 ,3) 

be their Cartesian co-ordinates. 

Note that in order to specify a point P on o, we may take 
arbitrarily (within F) the two co-ordinates Xi, x^’, and so also, 
in order to reach P', the two increments dx^, dx^. 

The y’s are defined by the equations (1), so that their differ¬ 
entials are connected with the dx'a by the equations 

dy,=^i!^-dx, 1,2,3), . . (2) 

1 ox. 


which are obtained by differentiating the equations (1). 

We shall calculate the distance PP' — ds, or rather, as 
being more direct, its square 

ds* = 


Substituting the expressions (2) for the dy's, we shall have 


- 


\y^dx,dx,= 

1 1 OX^ OXj^ 


2 


S 


1 1 


hij, 
dx, 3x*’ 





from which, putting 


(3) 
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(by which we define a very important symmetrical double system 
of regular functions of the x’s), we get 

.(4) 

1 

This quadratic form, which, as we shall sec, is fundamental 
for the study of the metrical properties of our surface, is an 
obvious generalization of the expression 

ds^ — dx- -(- dy^ 

which in Cartesian co-ordinates gives the distance between two 
infinitely near points of a plane. 

We shall now show that the form (4) is definite and positwe 
i.e. that it never Ix-coraes either zero or negative, whatever 
values (r(!al and not zero) are assigned to the dx’s. That it 
cannot be negative is at once seen from the fact that it is 
the sum of the squares of the dy'&, which are always real if 
the dx’» are real. It could therefore vanish only if all the dy’s 
vanished, and we shall show that this is impossible for any 
actual displacement (one in which dxj and dxj are not both 
zero). 

In fact, let us try to suppose that we can have 

Using equations (2), the.se become three linear homogeneous 
equations in dx^, dx,. In order that any two of these may be 
satisfied by non-zero values of these variable.s, the corresponding 
determinant must vanish; since we may choose arbitrarily the 
pair of equations to be satisfied, we conclude that all three 
of the functional determinants (of the second order) of the 
y’s with raspect to the a-’s must vanish, which contratlicts 
the hypothesis that the characteristic of the functional matrix 
is 2. 

The general theorem relating to simultaneous linear homo¬ 
geneous equations could also be applied directly; namely, that 
the number of independent solutions is the difference between 
the number of the unknowns and the characteristic of the matrix 
of the coefficients—in our case 2 — 2, or 0. 

From the proof that the quadratic form under discussion is 

\ L> ojj ) 4* 
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definite, it follows, by a known theorem ^ on quadratic forms, 
that the determinant 

a ^ |!«,*|j 

I' II 

composed of the coefficients of ds^ (called the discriminant of 
the form) is not zero; in particular, when, as in the present case, 
the form is -positive as well as definite, we have specifically a > 0. 

The fundamental form (4) calls for one last remark, almost 
obvious but important. This is that the system of the coefficients 

is cm'ariani vnth respect to any transformations whatever of the 
variables jTj, (which justifies our having placed the indices 
i, k below). This covariance follows directly (applying a remark 
made at the foot of p. 84) from the invariance of the quadratic 
form ds^. 

3. Determination of the directions drawn from a generic 
point. 

In the space yj, y^, y^, a direction drawn from a generic jioint 
P may be considered as determined by an infinitesimal segment 

^ The theorem referred to is tw f4»lIo\\s. Ia?! 

H 

0 = "I* 

1 

be a definite quadratic form in n variables; we nhal] show that its diRcnimnant a 
cwinot be zero. 

In fact* jmtting 

y, = Z^ca^k£k {i = 1» 2, . . . n), 

1 

n 

wc get <t> = 

1 

Now if o = 0, we could make = 0 without all the x's being ssero (contrary 
to the hypothesis that the form is definite); we should only have to make all the 
y's /.ero, by solving the n linear homogeneous isjuations 

n 

= 0 (i = 1, 2, . . . n), 

1 

which would be .soluble, giving^ values for the *'» which are not all zero, provided 

0 = 0 . 

For definite positive forms a is therefore also necossarily po.sitive. One way of 
seeing this is to apply one of the infinite uumlier of (real) linear substitutions 
which reduce ^ to tbe canonical form (see e.g. IUanC’HI ; Lrzioni di geotnetria 
analUisa, Appendix, pp. 671 692; Piaa, Spoarri, 1920). It is obvious that a 
positive form which contains only squares of the viiriahU-s has its discriminant 
a > 0. But the original a and a are connected by the relation a = aA''’, where 
A denotes the determinant of the linear substitution. (See p, 167.) We 
therefore necessarily also have a > 0. Q.E.U. 
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having one end at P, or if preferred by another point P' infinitely 
near P, or, ■which comes to the same thing, by an infinitesimal 
displacement of P. 

Now suppose that P belongs to a, and consider the directions 
drawn from P which are tangent to the surface. To determine 
them we have to take points P', infinitely near P and belonging 
to cr. If therefore we call the surface co-ordinates of P and 
X 2 , we can determine P' by the surface co-ordinates x^ -f dx^, 
Xf^ “1“ duE'2* 

Thus to each pair of infinitesimals dx^, dxj, there corresponds 
one and only one tangenlial direction drawn from P. To one direc¬ 
tion, on the other hand, there correspond an infinite number 
of pairs of differentials which differ from each other by a (positive) 
factor, since the length ds of the .segment PP' cliosen to deter¬ 
mine the direction is a priori arbitrary, the only condition being 
that it is infinitesimal. 

In order to make the correvspondence one-to-one, we shall, 
in order to determine a direction, rejilace the differentials by the 
proportional quantities 


A' - 


dxi 

ds 


A^ = 


dXi 


these are unchanged if wo multiply dx^ and dx^ by a positive 
factor k, since it follows from equation (4) that then ds is also 
multiplied by k. 

These quantities are called parameters of the direction and 
obvioasly rwluce to direction cosines when the surface cr is a 
plane and x^, x^ represent orthogonal Cartesian co-ordinates. 
The parameters are not indcjiendent but are connected by the 
relation 

o 

i„a,,A’A‘- 1.(5) 

1 

which is obtained by dividing equation (4) by ds^ and which 
corresponds to the well-known identity for the Euclidean plane 
that the sum of the squares of the cosines ~ 1. Since ds is an 
invariant and the dx’s are oontravariants, the parameters are 
also contravariants, which justifies our having placed the indices 
above. 
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Instead of the parameters two linear combinations of them 
are sometimes used; these are 

A. - {I - 1,2), ... (6) 

1 

which are called momeni^ Since the coefficients form a co¬ 
variant double system (cf. § 2), and the parameters, as we have 
just shown, form a contravariant simple system, it follows that 
the moments wre cmariants} 

We showed in § 2 that the determinant a is not zero; the equa¬ 
tions (6) can therefore be solved, giving the formuleo 

A‘ - ia'*A,.(6') 

I 

which give the parameters m terms of the moments. The para¬ 
meters and moments arc connectetl by a particularly wm]>lc and 
remarkable bihnear relation, which follows immediately from 
(5) and (6). In fact, multiplying the equation (G) for the generic 
index t by A', and summing for ? — 1 and ^ — 2, we get fioni (o) 

SA.A' = 1.(O') 

I 

It follows directly that the moments also are connected by a 
quadratic relation. We need only substitute m (o') for A' the ex¬ 
pression given by formula (6'), which gives at once 

.(5") 

I 

4. Angle between two directions. Contravariance of the 
coefficients a‘^. 

Consider two directions on a surface drawn from a single 
point P. We shall denote them by X and p., where these two 
symbols mean more precisely the two unit vectors which deter¬ 
mine the given directions. The parameters and the moments 
of X will be denoted by A*, A„ and those of p by p‘, p,, respectively. 
We propose to find the angle between the two directions as a 
function of the parameters or of the moments. 

Denoting the increments of the co-ordinates x, by dy^, 


‘Cf.§10,p. 70 
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rfaj, respectively, the direction cosines of X, for a displacement 
ds along X, will be 


ds i‘dx^ ds I'dx, 


(v = 1, 2, 3). . (7) 


Similarly, denoting by the symbol S the increments of the co¬ 
ordinates for a displacement Ss along p., w'e have for the direction 
cosines of this direction 

8y, ^ V Sx^ V „i (jr. 

8s 7‘dx, 8s Tdx,^' ■ ■ ^ ) 


Hence, from the usual formulae of analytical geometry, we 


get 

cosh- = 


V '^ 2 /, 8 //, 

1 ds 8s 



1 1 


dx, dXj^ 


Ay = 


2 B 


s,,A'ys, 

1 1 


^ 82 /.^ 

5x. Sx/ 


and therefore finally 

cosll 2 ,,. a,, A>*.( 8 ) 

1 

Substituting for p*, or A', or both, their expressions in terms 
of tlie moments, we get for co.s«> the following equivalent expres¬ 
sions: 


cosh - 

2, A' p., . . . 

1 

• ■ (8') 

cosh — 

2, A, p', . . . 

1 

• ■ (8”) 

cosh = 

a'* A, p , . . 

• .(8'") 


1 


The last of these formulte enables us to see that the notation 
is in agreement not only with the convention adopted for 
reciprocal elements, but also with that of writing the indices of 
contravariance above. For putting 

M, ~ X,ds, ~ Pi 85 (f, k ^ 1, 2), 

where we note that the m’s and the v’s are independent variables 
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(not connected by any relation as are the A’s and the /xs), we can 
write equation (8'") in the form 


<fo8s cosO' — S,t-a‘* 

1 

since the left-hand side is invariant, and the right-hand side con¬ 
sists of a bilinear form in two sets of arbitrary covariant variables, 
it follows that the coefficients are contravariant. 

To find sin&, we can form the product by rows of the two 
determinants 

A^j lAi Aj 

^ I X I 

fl- I I Pj /ij 

Applying formulae (5'), (S'), and (8"), this becomes 
1 cosh^ I 

I — 1 — cos^h- — sin^S-. 
cosfi ] I 



where the radical must have the sign since by definition the 
angle S- between two directions always < n, and therefore sinh 
> 0 . 

The expression (9) can be put in another form. It i,s easy to 
verify that 

Ai Aai Uu a ,2 1 A^ A’ I 

i = ' I . = a 

Pi Hul «21 «22 p’ P^ p’ pM 

and therefore 

AJ A2 

sinil = v'a , , ’ ■ • • (9') 

iP’ P® 

, 1 Aj A 2 j 

or also sinft = —y= , . . . . (9") 

VO /X2 


where in each case it is understood that the radical \/a is to have 
its arithmetical value. 
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5. Associated, and in pariicnlar reciprocal, tensors. The 
typical example of the parameters and moments of a single direc¬ 
tion. 

Take a generic tensor (with reference to the variables Xg) 

t, Ij .. 


of rank m + ^■'1 if coinpouml it with the coefficients a,* 
of our expression ds^, we can transfer any one of the indices h, 
say h^, from above to below, so getting 



- y n 


which is a tensor of the same rank, but with an index of covari¬ 
ance more and an index of contravariance less, namely Simi¬ 
larly, compounding with the contra variant double system com- 
{Kised of the reciprocal elements a'* (cf. § 4), we can transfer 
any one of the indices of covariance, say ij, from below to above. 
We need only put 



'1 




1 


h, h, 
A ,, 


in which the system C is also a tensor of the same rank. 

These operations can obviously be repeated, so as to transfer 
not one but several or even all of the indices of the given tensor. 
All the tensors so obtained are called associated tensors of the 
tensor f'*, so that association is a relation which is 

'I *w’ 

dependent on a given ds“. In particular the tensor 





. i*i ATj 


*■ ® 


hh ri^t 




ha 


in which the indices of covariance are the same as the indices of 
contravariance in A, and vice versa, is said to be rmprocal to 
4, the luse of the term being justified by the consideration that 
the relation is reversible, A being the reciprocal of Z in the same 
sense as Z is of A. This can be shown explicitly if we suppose 
the above formulae defining Ihe system Z solved for the A’s. 

Equations (6) and (6') show that the parameters and moments 
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of a single direction form a particularly simple and strikiig 
example of a pair of reciprocal systems. 

Remark /.— The definition of tlie tensors associated with a 
generic tensor A involve.s essentially a specific ds-, whose co¬ 
efficients a,j. and their reciprocals «’*■ form part of the definition. 
When it is necessary to emphasize this fact, we can do so by 
speaking of the tensor or tensors as associated ivith respect to the 
ds* in question. 

Remark //.—For the symmetrical covariant double system 
a,;, and the contravariant system composed of the reciprocal 
elements a'*, from which the associated tensors are constructed 
by composition, we could plainly take the coefficients of any 
other invariant quadratic ^ instead of those of f/s* ([)rovided 
only that ^ is irreducible, so that the reciprocal does in fact 
exist). We should then have associated systems with respect 
to the quadric (j). 

Remark Ill.—We may point out at thi.s stage that the 
idea of associated systems holds good as it stands for any 
number of variables a-j, x^,. . . x„. We need only su])po8e that 
the indices take the values 1, 2, . . . «, and that the auxiliary 
element is represented by an irreducible differential quadratic 

form <j> ~ fflj dx^ dxf, in >i instead of in two variables. 

1 

6. Surface vectors. 

Let R be a non-zero vector drawn from a point P of the surface 
CT, tangentially to the surface; we shall call it a surface or tan¬ 
gential vector, and we can determine it by its Cartesian components 
Y„{v ~ 1, 2, 3) or, in closer agreement with its intimate relation¬ 
ship to the surface, by its magnitude R and its direction, the 
latter being determined by its parameters A' or its moments 
Aj. These three quantities are not independent, since the para¬ 
meters (or moments) are connected by the usual identity; the 
vector is therefore determined by Uoo essential quantities. It 
will accordingly be convenient to represent it by the two inde¬ 
pendent quantities 

== f?A* (f=],2), . . . (10) 

or alternatively by the pair 

R. = PA, {* = 1,2), . . . (10') 
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which are called respectively the contravariant and camriant 
components of the vector. 

These obviously form a pair of reciprocal systems, since by 
the preceding section the parameters and moments are reciprocal, 
and equations (10) and (10'} show that 12' and 12. differ from the 
parameters and moments only by a common factor R. 

R can be calculated from them by means of the identities 

■ . . ( 11 ) 

1 

R,R, IC-, . . . (11') 

I 

1,12,12'-- 122.(II") 

I 

(which are merely (5), (5'), and (5"), each multiplied by 122), 
and tlicn A' and A, follow from equations (10) and (U)'); thus 
we see that the vector is completely determined by its contra- 
variant (or by its covariant) components. 

To find the relation between the contravariant components 
and the component.s F, with re.spect to Cartesian axes j/j, y^, 
y^, note that the direction cosines of the direction whose para¬ 
meters are the A's are given by equation (7), and hence the 
components F, (which are equal to these cosines each multiplied 
by R) are given by the equation 

Y.. = il^^R' .(12) 

1 ox, 

It is now obvious that the covariant components can be 
obtained from the contravariant components, and vice versa, 
by means of formula) completely analogous to (6) and (6'), and 
obtained from these by multiplying them by 12, 

If we have to deal wth zero vectors, i.e. having their length 
R zero and their direction indeterminate, we find that in order 
to satisfy equations (10) and (10') in this limiting case we have 
to take R" -=■ 0, /2, — 0. With these values all the other 
equations ((11), (11'), &c.) are also satisfied, as can at once 
be seen from the fact that both sides of each equation vanish 
separately. 

an analogous procedure we cm find simple expressiooa 
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for the scalar product R X V of two surface vectors R, V, re¬ 
membering that if 9- is the angle between the vectors we have 

R X V = iilF cosS-.(13) 

In fact, considering first the general case of two vectors neither 
of which is zero and whose versors are X and (i respectively, and 
multiplying equation (8') by KV, we get 

R X V -- i iJ' F„ . . . . (14) 

1 

while the equations (8), (8"), and (8"') would give analogous 
formulce. 

The expression (14) for the scalar product also holds, like 
formula (13), when one or both vectors are zero, the scalar pro¬ 
duct (by definition) and the right-hand side being then zero in 
both formulae. 

7. Parametera and moments ot the co-ordinate lines. Element 
of ares. 

We shall next obtain the direction parameters of a co-ordinate 
line, e.g. the line (i.e. -- constant), considennl in the 

direction of x increasing. For an infinitesimal displacement in 
this direction, we have 

dx,^ ~ 0, ds^ =~- Oil dxi' -f 2aj2 dx-i dx^ -f- O 22 ~ 

Since ds is essentially positive, and dx^ is positive by hypo¬ 
thesis, we have, extracting the square root of the last of these 
formulae, 

ds — >/ Oi^dx^, 

where the radical is taken positively. It follows that 

M 0. . (15) 

' ds ^ ds 

Similarly, the parameters of the line 2, in the direction of 
X 2 incareasing, will be 



(15') 
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Substituting these expressions in the equations ( 8 ) and (9'), 
v?e can get the aivglc Q between the two co-ordinate directions. 
The resulting formulae are 


cosQ = 

®12 

Van 0,^2 

. . (16) 

sinli == 

V a 

Vflqi 022 

■ • (16') 


Equation (16) shows that the necessary and sufficient condi¬ 
tion that the co-ordinates a-,, may be orthogonal is 0 . 

If we take an infinitesimal element of surface, obtained by 
drawing two infinitesimal segments da, 8s, from a point P along 
the co-ordinate lines, and completing the parallelogram, the 
area of this element will be 

da - ds8a sinii 

- Van — ••/adxidz^. (17) 

Vonflaa 

8. Fundamental observation (Gauss’s) on the intrinsic geo¬ 
metry 0 ! a surface. 

We are now in a position to make an observation which will 
.show fully the importance of the quadratic form (4) in the study 
of the surface. P’or this purjmse we shall first make use of certain 
intuitive considerations in order to fix the idea of the mtrimic 
geometry of a surface. 

Let us give the concept of a surface a material form by think¬ 
ing of a flexible and inexteusible sheet of matter on which figures 
can be drawn, and such that it can be deformed, bent, and folded 
in an infinite number of ways, but not torn or stretched. When 
a surface of this kind is deformed the figures drawn on it will 
take different spatial configurations, but some of their properties 
will be invariant. For instance, if two lines intersect, they retain 
this property however the sheet is deformed; the length of a 
segment of a line remains the same, and hence the distance 
between two points, measwed along the surface (i.e. along the 
shortest line joining them which lies wholly on the surface), 
is unchanged; the angle between two lines which meet at a point 



100 


INTRODUCTORY THEORIES 


is unchanged; and so on. In short, all those properties which 
involve no element alien to the surface (or, as it is usually ex¬ 
pressed, which can be investigated without leaving the surface) 
are independent of the deformations of the surface, and con¬ 
stitute its intrinsic geometry. 

Even in elementary geometry we have examples of this 
kind. Plane geometry can be, and most of it is, constructed 
without using points outside the plane, and is therefore intrinsic 
as regards its plane; it still holds—at least for suitably restricted 
regions—if the plane is folded, or wrapped round a cone or a 
cylinder. 

Now consider the fact that the fundamental elements for the 
study of the metrical properties of a figure are: (a) the distance 
between two infinitely near points, and (b) the angle between 
two directions. In fact, the length of any line whatever is found 
by integration from the length of its infinitt>sima] elements, the 
area of a figure can be calculated by breaking it up into elemen¬ 
tary parallelograms, and so on. Now the formulae (4) and (8) 
(or (8'), &c.) provide us with precisely these two fundamental 
elements for the study of the intrinsic geometry of a surface, 
whenever the coeflBcierits of ds® are known as functions of the 
x's; these coefficients therefore determine the metrical (intrinsic) 
properties of the surface, and are invariant for any deformation 
whatever of the surface which does not involve stretching. Hence 
the particular interest of all those theorems which can be expressed 
analytically in terms only of the surface co-ordinates x and the 
coefficients a,* of the fundamental form; namely, the fact that 
they express properties belonging to the intrinsic geometry of 
the surface. The introduction into mathematics of this idea, and 
the fundamental observation relating to it, are due to Karl 
Friedrich Gauss. 

9. Note on developable anrfaoes. 

A developable surface is one which is flexible and inextensible 
and can be made to coincide with a region of a plane, without 
tearing or overlapping. Examples are the cylinder and the cone, 
and any surface formed of several portions of a plane. The in¬ 
trinsic geometry of surfaces of this kind, as we have seen in the 
preceding section, is identical with that of the plane, and their 
line element can take the same forms as that of the plane; e.g. 
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we can choose a system of surface co-ordinates x^, such that 
rfs* = dx^ + dx^. 

Consider a simple infinity of planes, which we may think of 
as represented by a linear equation in the Cartesian co-ordinates 
Vv Vi’ ^ 3 ! whose coefficients are continuous functions of a parameter 
M. The mvelojte of this family of planes is a developable surface 
to which they are tangent planes. This proposition is rendered 
intuitive by the foUowing argument based on infinitesimals. 

Let nij, W 2 , OTj, ... be planes of the family corresponding to 
successive infinite.simal increments of the parameter m; and let 
ffi be the intersection of and va^, 

§2 the intersection of tua and mg, 
and so on. By definition, the 
geometrical locus of all these lines 
is the mvehpc surface. The lines 
<7i> .</ 2 > • . • are called its charac¬ 
teristics or (generators; each of the 
planes tn contains two of them, 
forming an infinitesimal angle (cf. 
fig. 1), and the envelope may be 
considered as made up of an in¬ 
finite number of these infinitesimal 
plane regions. It is thus clear 
that the envelope surface can be 
developed into a plane by successive rotations about the 
generators gj, . . . . 

We shall shortly have occasion to consider the envelope cf 
a particular family of planes (depending on a single parameter), 
namely, the tangent planes to any surface whatever a, at all 
points of a specified line T lying on the surface. The envelope 
of these planes is a developable surface a^., which is called the 
deveh'pahle circumscribed to a along T; since the tangent planes to 
a at points on T are also tangent planes to it follows that the 
circumscribed developable touches a along the line T. 

(h) Parallelism wiih respect to a Surface 

10. Geometrical deflsition. 

In Euclidean plane geometry, when two points P, P^, are 
fixed, then to every direction drawn from P there corresponds 




102 


INTRODUCTORY THEORIES 


one and only one direction drawn from Pj and paraUel to the 
first. We now propose to extend this idea from the intrinsic 
geometry of the plane to that of any surface a whatever. 

For this purpose consider a point P of a, the corresponding 
tangent plane ro, and a generic direction drawn from P tangenti¬ 
ally to a and therefore lying in to. We shall consider the direction 
as determined by the corresponding versor (unit vector) u, and 
shall accordingly refer merely to the direction u instead of the 
direction whose versor is n. Let Pj be any other point on a, 
and TUi the tangent plane at Pj. 

If the surface a is developable, we can obviously establish a 
correspondence, which we shall call parallelism, between the 
directions drawn tangentially from P and those from P^. The 
direction Uj which becomes parallel to u in the ordinary sense 
when a is developed upon a plane will be called parallel to n with 
respect to the surface. 

This criterion fails in the case of a non-developable surface 
a (even of the most elementary type, such as a sphere), and it 
is natural to look for an adequate generalization of it. The most 
direct solution is obtained by adding to the elements of position 
already considered (which are sufficient without further definition 
for developable surfaces) a connecting law, a priori arbitrary, 
according to which Pj is to be considered as reached from P by 
moving along a specified curve T lying on a (the curve of dis¬ 
placement). 

We can now', with reference to this curve T, define parallel 
displacement from P to Pj as follows. Consider the developable 
circumscribed to o- along P; tins surface, which w'o shall call 
CTj, is, as we know', tangential to <7 along the given curve, and in 
particular at P and P^. Hence the directions tangential to a 
at these two points are also tangential to cr^. Wc can now take 
for our definition of surface parallelism on a along T the paral¬ 
lelism which we have associated with the developable Oj,, and 
we shall agree to say that the parallel at P^ along the line T 
to a generic direction (in the surface) u at P is the direction 
(in the surface) which, on the developable 0 ,., is parallel to 
Q in the sense just defined.^ 

^ A Simple and so to speak automatir way of constructinir parallel directions is 
to roll the snrfnce a along a plane, Cf. PBBSjno: “ Realizza/iione cinomatica del 
paralleliHuo superficialein Rend ddia R, Aeo, dei Lined, Vol. XXX (2nd 
folf-yoar, 1921), pp. 127-138. 
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11. First coQseauenoes. Equipollenoe of vectors with respect 
to a surface. 

A necessary conseqvience of the foregoing definition is that 
—contrary to what happens for developables—the direction Uj 
which is parallel with respect to the surface to the direction 
u at P, is mt uniquely determined by P, u, Pj, alone, but in 
general depends also on I lie curve of displacement. From this 
point of view the geometrical concept of parallelism can be 
compared with the physical concept of work, which involves 
the integral of an expression of the form X^dx^ + X^dx^ (where 
x^, x.^ are co-ordinates, of any kind, of the points of a). This 
integral in general depends on the line T of integration; only 
in the particular case when X^dx^ -f- X.^dx^^ is a perfect differ¬ 
ential is there no such dependence. 

Returning to paralleli.sm along T, we must first point out that 
angles are unchanged by parallel displacement. That is to say, 
if a, b are two gerjoric directions (in the surface) at P, their parallels 
at Pj with resj)ect to tlu* surf.ice, Uj, b^, contain the same angle. 
This is oi)vio\is if we notice that w'e have parallelism in the 
ordinary sense in tlie [ilane upon which o, is deve1oj)ed, and that 
further the operation of develo[)ment does not change angles. 

Up to tliis point of the discussion we have referred solely to 
directions, with their corre,sjK)uding versors. It is clear that the 
same construction as that used to pass from u to Uj can be applied 
to a tangential vector R of any (non-unit) length R. If u is the 
corresponding versor. we have R = Pu, from which we get a 
vector R] — Puj, i.e. a vector localized at Pi, having the same 
length as R and the same direction as the versor Ui which is 
parallel to u with resf)ect to the surface. We shall naturally 
say that the vectors R and Rj are eguipollent with respect to 
the surface, with reference to the path 2'. In substance this 
concept of equipollence with respect to a surface reduces at once 
to parallelism, two tangential vectors being equipollent w'hen 
they are parallel and have the same length. 

The case wdiere the curve of displacement P is a geodesic ^ 

’ I.e., with the usual definitiun. any line on a surh that at every fxiint its 
osculating i)lane is iierja'inlicular to the tangent plane to a. The lines which give 
the shortest path lying on the surface between two given points always have this 
property. Further, the reciprocal theorem is also true (under certain restrictions); 
hence to define geodesics we can use aom(itiiue,s one and sometimes the other 
criterion. We shall return to the question farther on (of. p, 130). 
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on a calls for a special note in relation to parallelism. T is then 
also a geodesic on or,. In order to see that this is so, note that 
a and have the same tangent planes at all points of T; hence, 
if the various osculating planes of T are normal to one of the 
surfaces, they are also normal to the other. When ct,, is developed 
on a plane, the geodesic T becomes a straight line (an immediate 
consequence of its characteristic property of giving the shortest 
path between any two points on it), and the directions u and Uj, 
which become parallel in the plane as a result of the development, 
will make equal angles with this line. Since development does 
not change angles, we deduce that paralJ-d directions on a ai 
points of a geodesic make equal angles uith this geodesic} In 
particular, if u coincides with the direction of T at P, then 
% will coincide with the direction of T at Pj, or in other words, 
the directions of a geodesic at its varioiis ]X)ints are all parallel 
(along the geodesic itself); more shortly, the gei)desics are anto- 
parallel curves. It follows from these arguments that auto¬ 
parallelism is a characteristic property of geodesics and can be 
used to define them.® 

12. Infinitesimal displacement. Infinitesimal form of the law 
of parallelism. 

Suppose in particular that Pj is infinitely near to P, so that 
the path T is reduced to the elementary arc PPj, which is uniquely 
determined (except for infinitesimals of order higher than the 
first) by its extremities. For the development in this case we 
need only give the plane taj an elementary rotation round the 
straight line r in which it intersects tu. Incidentally we may 
note that the direction of this line is said to be conjugate to the 
direction PPj, at P or at Pj (both points giving the same result, 
except for infinitesimals). We shall denote by — Oi the infini¬ 
tesimal vector, parallel to r, which in magnitude, direction, and 

this property as defining paraUelism with respect to a suifaoe we can 
dedace from it for the sphere an elegant geometnco-kineniatical construction from 
which various other properties follow easily. Cf. G. CoKliKLLlNi: “Genesi 
cinematica intrmseoa del para1Ieti.smo di Levi-Civitn", in Itend. della It. Aic. dei 
Lincei, Vol XXXII (Ist half year, 192.S), pp. 72-76. 

® This statement will be recogniued as an obvious extension to surfaces of any 
kind whatever of the primary intuition of the nature of the straight line, expressed 
by Unetid m the words e{>$eta ypa/ini^ i<rru>. ifns Caov rotf itfi rauTijt aij/telMi 
KeiTut (A straight line is that which lies equally with respect to all its points). 
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sense represents the elementary rotation by means of which 
is brought into coincidence with ra. Then ta will be the elementary 
rotation which will bring xni back from the plane of development 
to to its original position as tai^ent plane at P^. Let R be a generic 
tangential vector drawn from P; in order to find the equipollent 
vector Rj at P,, we draw from Pj, when in the plane of develop¬ 
ment, the vector equipollent in the ordinary sense to R, and then 
bring the plane nii back to its original position, carrying with it 
the vector so constructed. Thus the vector Rj is merely R, 
after having undergone a displacement (of no interest if we 
consider the vector independently of its point of application) 
and also the rotation o). From the elementary principles of 
rigid dynamics we find that the difference between the vectors 
Rj and R, i.e. the vectorial increment dR of the vector R during 
the parallel displacement from P to Pj, is given by 

dR -= u> A R, 
i.e. the vector product uiR. 

As both u» and R are vectors in the plane tn it follows that the 
increment dR is perpendicuhtr to this plane, or, in particular, 
is zero.^ 

We shall now show that this condition, combined with the 
conditifjn that Rj is a tangential vector (i.e. belongs to rui), 
completely determines the vector Rj, so that we may take as 
the differential definition of parallelism with respect to a surface 
the following geometrical relations, in which n denotes the normal 
to td: 

dR || n,. (18) 

R^ i| 

To prove this, note that the equation 

R Rj — d R 

must be satisfied; i.e. that it must be possible to resolve the 
vector R into one component Rj jiarallel to a given plane and 

' The last-mentioned laise will occur if E hiis the direction of w, i.e. the con¬ 
jugate of PPi ; in tins, and only in this I'n-se, the parallel S, with respect to the 
surface coincides with the Endidemi parallel. This remark; is due to i*B 0 KB» 80 B E 
BompiaNI, who hat. made use of it to generalme the theory of systems conjugate to 
surfaces tielonging to iion-Euclidean ajiuces; of. Atti del Jl. 1st. Veneto, Vol. LXXX, 
1921, j>. 112Q. 
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another, — dR, parallel to a given direction not contained in 
the plane; it is known that this can be done in only one way.^ 

13. The intrinsic character ot parallelism. 

Returning to the question of parallel displacement along an 
arc T of finite length, we see at once that if T is a segment of 
a geodesic, parallelism depends solely on the intrinsic propertie .8 
of the surface ct; i.e. it depends on the nature of the linear element 
ds, and not on the configuration of the surface in space, as might 
a 'priori have been supposed from the geometrical construction 
(which uses the surrounding space) or the equivalent forraulee 
(18) and Rj j, 

In fact, we need only recall the two general properties of the 
conservation of angles and the autoparallclism of geodesics. 
The parallel at to a generic direction n drawn from P 
is determined by the conditions of (a) belonging to the surface 
a, and ( 6 ) of making the same angle at with the geodesic of 
dis{)lacement as u does at P. It will be seen that we are dealing 
with angular properties which depend solely on the metric of a. 

Tliis argument for a geode.sic T can easily be extended to 
the general case, if we suppose T divided up into elementary 
displacements, from a generic point P to a very near point P^. 
In a displacement of this kind the elementary change in the 
direction u is determined, as we have seen, by the extremities 
PPj; the nature of the line joining these extremities has no 
effect, and we may therefore think of it as a displacement along 
an infinitesimal segment of a geodesic. But a displacement of 
this kind depends only on the intrinsic properties of the surface; 
hence we see that in general this is true also for the change in 
n, and therefore for parallelLsm, whatever may be the line of 
displacement. 

The same result holds good for eqiiipollence, i.e. for the 
displacement of vectors of any (non-unit) length whatever. 
In fact (§ 11), this length by definition remains unchanged. 

* Some intereBtin^' geometrical {a>nae<inenceR, tBpecially for the case of ruled 
surfaces, have l»een pointed out hy A. Mylukk in some notes in Vmtiptet 
of. Vol 174 (1922), pp !)97-998; Vol. 17.'i (1922), pp 939-941; V»l. 176 
(1923), pp. 483-48.1. Cf. also a recent note by O. MArKU: “Une interpretation 
geom^triquo de la seronde forme quadratique fnndamentale d’une surface en 
relation avec la thdone du parall41isme ”, ijirf., Vol. 178 (1924), pp. 964-966. 
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14. The symbolic equation of parallelism. 

The condition (18) can be put in a more expressive form if 
we note that it is equivalent to saying that the vector dR is 
perpendicular to every direction which is tangential to a at P, 
or in other words, if we think of such a direction as being deter¬ 
mined by an infinitesimal displacement of the point P along 
the surface, that dR is ])erpendicular to all these displacements. 
In symbols, if 8P denotes the infinitesimal vector representing 
the displacement, we shall have 

dR X SP - 0.(19) 

for any BP whatever which is tangential to o—an equation similar 
in form to the equation of virtual work. If dY„ (c 1, 2, 3) 
denotes the components of dR, and Sj/„ (c — 1, 2, 3) the com- 
[lonents of 8P (in both cases referred to the orthogonal Cartesian 
co-ordinates y^, y^, y.^), we have identically 

dVLx BP - i,.dY,By^, . . . (20) 

1 

and the vectorial relation (19) is thus transformed into the .scalar 
relation 

i,.dY,.By„ = 0; .... (19') 

1 

this, or the original equation (19), may be called the symbolic- 
equation of paralklism. 

15. Intrinsic equations of parallelism. 

As the symbolic equation involves geometrical elements which 
do not belong to the surface, it does not show directly that paral¬ 
lelism is a c.oncept depending only on the intrinsic properties 
of the surface. But we can deduce from it without much diffi¬ 
culty other equations which have this important chiiracteristic. 

In order to do so, we shall naturally try to find the values in 
terms of intrinsic elements of the quantities dF,. and By^. which 
occur in equation (19'). Take first the displacements By,,. The 
only condition imposed on them—other than that of being 
infinitesimal—is that they represent a displacement along the 
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surface of <r; they can therefore be expressed in terms of the 
corresponding (arbitrary) variations Sa:;^ of the surface co¬ 
ordinates, by differentiating the equations (1). We accordingly 
have 

hy, = kl^'’hx,. 

I OXt 

As the vector B is tangential, we can define it intrinsically 
by means of its contravariant components, and substitute for 
the YJa the expressions ( 12 ). 

Putting 



for the sake of shortness, the identity ( 20 ) can therefore finally 
be written in the form 

dnx BP ^ . . . ( 20 ') 

1 

since S«i, 82:2 are completely arbitrary, it follows that the symbolic 
equation of parallelism is equivalent to the two following equa¬ 
tions: 

T* - 0 (k - 1. 2). ... (22) 


Tliese are the two equations which define the increments 
dR^, dR^ to be assigned to the components of a generic vector 
R when it undergoes a parallel displacement along the elementary 
path (fxp dx^', that they are really intrinsic equations will be 
clear when the expressions are written out in full, as will now 
be done. 

Differentiating the product on the right-hand side of the 
equations ( 21 ), and using the expression for the coefficients a^^. 
given in formula (3), the expression for t/, becomes 


ka.^dR^+kkR’l^'’ 


I 1 


dxi_ dXjdxi 


at 


= k a., dR^ + k R' k X fX • ( 21 ') 

■ I dxi, dXfdxi 


We have now to show that the result of the summation with 
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respect to v can be expressed in terms of intrinsic elements; 
more precisely, that it is a linear combination of the derivatives 
of the coefficients a^. Consider its general term, and note that 
we can write 

dxn dXjdxi dxj \0x*, dxj 
or analogously 

Sic ^ 9 /9y, dy\ _ dy, 

dx^. dxjdxi dxi \Sxi^ dxjf dx^dx^ dxj 


In order to maintain symmetrv in the indices ^ and /, we shall 
take half the sum of the expressions on the right of these equations 
to represent the value of the term in question. Noting that the 
sum of the two terras preceded by the minus sign is exactly the 

derivative with re.spect to Xj. of the product — we get 

OXj CXt 


^y> -x\^py>^y<\< ® (^y. ^yj\ 

Bxj^dxjdxi JdXjXdxi^ dxJ dx^x^dxj 3.r^.\3x,3xj/J 


Now sum with respect to v. Remembering the values of the 
coefficients a,*, we get 

x ^x^. dXjdxi ^ Lex, 3x, Sx^J 


Hence this sum has been put in the required form. The 
right-hand side of this equation is represented shortly by the 
symbol 

{ChrihtoffeVs symbol of the first lind)', which is easy to remember, 
the arrangement of the indices corresponding to that of the 
negative term of the linear combination above, while the two 
positive terms have the same indices but differently arranged. 
We shall investigate presently some properties of these symbols; 
for the moment we need only remark that they represent certain 
functions of the surface co-ordinates x^, Xj which depend only 
on the fundamental quadratic form. 
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Returning to the expression (2T) for the quantities t*, we 
can now write it in the form 

n- = % ^ki + Sj, [jl, k] W dxi (k == 1, 2). (21") 

I 1 

Before continuing the argument, it is important to note that 
the quantities t,., whicli (as shown by equation (21')) de})end 
on two vectors (R and the displacement dxy, dx^) as well as on 
the coefficients of ds^ and their first derivatives, are armriant. 

This follows from the invariance of the linear form 'L/^rj^dx^., 
which is itself shown by the identity (20'). ’ 

The system which is the reciprocal of the Tj.’s, namely, 

•) 

(f-1,2), 

1 

is accordingly contravarianl; msing equation (21"), it can be put 
in the form 

t' + i,j[ W dxi Sj, [jl, 

1 I 

■2 

or, putting a"'[ji7, A-] ■ {jl,i) 

1 

(Christoffd’s symbol of the second kind), in the form 

t‘ dR' + tj, { jl, i ;■ Ri dxi. . . (21"') 

1 

The efjmtions of parallelism (22), as is a priori to be expected 
from their geometrical significance, are invariant whatever system 
of curvilinear co-ordinates x^, is chosen. This is evident from 
the fact that they express the vanishing of the covariant system 
7)^ (cf. remarks on pp. 71, 81). The equations of parallelism can 
of course also be put in the equivalent form 

t‘ 0 (i -1,2), . . . (22') 

which also shows that they are invariant. 

Solving them for the differentials dR\ we get 

o 

dRj ~ — i)R^dxi {i — 1, 2). (23) 

i 
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This is the final form of the differential equations of paral¬ 
lelism. It gives the increments of the eontravariant comiioiu'nts 
of a surface vector in an equipollent displacement along the 
elementary path da:,, expressed in terms of the dx’i,, the com¬ 
ponents of the vector, and certain functions of position (to be 
considered as given) depending only on the coefficients of ds^ 
and therefore on the intrinsic nature of the surface. 

16. ChristoSel’s symbols. 

We have introduced the symbols 



{jl, i] 1‘ka‘^ijl, ^], ... (25) 

1 

which can also be formally extended to quadratic forms in n 
variables; we now propose to examine their more elementary 
j)roperties. 

P’lrst, it is obvious that both symbols are symmetrical with 
respect to the coupled indices, i.e. that 

[iU] - [/j, A-], {jUi} - 

Consequently for a form in ti variables there are n of each 
kind corresponding to each pair of indices. Hence there are 
in all -{- 1) of each kind (the number of first derivatives 

of the coefficients a,,^). 

It is easy to express the derivatives of the a,j’s in terms of 
Cliristoffel’s symbols. Writing down equation (21) and the 
corresponding equation obtained by interchanging I and k\ and 
adding them, we get the following formula, which frequently 
occurs; ... 

, “ - [jh + Uk, /].... (24') 

OXj 

From equation (26), applying Cramer’s rule in the usual 
way, we can get the symbols of the first kind in terms of those 
of the second kind. Multiplying by and summing with respect 
to i, we get in fact 

[jl,m] :r= . . . (25') 

1 
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Lastly, we shall prove a formula which is frequently used 
and gives the derivatives of the determinant a (or more precisely 
of its logarithm) in terms of Chnstoffel’s symbols. 

Applying the usual rule for differentiating a determinant of 
order n, we see that the’ derivative of a with respect to any one 
of the x’s (say x,) is the sum of n determinants, any one of which 
(say the ith) is obtained from a by replacing the elements of 
the kth row by their derivatives. A determinant of this kind, 
expanded from the kth. row, can be written m the form 

1 8x 


(the co-factor of being a'*" multiplied by o); hence 


da 

0x, 




0x. 


a' a, 


or dividing by a, and using formula (24'), 
d loga 


0X. 




Finally, by formula (25), we get 


0 loga 

0X, 


n 


n 


ijiii k). 

1 1 


The two suras m this formula differ only in the letter chosen 
to denote the index of summation; hence we have 


0 logo 
0X 


22j. ( kt, k^. 


This formula is more frequently written in the form obtained 
by dividing by 2, i.e. 


0 log\/a 


0X, 


1 


(f=l,2, ...71). . (26) 


17. EHiaatioiu of parallelism in terms of oovariant components. 

> \ It is easy to find equations analogous to (23) for the differentials 
^ ^ of the covanant components of the vector R. These components 
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in fact are obtained from the contravariant coin|)onents by means 
of the relations (cf. §§ 3, 6, pp. 90, 96) 

1 

hence, differentiating and changing y into k in the second sum, 
dR, =- Sj, I dxi RJ + aa dRK 

1 OXi 1 

Now substitute for dR!" the expression given for it by formula 
(23), and we shall have 

dR, k)R^dx, 

1 1 

In the first sum, we can express the derivatives of the co¬ 
efficients fly in terms of the symbols of the first kind, so getting 

*] + 

1 

in the second, we can sum with respect to k (cf. formula (25'), 
so getting 

-±^,{Jf^i]R^dx, 

1 

We thus have 

dR, I,ji[il,j]dxiRK 
1 

In order to make the contravariant components disappear 
altogether, we substitute for i?' from the formula 

2 

R^ ~ «'* R^', 

1 

summing with respect to j (which, by formula (25), changes the 
symbol of the first kind to one of the second kind), we get 

o 

dR^ — I il, A) Rf dxi. 

1 

Finally, changing k into j in order to show more clearly the 
analogy with the equations (23), we have the equations 

dR,^~%i\il,j]R,dxi (i-1,2), . (27) 


(I>666> 


5 



114 


INTRODUCTORY THEORIES 


which are equivalent to (23). They are in fact the result of com¬ 
bining certain formulae and identities with the equations (23); 
and reciprocally, starting from (27), an analogous process will 
give (23), as can easily be verified. 

18. Some analytical verifications. 

We are now in a position to give an analytical proof of some 
properties of parallelisni which have already been obtained as 
immediate consequenc&s of the geometrical definition. 

Consider first the parallel displacement of a vector R along a 
finite segment T of a curve, from P to P^. Let the curve be 
defined by the parametric equations 

.(28) 

where s represents any parameter (which may, if we wish, be 
the length of the arc measured from an arbitrary origin P^). 
The quantities R* are to be considererl as functions of s with 
arbitrarily assigned values at P, The equations (23), divided 
by ds, become 

= — tji {jl, i} ii {i ^ 1, 2), 

1 

where the dot indicates differentiation with respwt to s, and 
the quantities i, are of course obtained by differentiating equa¬ 
tions (28), and are therefore to be considered as given functions. 
These are two linear differential equations of the first order, 
in the normal form with respect to the derivatives of the two 
unknown functions R^, R~-, hence, as is known from the calculus, 
they uniquely determine these two functions when the (arbitrary) 
initial values are given. We have thus a confirmation of the 
geometrically obvious fact of the poHsthility of displacing an 
arbitrarily assigned surface vector, and of the uniqueness of the 
result. 

Using the differential equations already found, we shall now 
prove that the Imgth of a vector and the angle between two vectors 
are unchanged by a parallel displacement. These tw'o results 
can be proved simultaneously, as follows. Let R, V, be two 
vectors. Give them a parallel displacement along an infinitesimal 
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path, and calculate the change in their scalar product due to 
this displacement. We shall have (cf. formula (14)) 

d(R X V) = dVi + i, V, dR^; 

1 1 

substituting for dR' and dV^ from (23) and (27), this becomes 

(i(R X V) = R' {il, j ) Vj dXi — S , V, {jl, i}R^ dx,. 

1 1 

Interchanging 1 and j in one of the two sums, we see that the 
sums are equal, and therefore 

d(R X V) = 0; 

i.e. the scalar product is unchanged by an infinitesimal (and there¬ 
fore also by a finite) disjtlacement. Now let V coincide with 
R, so that R X V -- R-, and we at once obtain the result 
that the length of a vector is unchanged by a parallel displace¬ 
ment. Combining this result with equatioji (13), we see that 
as the scalar product of two vectors and their respective lengths 
are all unchanged, the angle between them (provided neither 
vector is of zero length) must also remain the same. 

19. Fermutability. 

While a tangential vector is intrinsically defined by two 
numbers, the geometrical notion corresponding to it, as we have 
already said, is a segment of a tangent line at a point P of the 
surface a —an entity which docs not belong w holly to a, at least 
in general. If, however, we are dealing with an infnitesimal 
vector, the element of the tangent plane in which it lies coincides 
with the element of the surface a around P, and we may say that 
we are using otdy points lying in a. Hence, for a generic infini¬ 
tesimal tangential vector we can use the ordinary notion of a 
displacement from the origin P to the final point Pj, where 
Pj also lies on cr. As the length R reduces in this case to a linear 
element ds, it follows from the definition of direction parameters 
that the quantities R‘, which are equal to X'ds, are identical with 
the increments dx, of the curvilinear co-ordinates in passing 
from P to Pj. 

Next, consider two systems of differentials dx„ 8x„ and the 
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corresponding infinitesimal vectors (or displacements) dP — 
PP^, BP — PP^ (assumed to lie in a). We shall use the sjonbol 
df to denote the increment of / (where / is a generic vector or 
any scalar or vector quantity derived from it) corresponding 
to a parallel displacement from P to the symbol 8/ 
will be defined in the same way for the displacement from 
P to P,. 

With this convention dBP will represent the vectorial incre¬ 
ment of BP for a displacement from P to P^, and dBx^ the incre¬ 
ment of the associated contravariant system Sa;,. For the latter, 
equation (23) gives 

dBx, = - [jl, i}8xjdxi (i = 1, 2). . (29) 

1 

Similarly, the displacement of dP from P to Pj gives the 
increments Bdx„ for which w’e have 

2 

Bdx^ — —I.ji[jl,i}dXjBxi. . , . (29') 

1 

Interchanging j and I in one of these two sums, and using the 
property of symmetry of Christoilers symbols, we see that 

dBx, -- Bdx„ .(30) 

which proves that the two operators d and 8, as just defined, are 
'pemmtahle. 

The geometrical meaning of this result is particularly simple. 
Note first of all that for infinitesimal vectors—the only kind 
considered here—the elements of the contravariant system are 
merely the differences of corresponding co-ordinates. Hence, 
if the co-ordinates of P are the x/s, we shall have in the first 
place X, -f- dx, as the co-ordinates of Pj, and x, -f 8x, as the 
co-ordinates of P^. Let Q be the point on a reached by construct¬ 
ing at Pj the vector equipollent to 8P; as the contravariant 
system for this vector is Sx, + d8x„ we get finally 

X, -j- dx^ + 8x, + (i8x, 
as tire co-ordinates of Q. 

Similarly let Q* be the point on ct reached by constructing 
at Pj the vector equipollent to dP', we get the co-ordinates of 
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Q* by interchanging the operators d and S in the co-ordinates of 
Q, which gives 

aij -f Sxi -f- dx^ + Mx^. 


Applying equation (30), we see that Q coincides with Q*. 
A more illuminating way of expressing the same result is to say 
that the paraUelogmm rule holds for infinitesimal vectors which are 
equipollent with respect to a surface} 

It may be noted that in the foregoing argument second-order 
quantities of the type dhx have been taken into account, but 
(dx,)^, {hx,f have been neglected. If the latter were to be taken 
into account, by considering the vectors SP, dP and the equi¬ 
pollent vectors at P^ and Pj as vectors in space, we should no 
longer have a parallelogram, nor even a closed quadrilateral. 
In fact, referring to the space construction already given (cf. 
p. 105) for vectors equipollent with respect to a surface, we see 
that while dSP and hdP arc both in the direction of the normal 
to a at P, yet their lengths are in general different, since the 
three points P, Pj, P,^ and their respective tangent planes have 
a priori no relation between them except that of being infinitely 
near one another. 

The formula) (29) or (29') provide a definition of the second 
differentials which is invariant with respect to any change of 
variables. In order to grasp the significance and value of this 
fact, we must recall the conventions as to second differentials 
which are adopted in the elementary theory of the calculus. 

To fix the ideas, consider the simpler case of a single inde¬ 
pendent variable. Ordinarily the convention d'^x --- 0 is adopted; 
i.e. the increments dx are considered independent of x, as is 
quite legitimate. But this simplification does not hold if we 
change the independent variable by putting x ~ f(i), from which, 
on the hypothesis that we have a reversible transformation, we 
can reciprocally find $ as a function F(x) of x. In fact, differ¬ 
entiating twice the formula ^ = F{x), we get 

d^ = F'{x)dx, 

d^ = P"(x) {dxf + F\x) d}x, 

* This property might lie taken mi the starting point for an intrinsic proof of 
the propertie.i) of parallelism, depending only on the metric of <r, and making no 
use of the surrounding space. The method can be applied directly to manifolds 
r„ of any number of dimensions. Of. IL Wetl, liaum, Zeit, MaUrui, § 14 (Berlin, 
Springer, 1923). 
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which shows that even if we make — 0, will not in general 
be zero. 

If then there are n variables, it is usual to consider only 
systems of difierentials which are completely independent of 
the variables so that we have not only = 0, but also, 
for any two systems dx^, 8x^ of these differentials whatever, 

dSx, — Sdx, --- 0 (i — 1, 2, . . . n). 


Now change the variables, by putting x, = /,(x), and there¬ 
fore X, = Using the condition Mx^ 0, we get 


Sdx, 

so that the property 


n 



1 


dx^dxi 


dXi 8xi, 


Sdx, -= tZSx, 


also holds, but these differentials will not in general be zero. 
The usual convention is therefore legitimate, and is suggested 
by obvious reasons of sim{)licity, when in a given question we are 
dealing always with the same variables; but it is not invariant 
for a change of variables. 

If instead we adopt the formulae (29) and (29'), and suppose 
that 

2 

dSx, — S(fx, = — hji {jl, ij 8xj dx[, . (31) 

1 

we get, for the same geometrical interpretation of this formula, 

2 

dSxi = 8dx^ — — {jl, hijdxi, 

I 

where the line above the letters denotes that Christoifel’s symbols 
refer to the variables x, i.e. to the transformed quadratic form 

ds^ = 'Lj,a,ydxJx^. 

i 

We could of course verify by direct substitution that the 
form of the expressions (31) is unchanged by the change of 
variables. We are in fact dealing with an immediate corollary 
of the invariance of the equations t' — 0 (cf. § 15), which follows 
at once by putting ~ 8x, in these equations. 
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On account of this invariant property the second differentials, 
defined as in (31), are called contravariant, although strictly 
speaking the term applies not to them but to the expressions 

dSa), + i}hxjdxi, 

1 

which in any case (see § 15) constitute a 8imi)le contravariant 
system. 

(c) Extension of the Foregoing Notions to n-dimenstonal 

Manifolds of any Metric 

20. n-dimensional manifolds. 

Alongside the extension of the use of geometrical terms which 
was developed in ('hapter I, we shall now introduce, on the lines 
of the tliscussion in subdivision (a) of this chapter, the fundamental 
notion of an w-dimcnsional metric manifold, where n is any 
integer. 

If there are n variables Xj, x^, .. . x„, we know that the aggre¬ 
gate of values which can be assigned to them is called an n- 
dimensional manifold. Now suppose that together with these 
variables and their field of variation there is also given a priori 
a differential quadratic form 

ds^ - I.,i,a,idx,dx^, .... (32) 

1 

in which the coefficieiit-s a,, are given functions of the x’s, and 
We .shall agree to consider ds as the distance between 
the two infinitely near points whose co-ordinates are Xj, Xg, . . . x„ 
and Xj 4- dx^, Xj 4- dx.^, . . . x„ 4- dx„\ we shall in consequence 
agree that ds is to be invariant for any change of co-ordinates. 
Having thus introduced into the manifold the notion of an 
elementary distance, we get from it at once by integration the 
notion of the length of a line, and also deduce from it, as we shall 
see, the moat direct criteria for defining all the properties of 
extension (angles, areas, volumes, &c.). 

A manifold with which has been a.asociated a quadratic form 
of the type (32), or in other words, a manifold whose metric is 
given, is called a metric manifold, and will be here denoted briefly 



130 


INTRODUCTORY THEORIES 


by F„. Since ds^ is invariant, the coefficients a,^ obviously form 
a symmetrical covariant double system; we shall throughout 
the discussion suppose that they and their first and second 
derivatives are finite and continuous functions, and so chosen 
as to make the quadratic form definite and positive.^ Thus the 
distance between two real points will always be real; the deter¬ 
minant a of the coefficients will always be positive. With the 
usual notation the reciprocal elements will be denoted by a**, 
&c. 

We shall now extend the concept of direction to a generic 
F„. We vshall consider direction as determined by two infinitely 
near points, i.e. by a system of dx's. As before, we shall apply 
the term 'parameters to the n contrava riant quantities 

A- --- (i = 1, 2, . . . n) 

ttS 

which define a direction (and are uniquely determined by it), 
and we shall apply the term moments to the covariant quantities 

A, = aj (i =: 1,2 ,... n). 

1 

Thus for any value of n we have again two simple systems, 
reciprocal with respect to ds^, or to the form (32) (cf. p. 96, 
Remark III). 

The parameters are connected by a relation completely 
analogous to (5), and the fonnute (S'), (5"), and (6') can be 
extended without difficulty, the summations being now from 
1 to n instead of from 1 to 2. The aggregate consisting of a direc¬ 
tion and a positive number R will be called a insctor R in a F„ 
{R being the magnitude of the vector); the products of R by 
the parameters of the direction wall be called the contra’mriant 
componevts R', and the products of R by the moments the 
comriant components R,. We shall then have a set of formula) 
analogous to (11), (IT), (11"). 

Suppose the x’s expressed as regular functions (i.e. finite and 
continuous, together with all their derivatives which enter the 

• At the end of the chapter (p. 141) we shall also consider shortly the case of 
«a indefiiiite (juadmtic form. This case was at first neglected n» offering little 
likelihood of useful application, but the theory of relativity has now invested 
it with very great iin)x>rtanoe. 
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discussion, in the field considered) of f parameters Mj, . . . Up, 
where p is a positive integer less than w: 

= /»K. “ 2 . • • • Wp) (f = 1, 2, . . . n). . (33) 

We shall make the hypothesis that at least one set of p func¬ 
tions/is independent, i.e. that p is the characteristic of the func¬ 
tional matrix of the /’a with resjiect to the u’s. Hence the x’s 
are connected hy n — p relations and ho more; namely, those 
which w-e should get by eliminating the u'& from equations (33). 
In this way we define a subordinate p-dimensional manifold 
Wj„ whose co-ordinates are the m’s. Wp is said to be contained or 
immersed in F,,, since to every system of p values assigned to 
the u’s there correspoinls, by (3.3), a system of n values assigned 
to the z’s (i.e. every point of Wp belongs to F„). while not all 
the systems of values which can be assigned to the x’s satisfy 
the equations (33) (i.e. nf)t all the points of F„ belong to 
Now, remembering the analogy with the case n — 3, p = 2 
(cf. p. 87), we naturally assign to the distance between two points 
of the subordinate variety the same value (32) as that of the 
distence between the same two points when they are considered 
as belonging to V„\ i.e. w'e construct ds^ for the subordinate 
manifold by substituting in (32) for the dx’s their values obtained 
by differentiating the equations (33). In this way we can easily 
find the coefficients of the fundamental quadratic form in the 
du's, and the metric of the p-diinensional manifold Wp, immersed 
in F„. will be completely defined. For p — 1 the definition 
coincides with that given in Chapter I, § 1, for a line, of which the 
equations (33) are the parametric equations. 

If p rt — 1 , the Wp is often called a surface, or more pro¬ 
perly a hypersurface. 

21. Euclidean manifolds. Any F„ can always be considered 
as immersed in a Euclidean space. 

If ds® reduces to the sum of the squares of the differentials, 
as in the case of orthogonal Cartesian co-ordinates, the quadratic 
form is said to be Euclidean, and the co-ordinates, by an obvious 
analogy with the elementary cases n = 2 and n = 3, are called 
orthogonal Cartesian co-ordinates. When this is so, all Christoffel’s 
symbols obviously vanish identically, since the coefficients 

(DM5) «• 
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are constants. Given a generic V,„ and therefore a generic cfo®, 
it is not in general possible to bring about a change of variables 
such that ds® takes the Euclidean form, or in other words to 
establish a system of Cartesian co-ordinates in F„; if it is possible 
V„ is called a Euclidmn manifold, and we shall denote it by 
S,,. \Ve shall find later on the conditions to be satisfied by the 
d^’s in order that F,, may be Euclidean. F„, however, can always 
be considered as immersed in an A^-dimensional Euclidean variety, 
where > n, as we shall now show. 

We propose to determine N functions of the a:’s, 

yiW. y2(^). • • • y.v(2'), ■ . • (34) 


such that when we differentiate them and take the sum of the 
squares of the differentials we get a fonn, quadratic in the dx’a, 
which is identical with the given ds^, so that we have identically 

n 

1 1 


Expressing the dy’a in terms of the dx’s, we have 


l^''dx,dx, ^ k,a,,dx,dx„ 

t 1 OXj 1 


or, equating the coefficients of dx, dx^. 


i^dx, Sxj, 




{i, k = 1, 2- ... n). 


(35) 


We have thus obtained ^n{n -j- 1) partial differential 
equations of the first order in the N unknowns y, unless any of 
these are mutually inconsistent (and a more detailed discussion 
would show that this is not so) we dethice that the problem is 
soluble for N — |M(n + 1 )> ^.nd a fortiori for N > \n{n + 1). 
The y’s can evidently be considered as Cartesian co-ordinates in 
a Euclidean manifold (space) in which the given F„ is immersed, 
F„ being parametrically represented by the values of the y’s 
in (34) (cf, formula (33)). It is therefore possible to immerse a 
generic in a Euclidean space provided N > in{n + 1). 
For particular F„’6, however, a smaller number of dimen- 
sicaui may suffice; e.g. for a Euclidean F,„ n dimensions are 
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sufficient; in this case the y’s are Cartesian co-ordinates of F„ 
itself. 

If N has the smallest possible value, the difference N — n 
is called the class of the F,,. Since the minimum N is not greater 
than ^n{n -j- 1), the class cannot he greater than ^n(n 1) — n, 
or ^(w — 1). Further, N cannot be leas than and therefore 
the minimum value of the class is 0. For n = 2, the class is I, 
which shows that every binary ds^ may be considered as belonging 
to an ordinfiry surface. In other words, the parametric expressions 
which were our starting iwint (p. 86 ) impose no restrictions on 
the study of the intrinsic properties of a ds^ in two variables. 

22. Angular metric. 

We shall now extend to the generic F„ the notion of the 
avgle between two directions. The most direct method Ls by the 
formal extension of formula ( 8 ) (and its equivalents) by summing 
from 1 to n instead of from 1 to 2 ; this however will be legitimate, 
if we wish to avoid imaginary values of &, only when we have 
shown that the expression on the right < 1 . 

In order to do this, wo shall examine some algebraic properties 
of quadratic forms. 

Let / V 

^ik ^ik % 

1 

be a definite positive quadratic form. Suppose that the z’s are 
linear combinations of two different systems of non-proportional 
variables, so that we may put 

Zi = Xxi + fiy,; 

we therefore have 

ajc + pyJfAx* + W*) 

1 

n 

= S., Uik [A^ + A/a (a:, y,. -f y, xj + y y ]. 

1 

* A quadratic furm = Stt called irredMcible when the number of 

i 

independent variables cannot Iw reduced by substitutinj? for the fs linear com- 
bina.tion& of them. This is always so when the form is definite, as in this case the 
determinant a f>f the coefficients is certainly not Kero (p. i#0). A cannot therefore 
be less than n. 
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Splitting up the right-hand side into three sums, and putting 

n 

^ik ^ ^xxt 

1 

n n 

1 1 

n 

Vi Vk ~ 

1 

we have finally 

+ + . • ( 36 ) 

This may be considered as a quadratic form in A and p; it 
is easy to show that it is definite and positive, i.e. that it is 
always greater than 0 when A and p. are not zero. In fact, <f)^, 
considered as a quadratic form in the z’s, is always positive, 
provided at least one of the z's is not zero; and this condition 
is equivalent to our hypothesis that the s’s and y’s are not 
proportional. 

From (36) we therefore get 

whatever A and p may be. 

Hence, from an ordinary property of quadratic inequalities, 
we get 

^xx 4>uy — <fxy> • • • • ( 37 ) 

which is the formula we wished to prove. 

We now return to the proposed formal extension of formula 
(8). What we have to prove is that 

( n ,2 

< 1 , 

i.e. that , /v it A* a 

1 - \^2,ta,iA‘pM >0, 

whatever A* and p* may be, provided they are not proportional 
(since we exclude the obvious case where the directions coincide 
or are opposite). 

JfhiB inequality can now be proved at once. Introducing the 
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quadratic relations between the parameters, we can write it in 
the form 

and this is merely (37), with the x’s and i/s replaced by the A‘’s 
and /’s. 

We may therefore assume 

cosit S^a„^A‘/A^ . • . (38) 

1 

and the other expressions eqmvalent to it will also hold good, 
namely, 

cosO- = S,A>„.(38') 

1 

cos^ S.A./x',.(38") 

I 

oosd -- . . . (38'") 

1 

in which the moments (cf. § 20) of one or both directions take the 
place of the corresponding parameters. 

Ill the provisionally excluded case of two coincident or opposite 
directions (A‘ — + /x'), we must naturally agree that cosS- = + 1. 
With this convention the four formulae just given still hold 
good, the right-hand side in each case also reducing to + 1 in 
virtue of the fundamental relations 

2.,a,,A’A^ = 2. A, A' = = 1 

1 1 1 

between the parameters and moments of a single direction 
(cf. § 20). 

Now consider our 7,,, immersed in a Euclidean space 
Given two directions X, p, belonging to V,„ and drawn from the 
same point, the angle between them is defined in two ways, 
since the directions X, p may be specified either by their para¬ 
meters A‘, / relative to y„, or by their parameters A'*', relative 
to and formula (38) may be applied to either set. We 

■ We may note in passing that m a Euclidean space, referred to rectangular 
Cartesian oo-ordinatos, the parametera of a direction coincide with its raoments; 
also (as follows directly from the properties of linear orthogonal substitutions) the 
formulte of covariance are identical with those of contravariunce (cf. | 3, p. 67). 



126 


INTRODUCTORY THEORIES 


shall call the angle calculated in the first way S- and in the 
second S'', and we shall show that cosS = cosS'. 

Remembering that for the Cartesian co-ordinates y of 

ds^ has the form S J we have 

n 

cosS = 

1 

cosS' = 

1 

Now the parameters A'", n'" are given by the formulce analogous 
to (7), (7') 


ll 

^ X- ^y. 

dx. 


A' 

ds 

i‘dx, 

ds 

1 dx. 


- 1 !' ■ 

11 

Ss 

_ V 

7dx, 

fiK 

We have therefore 





cos^' = 2, 

1 1 CX, 


»l 

= s, 

\ 

V 

it" 

5j/, 

dx^ 

1 

1 

^x^ 

and therefore by (35) 





cosfi-' — 

2^A>^ 


cos3. 



1 


Q.E.D. 

Now consider two vectors R, V, whose directions are X, |X 
respectively. We can extend the definition of the scalar product 
by giving this name to the invariant 

R X V = RV co8», 

where is the angle between the two directions. For each of 
the various expressions for cosS- we shall get a corresponding 
expression for the scalar product by multiplying (38), (38'), 
(38"), (38'") in turn by RV. The resulting formulae are: 

R X V = iuta^R' F* = F. - F‘ = i^a'>^R, F*. 

1 1 1 1 

If one of the vectors, say V, is of unit length, we shall call 
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the product R X V the prelection of the vector B on the direc¬ 
tion determined by the unit vector V, or its component in this 
direction. 

The orthogonality of two non-zero vectors is evidently ex¬ 
pressed by the vanishing of their scalar product. 

We can now make some useful remarks relating to certain 
particular directions. Let s, denote ^ the direction of the co¬ 
ordinate line i (i.e. the unit vector ui that direction, in the sense 
of the x/s increasing); remembering that for a displacement 
along the line i we have dx, - 0 for r + f and ds — s/a^dx^, 
we see that the parameters ,s'| of the direction s. are all zero 
except the ith, so that we have 

< (»■ 4 = i), «; = / . 

On the other hand, the direction n, of the normal to the co¬ 
ordinate hypersurfaco x, -- constant {the normal meaning the 
direction perpendicular to any direction drav\Ti on the hyper- 
surface) has its moments rij |, all zero except the jth. For n^ must 
be perpendicular to each of the n — 1 directions s, {i 4= j), so 
that applying formula (38') to the values just found for the 
parameters of s, we can write 


|i 

V a. 


= 0 


4= j), 


whence = 0 for i The value of n^^ is therefore deter¬ 
mined by the quadratic identity between the moments, which 
gives 


^j\j = 


1 

n/cT"’ 


if we suppose that the sense of Uj is that of the x/s increasing; 
for the opposite sense the radical must have the minus sign. 

That the direction n, so defined (at a generic point) is actually 
perpendicular to any direction X (through the same point) on 
the hypersurface x^ — constant, follows from the fact that for 
every such direction the parameter A' is zero, and therefore 

S.WpA' = 0. 

1 

* The suffix t is not of course an index of covariance. 
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Applying the above remarlre, it can at once be seen that the 
angle cu;* between the co-ordinate lines i and k is given by the 
formula 

coto^ = , 

^ ^kk 


while the angle between the co-ordinate hypersurfaces cr, = 
constant and aj* = constant (i.e. the angle between their normals 
Hi and n*.) is given by 


cos<r^. = 




These formulee show the real meaning of the coefficients of 
ds^, and the geometrical interpretation to be given to their 
vanishing. 

We shall now try to find the geometrical meaning of the 
covariant and contravariant components of a vector R. For 
this purpose we shall calculate the orthogonal projections of 
R on the directions s, and n,. We get for these 

n 

R X Si “ = 

1 

R X n. = 

1 

These results show that R, and R' represent the projections 
of the vector R on the co-ordinate direction t and on the normal 
to the co-ordinate hypersurface x, — constant, multiplied by 
s/a,, and V^'* respectively. 


R' 


Va"' 


23 . Definition of geodesics. 

We shall fix any two points A, B in a generic F,„ and we 
shah try to find the shortest of the lines which join A and B. 
In a certain sense this problem is analogous to that of finding 
the points at which a function is a maximum or minimum, the 
solution of which is of course an important application of the 
calculus. Here, however, we are not trying to find points, and 
hence the values of one (or in general of n) variables which 
satisfy the required condition; we are trying to determine a 
Une, and hence, analytically, to determine the form of n functions 
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(the parametric equations of the line). The problem is therefore 
of a higher order of difficulty: while the former led to equations 
in fimte terms, the latter leads to differential equations. The 
solution of this problem and of others related to it is the principal 
object of the calculus of variations. We shall recall shortly the 
fundamental idea of this calculus, which does not differ in prin¬ 
ciple from the idea which leads to the solution of the other more 
elementary problem of the maxima and minima of a given 
function. 

To fix the ideas, we shall suppose that there is only one 



variable. We know that if a function f{x) has a maximum or 
minimum at a’g, its differential df = f'{x^dx is zero at that 
point (and therefore /'(a"o) = 0), whatever dx may be; in other 
words, for an infinitely small displacement to left or right from 
the point x^, f remains constant (except for infinitesimals of 
higher order). This can also be seen intuitively from the graphical 
representation of the function (cf. the points M and N in the 
diagram). The converse, however, is not true, i.e. when df — 0 
it does not necessarily follow that there is a maximum or 
minimum (cf. for instance the point P in the diagram). The 
maxima and minima must be looked for amm^ the points where 
d/= 0. 

Let us now see how we can apply this method to the deter¬ 
mination of the shortest line joining A and B, without going 
outside a given F„ (wo may think of a line druwn on a surface, 
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i.e. the case n — 2). Let g be such a line; draw a line g", having 
the same extremities as g, and infinitely near g, but otherwise 
completely arbitrary. We can consider g' as derived from g 
by an infinitesimal deformation, i.e. by displacing each point 
{Xi, Xj, . . . x„) of grto (oTj -f Sxj, . . . a:,, -(- Sx„). If ,7 is the shortest 
of these lines, its length is not changed^ by this deformation 
(except for infinite-simals of higher order); hence if \ is the length 
of g and I + U that of g', we have 

8 f -= 0,.(39) 

whatever g' may be (subject only to the conditions iin])osed 
above), a condition analogous to the vanishing of d/in the former 
case. Here too, however, it is to be noted that in general the 
condition (39) can be satisfied not only by the required line 
but also by other lines which do »w)< give the shortest path from 
A to B. 

For instance, let A and B be on the same generator of a cylin¬ 
der. Then the shortest path is evidently given by the generator, 
which, as can easily be seen, satisfies (39). But all the infinite 
number of helices which pass from A to B, wrapping them¬ 
selves 1 , 2 , . . . times round the cylinder also satisfy the same 
equation. 

We shall call all the lines which satisfy condition (39) geodcHi'cs. 
They pos.sess important characteri.stic properties, which can be 
deduced from (39); e.g. the osculating plane at any point of a 
geodesic on a surface is normal to the tangent plane to the 
surface—the property adopted on p. 103 as the definition of a 
geodesic. The lines of minimum length between two given 
points must be looked for among the geodesics through the two 
points. 

This is the definition which we shall use below; but it is to 
be noted that some writers in defining geodesics start from another 
property. We could in fact show that when a point A is fixed 
on a geodesic g, then for all points B (on g) sufficiently near A, 
g is the only geodesic joining A and B, and is therefore the 
shortest line joining them. Hence we can also say that 
a geodesic is a line such that it forms the shortest path 


* For a more rigorous and complete discussion the reader is referred to treatises 
on amlysis. 
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between any two of its points, provided they are sufficiently close 
together. 

With this restriction the two definitions are equivalent. 

24. Differential equations of geodesics. 

We shall now examine the property, concisely expressed by 
the equation (39), that the length remains unchanged in an 
infinitesimal displacement which does not move the extremities, 
and see how to express it by means of n differential equations 
which the n functions 

X, X, (s) (i ^ 1,2, ... n) 

defining the curve g mu.st satisfy. 

Let the equations of y' be 

T, ^ X, (.s) + Sx, (i = 1,2,... n), 

where the 5r’s are to be considered as infinitesimal functions of 
s, vanishing for s -- 0 and s - I, and having finite and con¬ 
tinuous first and second derivatives, but other’*ise arbitrary. 

Take an infinitesimal segment PPj of g, of length ds; we 
have to calculate 8ds, i.e. the increment (or, as it is called, the 
variation) of ds in the deformation which displaces P to P' 
and Pj to P,. li di,(i - 1,2,... n) is the difference betw'een 
the co-ordinates of P and of Pj, the corre.sponding difference 
after the deformation -which we shall denote by + Sa:,) = 
dx, -(- dSr„ where dSr. is of course the differential of the function 
Sx—is calculated as follows: 

The co-ordinates of P' are J, + Sx,; 
those of P\ are (x, H- dx,) -j- S(x, + dx,)\ 
tiiereforo the required difference is dx,-\- Mx,. 

It follows that 

Mx, - dSx.(40) 

a result which we shall at once make use of. 

We shall now take the expression for ds^, and calculate its 
variation, differentiating with the operator 8 . We have 

71 n n 

2ds . Ms = S* dx dx^ -f- dx* Sdxj 2^* q,* dx^ Sdx*. 

Ill 
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Since the last two sums are identical, we can write this in 
the form (using equation (40)) 

n n 

2<Zs. Ms == Mjic dxj dxh + dxj dScr*. 

1 i"^ 


Dividing by 2ds, and denoting differentiation with respect 
to s by a dot, this gives 

u n 

Ms = Pj, Mji XjXids + Sj* Ojt Xj dBx/,; 

1 1 


and from this, since 


8a,, 


/dx, 


'k9 


we get Sds in the form 


Sds ~ ^ Xj Xi Sxi ds + Xj dM^. 


x^'^dxt 


Now since the length of g is 

I ~ ds, 

A 

the variation which is to be equated to 0 in (39) is 

81 = I Sds, 

•' A 

or 81 = fj X, X, Sx.'j ds + I, . . (4l) 

where we have put 

I — f Sj^a^tX^dSTi. . . . (42) 

•’ A i 

We shall leave (41) aside for a moment and examine the 
posfflbility of transforming the integral in (42) also into a form 
which explicitly contains the arbitrary variations Sxjt- Integrat¬ 
ing by parts we get 
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The integrated part vanishes, since 8% = 0 at the extremities; 
differentiating the product, the other part gives 


r-ii n rB n 

I = — Sji, aj^ Xj dsSxit— Sjj. Tj daj^ 8a:*. (42') 

•' A 1 •' A 1 

Expanding the sum imder the second integral sign may 
be written 


1 


or, intercKanging j and 1, 


XjXthxi,ds. 
'j 


1 dx. 


We shall take half the sum of these two expressions to repre¬ 
sent the value of either. Substituting in (42'), we get 

1 = - XjBxi^ds -jj Xj XiSx/^j ds. 

We now return to (41) and insert in it this expression for I. 
Putting all the terms under a single integral sign, and talcing 
out the common factor 8x^ds, we get 

81 = _ j^ 2* I - ^S,, Xj X, -4- S, a,* Xj 

+ i ii } Saj* ds, 

1 LOXi dXj.\ J 

or, remembering the definition of Christoffel’s symbols, 

/•Burn n a 

81 = - S* Sj Uj* Xj + 2^, [y7, k] Xj X, [ 8a;* ds. 

■’ A 1 '■ I 1 ' 

Putting 

n n 

Pk = Sj a,* Xj + I.JI [jl, i] Xj Xi, . . (43) 

1 1 

the formula appears in the concise form 

Bl = - fi,j>,8x,ds. . . . (44) 
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The result of all these calculations is that (39) can be written 
in the form 

f Pk ^^k ds == 0 .(39 ) 

•' .1 1 

Now since (39') must hold however the arbitrary functions 
Sifc are chosen (subject to the qualitative conditions stated above), 
we must necessarily have 

p, -- 0 1,2, ... n)- . . (45) 

for if not. we need only take each with the same sign as the 
corre^sponding p, (which can be done without going outside the 
conditions imposed); the sum would then certainly be positive 
at all points of the arc of integration and therefore the integral 
would not vanish. This is the fundamental argument in the 
calculus of variations; by means of it we get from (39') (which 
is only (39) expanded) the n differential equations (15) which 
written at length are 

^jk [jl, it] X, — 0 (k 1, 2, . . . n). (45') 

1 I 

It is convenient to write these equations in the form obtained 
by solving for the x's.. To do this we introduce the quantities 

/ .... (l(i) 

I 

and replace the equations (45) by the equivalent system of 
linear combinations 

f - 0 , 

or x, + I,ji{jl, i'jXjXi = 0. . . . (47) 

I 

These n differential equations of the second order in the n 
unknown functions a:.(s) are equivalent to equation (39) and 
are therefore the characteristic equations of a geodesic, when 
integrated, they give the parametric equations of the curve. 
By the onlinary theory of such equations, the integrals will 
contain 2n arbitrary constants, which can be determined by 
the condition that the geodesic passes through two specified 
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points, or that it starts from a given point and has a specified 
direction. 

It may be noted that the equations (47) contain only intrinsic 
elements, as the definition of a geoilesic would lead us to expect. 


25. Geodesic curvatoie. 

The discussion in the preceding section provides us with an 
opening for the introduction of an illuminating and fertile 
geometrical notion relating to any curve a", = a’,{s) in 
our F„. 

We must first show tliat the quantities defined by (43), 
corresponding to a generic curve x, -- x,(s), are mvariant (and 
in consequence the p'’s are contravariant), so that we shall 
naturally associate' witli every point of the curve I (which is 
a priori any curve whatever) the vector p of which they are the 
components. Su[)pose then that we pass by any transformation 
from tlie variables x to new variables x, and let represent the 
values of the p/s calculated in the new system. We get from 
(11), through the invariance of Bl, 


and therefore 


81 - I Sj. P). Sxj. ds, 

•' I 1 

yS r n n "I 

0 j Is* ft 8ft - Pi, 8 X 1 ,1 ds. 


liy a similar argument to that used in passing from (39') to 
(15) we deduce from this that at every })oint of I we must have 


= o> 

1 1 


vhich expresses the invariance of 


Pi, ^^k 

\ 

(a linear form in the arbitrary contravariant variables Sx^.) and 
therefore the covariance of the p*’s. It follows from (46) that 
the reciprocal contravariant system consists of the p“’8, i.e. of 
the left-hand side of equations (47). 

We shall use the term geodesic curvature of tlie curve I at 
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any point on I to denote the vector p whose covariant components 
aie defined by (43), its contravariant components being in con¬ 
sequence defined by (46), or by 

P'=X, + h,, {jl, i} a-, {i =1,2,... n). (43') 

I 

An immediate corollary is that the geodesics are the lines whose 
geodesic curvature is etoerywhete zero. 

More generally we have for the length of the vector p an 
important property, pointed out by Lipka,^ which we shall 
merely state without proof: The absolute value of the geodesic 
curvature is represented, as in ordinary space, by the ratio between 
the angle of contingence and the elementary arc, where the angle 
of contingence is defined as the angle, at one extremity of the 
arc, between the tangent at that point and the parallel to the 
tangential direction at the other extremity. 

Another important property is that the geodesic curvature is 
normal to the curve, which is equivalent to saying that 

= 0.(48) 

I 

since the parameters of the tangent to the cmve are the a;,’s. 
To prove this, take the identity 

n 

= 1 
I 

(obtained by dividing (32) by ds^) and differentiate it with respect 
to s. We get 

n n 

a:* = 0, 

1 1 

** ” dd 

Xj -f- ^Jici ^ X/i Xj Xj = 0, 

1 10X1 

and therefore, by (24'), 

n n n 

ffly Xh Xj -j- Y, [jl, A] Xj Xj X( -f- Ijjjii [kl, j\ X/c Xj Xi = 0. 

1 1 1 

1 “Sulla purvtttura geodehoa delle linee appartenenti ad una vari^t4 quolunque ” 
in Bend, della S. Ace, dci Lined, Yol. XXXI (Ist balf-y«ar, 1922), pp. 353-368. 
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Interchanging k and j, we see that the third sum is the same 
as the second; hence, taking out the factor 2, we have 

n n 

4 X + \jl, i] 4 Xj ±1 = 0. 

1 1 

This is merely (48), with p/, replaced by its value as given by 
(43); hence the assertion made above is proved. 

In ordinary space, as will at once be seen, the geodesic curva¬ 
ture coincides in direction with the principal normal, and in 
magnitude with the flexion or principal curvature of the curve. 

26. Extension of the notion of parallelism. Bianchi’s derived 
vectors. 

We propose next to extend to a the notion of parallelism 
or, more generally, of equipollence defined above for a Fg. 

In this case we have no criterion analogous to that used for 
the Fg, as in general the circumscribed developable which formed 
the starting-point of the former argument does not exist. 

The differential law of parallelism, however, expressed by 
the symbolic equation (19), can be immediately adapted to the 
case of a F„. To do so, consider a vector R drawn from a point 
P of F,|, and let R -f rfR denote the equipollent vector drawn 
from a point of F„, very near to P. We can think of the F„, 
and therefore of the vectors R, R + dR, as immersed in al 
Euclidean space where N in & sufficiently large integer; we | 
can therefore define the vectors R, R + dR, not only by their 
(covariant or contravariant) components with respect to F„, 
but also by their components Y,,, y„ -f dF,, (v — 1, 2, ... AT) 
with respect to a system of Cartesian co-ordinates y\, y 2 ,, •• • yy 
in Sy. Now con.sider an arbitrary infinitesimal displacement 
SP, contained in F„ and drawn from P; it can be specified either 
intrinsically, by means of the Sx/s {i — 2, .. . n), or with 

reference to Cartesian co-ordinates by means of the Byjs (e= 1, 
2, . . . N); but it is to be noted that while the first set are 
arbitrary the second are not, on account of the equations (§ 21) 
which define the y’s as functions of the a:’s. We can also say, 
in geometrical language, that the displacement must satisfy the 
condition of being tangential, i.e. of belonging to F„. We shall 
define the veetpr dR, and therefore the parallel displacement, 
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by means of the symbolic equation (19), which can be expanded 
(p. 107) into the form, analogous to (19'): 

= 0, .... (49) 

1 

which holds for all displacements satisfying the given condition. 

The only difference between formula (49) and (19'), which 
defines parallelism with respect to a surface, is that the sum¬ 
mation for 1 / is from 1 to N, insteatl of from 1 to 3. All successive 
steps in the calculation follow automatically as in § 15, p. 107. 

We shall first write the equation in terms of the 8r’s by put¬ 
ting 

dB, X SF ^ -•= . (50) 

1 1 

after transformations analogous to those formerly used, we find 
for the t’s the expressions 

Ti = 2^ dR' + [jl, A:] R^ dxi (i =-= 1, 2, . . . n), (51) 

1 1 


an obvious generalization of formula (21"). Evidently, in view 
of the identity (50), wo are here dealing with comriant expres¬ 
sions (with respect to any transformations of the x’s). The 
reciprocal system 

T* = 

I 

can also be expressed in the form 

t' -= dR' 2,, {jl, i} RJdxi (i = 1, 2, . . . n), (51') 


in complete analogy to (21'"). 

From (49) and (50) we finally reach the intrinsic equations of 
parallelism: 

Tk ~ ^ (^: — 1, 2, . . . w); 


these are equivalent to t* — 0, or to 

dR + 2„ {jl, i}Rdxi = 0 (i = 1, 2. . . . n), (62) 

1 

which define the increments dR* of the contravariant components 
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of a vector R for a displacement parallel with respect to F„ 
from P (of co-ordinates x) to Pj (of co-ordinates x -f dx). 

For the covariant components we find, as on p. 113, the 
equivalent equations 

dR, = j\Rjdxi (i = 1, 2, . . . n). (62') 

This equation and (52) alike show that parallel displacement 
is an intrinsic operation with respect to the metric of F„. This 
was not a priori evident from the geometrical definition we 
adopted, which is exprcissed in formula (49), involving the use of 
a surrounding space 

The equations (52) and (52') are, so to speak, identical with 
the equations (23) and (27) which hold for a V^, the only differ¬ 
ence being in the number of dimensions. It is of course under¬ 
stood that { jl, i } and {i7, j J denote Christofiel’s symbols of the 
second kind constructed with the ds^ of F„. 

All the ])roperties deduced from the equations of parallelism 
with respect to a surface can be extended without difficulty to 
parallelism in F„; in particular, the j)roj)erties that j>arallel dis¬ 
placement along any finite curve whatever is alw’ays possible, and 
in only one way, and that parallel displacement leaves unchanged 
the scalar product of two vectors, and therefore lengths and 
angles. We shall show in the following section that we can also 
extend the property of autoparallelism of geodesics, which we 
proved geometrically in the case of surfaces. 

We may also call attention here to the notion due to Bianchi ^ 
of the derivative of a generic vector R along a curve T, R being 
a function of the points of T. If the vectors R(s) at various 
points of T are not parallel along T, the contravariant simple 
system t‘, defined by (51'), is not identically zero. Accordingly 
the quantities 

may be considered as contravariant componenis of a non-zero 
vector DR which is also a function of the points of T. The 

' Cf. “ Sul panillelismii vincolato di Ijovi-Civita nella metrica degli spazi curvi", 
in Rei^d. ddlo, R. Acc, di Napoli^ Vol. XXVIII, 1922, pp. 150-171. 
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vector jDR has been called by Bianchi associated, and its direc¬ 
tion and length the direction and curvature associated point 
by point with tJie vector R(s). We prefer, however, the quali¬ 
fication derived, because in Euclidean spaces DR is precisely 
the vector commonly known as the derivative of R with 
respect to the arc s of T. In fact, if we assume Cartesian 
co-ordinates, the Christoffel’s symbols vanish, and the pre¬ 
ceding expressions for the (ordinary) components of (DR)* 

reduce to . 

ds 

Returning to a general manifold F„, if R(s) reduces to the 
versor which is tangential to the curve T, i.e. in particular 
dtx 

if i = a:,, we find that we are again dealing with 

ds 

the vector p of geodesic curvature considered in the precedmg 
section. 

It can be shown that in every case DR (if not zero) is perpen¬ 
dicular to R, and that it has other interesting properties demon¬ 
strated by Bianchi. For further details the reader is referred 
to the paper just cited in the footnote, or to the Aj)pendix to 
Vol. II of the same writer’s Lezimi di geometna differenziale} 


27. Aatoparallelism of geodesics. 

Analytically we may derive this property from the equations 
of parallelism by using the differential equations found above 
for geodesics. 

Let X denote a unit vector defined at all points of the geodesic 
under consideration and having everywhere the same direction 
as the geodesic. We shall show that X may be considered as 
undergoing a parallel displacement along the geodesic. 

Let its parameters be A'. From the definition of these para¬ 
meters, and using the parametric equations x, = x,{s) of the 
geodesic in question, we plainly have 

1 . 

A = - = 

and therefore 


^ Second edition. Boiogna, Zanicbelh, 1928. 
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Now the x’s and the x’s are connected by the equations 
(47) (the characteristic equations of the geodesics). Substituting 
dX' 

A* and — for x^ and a;,, these become 
ds 


J\i n 

A'®/ 


( 53 ) 


or multiplying by ds. 


p' ds -- dX' + yiji iJl, i] A' dxi = 0, 
1 


which are the equations expressing the parallel displacement of 
the vector X. 

It is worth noting that a comparison of (5T) and (53) shows 
that the quantities p' ds are a particular case of the t' ’s, the generic 
vector R beuig replaced by the unit vector X of contravariant 
components x,. There follows immediately the contravariance 
of the quantities p\ or, which comes to the same thing, the co- 
variance of the quantities p^, which w'e proved directly in § 26. 


28 . Remarks on the case of an inde&nite 

We agreed (§ 20) to say that an w-dimensional F,j is metrically 
defined when there is associated with it a differential quadratic 
form, with real coefficients a,*., 

n 

1 

We then introduced the hypothesis that <f> is definite and posi¬ 
tive, and this is the only case we have considered in the fore¬ 
going sections. We now propose to make some remarks on the 
case in which is still supposed irreducible (or such that its dis¬ 
criminant a is not zero), but is no longer definite, being capable 
of taking positive values for certain sets of differentials dx^ and 
negative values for certain others. 

In tliis case also, fixing a generic point P of co-ordinates 
X, and an infinitely near point P' of co-ordinates x, -f- dx,, we 
put 

n 

ds^ — ^ — S^o^dx, dX;t, 

1 


• ( 54 ) 
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and we shall call ds^ (which can now be positive, negative, or 
zero) the square of the line element (the distance), or better the 
interval between the two points P and P'. 

Among the cc" (real) systems of differentials dx„ or, as we shall 
say, considering only ratios, among the 00 "“^ directions drawn 
from P, there are oo'‘~“ which satisfy the quadratic equation 

^ 0.(55) 


For a moment we shall interpret the differentials dx^ as 
referring to Cartesian co-ordinates with origin P. Then the 
directions just defined, which are said to be of zero interval, 
constitute a quadric cone of vertex P. Tliis cone divides the 
sheaf of directions drawn from P into two regions, in one of 
which 

ds->0, .(50) 

and in the other 

< 0.(57) 


All the directions in the first region are said to be of the first 
kind or timelike (the term being sugg<'sted by the interpretation 
given to these symbols in the theory of relativity); those in the 
second region are said to be qf the second kind or spncAike. TJie 
parameters of a direction of either kind are defined by the for¬ 
mulae 


A - 


dx. 


{i == 1, 2, . . . n); 


(58) 


there is no analogous result for the directions of zero interval 
correvsponding to which — 0. 

For timelike directions ds* > 0; hence, if ds denotes the 
arithmetic value of the square root of da*, we have | ds | ds, 
and the argument is exactly as it was for the definite quadric. 

For spacelike directions, on the contrary, we have 

I ds® I — — ds® = — dx, dx*. 


so that the quadratic identity satisfied by the parameters A‘ 
is 

.... ( 59 ) 

i 
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with —1 on the right, instead of +1 as for the timelike direc¬ 
tions. 

Granted these results, the systematic extension of the pre¬ 
ceding sections to the indefinite case would certainly not seem 
likely to be difficult. As we are not aware that this has yet been 
done exhaustiv^ely, the reader’s attention may be called to it. 
We propose merely to point out an essential fact, almost evident 
a priori and often used in the theory of relativity; namely, that 
the definitions, geometrical representations, and formulae in the 
foregoing sections can certainly be carried over and applied to 
the indefinite case, provided {a) that we take account of the 
exceptional behaviour of the directions of zero interval, and 
(b) that we make the obvious formal modifications necessitated 
by (59) when we have to deal with spacelike directions. 

We lea^'e the matter liere,^ with two examples to conclude 
the discussion: 

(1) The condition that two directions, whether timelike or 
spacelike, of parameters A', fi‘, may be orthogonal is in every 
case expressed by the equation 

i:,,a„A>'- = 0. 

1 

(2) If we consider only lines wholly composed of timelike 
elements (ds- > 0), the discussion in § 24 holds without modi- 
fitsation, and we reach the same equations (47) of the geodesics. 

‘ St'U Cliuptrr XI, 2S7. 



PART II 


The Fundamental Quadratic Form and 
the Absolute DiiFerential Calculus 


CHAPTER VI 

Covariant Diiterentiation; Invariants and Differential 
Parameters; Locally Geodesic Co-ordinates 

1. Covariant diflerentiatioii. 

Returning to the remarks made on p. 86 of Chapter IV, 
we now propose to generalize the operation of differentiation by 
substituting for the ordinary derivatives of the elements of a 
tensor certain linear combinations of these derivatives and of 
the elements of the given system, w'hich will in their turn con¬ 
stitute a mixed (or in particular, covariant) system with one 
index of covariance more than the given system. Explicitly, if 
A^‘ is the given generic system whose elements are functions 
of the x’s or, in geometrical terms, functions of position, we shall 
deduce from it another system A‘^''' where I is a new index of 

dA'‘‘ ' V 

covariance, which reduces to the system — " in the particular 

case when the co-ordinates are Cartesian. ‘ 

To simplify the formulae, we shall consider first a mixed system 
with a single index i of covariance and a single index h of 
contravariance. 

Fixing our attention on a specific point of F„ (i.e. ignoring 
the fact that the A’s are defined as functions of position), wo 
know that the law of transformation of the functions Ai for 

144 
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a change of variables is defined by the invariance of the form 

= . ( 1 ) 

1 

in which the i‘’s constitute a generic contra variant system, or, 
in other words, are the contravariant components of a generic 
vector 5; similarly the M//s can be considered as the covariant 
components of a generic vector u. 

Now, since a set of values of the A^’b is associated with 
every point of F,,, we can at every point choose two arbitrary 
vectors 5, u> and construct an invariant form with them and 
the ^’s. 

Suppose this choice made at an arbitrary but determined 
point P, and consider also a generic point Pj infinitely near to 
P. We shall agree to take for 5 and u at Pj the vectors parallel 
to those chosen at P; as the displacement is infinitesimal, the 
curve of displacement is immaterial. We shall use the operator 
8 to denote in general the increment of a quantity in passing 
from P to Pj, and we propose to calculate 8F. Differentiating 
(1) with the operator 8, we have 

1 

Now, by the convention just adopted as to the vectors ^ 
and u, the differentials S^‘ and Su,, must be calculated by the 
formulffi of parallelism ((52) and (52'). pp. 138, 1,39), while 
SA, is given by the usual rule of differentiation 

SA^ ^ 

1 OXi 

the A’e being by hypothesis functions of position. Using these 
results, we have 

)i 5 Jh n 

8F = P i' { fl, i ) 

\ dxi 1 

+ ^ihji jj 

Interchanging i and j in the second sum and h and j in the 
third, so as to get the factor |'u„Sa:, in all three sums, and 

(B6B6) ‘ 
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collecting all the terms under a single summation sign, we have 

8^= Jr%8a:,. (2) 


Now the left-hand side of this equation is invariant on account 
of its meaning, while 8xi, % are arbitrary contra variant or 
covariant systems; hence the coefficients of this form (the expres¬ 
sion in square brackets) constitute by definition a system which 
is covariant with respect to i and I and contra variant with respect 
to A. We can therefore put 

rl 4'^ '* '* 

= -I.jA'^{U,j}+'EjA[{jl,h}. . ( 3 ) 

OX; I I 


This system is called the comriarit derivative of the system 
A^. It is sometimes denoted by the symbol A^'j ;, and also, when 
no ambiguity is possible, simply by A^i. 

It is obvious that in Cartesian co-ordinates (which exist when 
we are dealing with Euclidean forms; of. § 21 of Chapter V, 
p. 121) the system reduces to that of ordinary derivatives. 

The method used above can be applied, mulatis mutandis, 
to a generic mixed system. We shall always get for Si’ (as follows 
at once on carrying out the necessary operations) a multilinear 
form whose coefficients we shall define as elements of the co¬ 
variant derived system. These coefficients consist of a first 
term which is the ordinary derivative, followed by as many 
terms preceded by the minus sign as there are indices of co- 
variance of the given system, and as many terms preceded by 
the plus sign as there are indices of contravariance. If we denote 
by (i) the aggregate of indices i^. . . i,„ and by {h) the aggregate 
hi .. . the general formula is ^ 


^ _ s, E, . { 1,1, j } 




m 


* Cf. A. PALATltri: “8ui fondamenti del Caleolo Diff«reii*iale asaolutw", in 
Bend, dd Cireolo Mat. di Palermo, Vol. XLIII, 1919, pp. 192-202. Another 
vectorial illustration of covariant differentiation was given by the late Prof. 
Hbssenbbbo in hm pajier “ Vektonelle Begrtlndung der Diflerentiolgeometrie ”, in 
Math. Ann., Vol. 78, 1917, pp. 187-217. 
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2 . Partictilar cases. 

Consider first a covariant simple system At, which we can 
always interpret as consisting of the covariant components 
(moments) of a vector A. In this case the terms contributed by 
the indices of contravariance are absent, and (4) (or (3) ) gives 

... ( 6 ) 

oXi 1 


It is easy to see that this double system is not in general 
symmetrical; from (5) however we get at once the important 
relation 






3At _ dAi 

dxi 3xt 


. ( 6 ) 


The vanishing of the covariant derivative has a simple 
geometrical significance. In this case, multiplying (5) by dx,, we 
have 

\^'dx, - %[A,)]A^dxc, 

dXi I I / 


comparing this with equation (52') of the preceding chapter, in 
which wc suppose all the dx’t, to vanish except the Ith, we see 
that it expresses the fact that the vector A undergoes a parallel 
displacement along the line /. 

Analogously, for the derivatives of a contravariant simple 
system y4‘, we have 




■ ( 6 ') 


Next, consider a system of order zero, i.e. an invariant /. In 
this case (4) becomes 




df 

dxi 


(7) 


or the comriant and the ordinary derivatives are identical. If we 
construct the system of covariant second derivatives, applying 
formulae (5) to (7), we shall have 


f = 


1 


?/. 

3xj 


( 8 ) 
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these axe not the same as the ordinary second derivatives but, 
like them, are sjonmetrical. 

For a covariant double tensor (4) becomes 

- P - S, [a, j} A,, - S, {kl, j} A,;, (9) 

CXi 1 1 

and for a contravariant double tensor it becomes 

Afi = + % {jl. i} A^^ + S, {jl, A:} A^. (9') 

CXi 1 1 

3. Ricci’s lemma. 

If formula (9) is applied to the system of the coefficients 
of ds^, we get, remembering the expression for the derivatives 
of these coefficients in terms of Christoff el’s symbols (Chap. V, 

§ 16, P. 111). 

= 0 (*, I 1, 2, . . , n). , (10) 

This important theorem, that the covariant derivatives of the 
coefficients are zero, can be proved directly from the definition 
of covariant differentiation. To do so, we must choose two 
arbitrary vectors 5 , ir), and construct the expression 

F = 

1 

we then calculate 8F corresponding to a parallel displacement 
of the vectors 5,»], and we shall get a trilmear form in rf, Sx;, 
whose coefficients, by definition, will give the required derived 
system. 

Now F is merely the scalar product of the vectors ^ and t), 
which, as we know, is not changed by a parallel displacement; 
hence we shall have SF = 0 for any values whatever of t], 
and Sx’s, which means that all the coefficients of this form vanish 
id^Stically. 

Similarly we can show that the covariant derivatives of the 
reraprocals a*'' vanish; in this case we have to use the expression 

F = 
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which is again the acalar product of the (arbitrary) vectors 
a and v. 


4 . Contravariant differentiation. 


There is in the absolute differential calculus a kind of law 
of reciprocity or duality in accordance with which we can deduce 
from every theorem or formula a reciprocal theorem or formula, 
by interchanging the words cavariant and amtravariant, and 
lowering or raising the indices. We have already had several 
examples of this; we shall now make some brief remarks on the 
operation of contravariant differentiation, which corresponds to 
that of covariant differentiation just described. 

The shortest way to deduce from a system the system 
which has the properties reciprocal to those of the co¬ 
variant derivatives, is to find the covariant derivative of the 
given system and then compound it with the system of the 
i.e. to make 


A 


m 

<0 



(*>!• 


We could find for this system an expression analogous to 
(4) and properties corresponding exactly to those of the covariant 
derivatives; or we could find these properties directly from those 
of the covariant derivatives, by using the foregoing formula of 
definition. We shall therefore not pursue the argument in detail, 
and shall instead resume our discussion of the fundamental 
properties of covariant differentiation. 


5 . Conservation ol the rules of the ordinary differential 
calculus. 


First, consider a tensor, in general mixed, which is the sum 
of two others of the same rank and species, i.e. 


.W _ b(A) 

— "It) + 


'(i) 


< 0 * 


It will at once be seen that the covariant derivative of the 
system A is obtained, like an ordinary derivative, by adding 
together that of B and that of C, or 


M 4 . 

■“(01 — "<01 "T • • 




(*)' 


( 11 ) 
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This formula follows either from the linearity of (4), or from 
the consideration that the form F relative to ^ is the sum of a 
form relative to B and a form relative to C, so that a siTnilnr 
result holds for the coefficients of the latter expression 
(which are by definition the derivatives will therefore be 
the sums of the corresponding coefficients of the other two 
(which are by definition the derivatives and The 

reasoning can be extended without difficulty to a sum of any 
number of terms. 

Next, consider the derivative of a product. If ^ are 

^ (O’ (i) 

two generic tensors, we shall denote their product by 


) 

-“(O • t^(i') > 


where the symbol (i) stands for the aggregate of the indices 
(i’) and (i") together, and similarly for (A). We shall show that 




.<*> 


’(oi • ) 




C 


,('<) 


'(O • ^(1 )^- 


( 12 ) 


To simplify the formulse we shall suppose that the systems 
A and B have each only one index of covariance and one of 
contravariance. We know (Chapter IV, § 8, p. 70) that if 


are the invariant forms for the systems B and C, that for the 
system A is 

F = <f>^. 

We shall therefore have 


SF == 

and equating the coefficients of f rf Sxi on both sides 
of this equation we get equation (12) (for the particular case 
considered). 

Now consider the derivative of a compounded mixed system 
(Chapter IV, p. 79) 

— "('•){*)"«)(r) '^(r){«)' 


(13) 
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where (*) and {h) have the meanings already explained, and 
(r) and (s) denote the aggregate of all the indices affected by the 
process of contraction. We shall show that 



In particular, if each aggregate reduces to a single index 
and if the process of contraction is applied only to one index, 
(13) becomes 

A>* = .(13') 

1 

and (14) becomes 

- L, [BU CY + Bt CYl . . (14') 

1 

We shall give the ])roof for this simpler case, merely point¬ 
ing out that it can be immediately extended to the general 
case. 

Wc start from the invariant forms relative to the systems 
B and C 

1 

1 

where we have followed the same procedure as in Chapter IV, 
p. 78, and introduced a set of n contra variant systems A' 
(a = 1, 2, . . . n) and the associated reciprocal set. The 
invariant form 

\ 

has the ^’s as coefficients, as we saw in Chapter IV. 

Applying the symbol of operation 8 to this we get 

SF ^iA4>a8<f>a+i>am 
1 

and equating the coefficients of on both sides of 

this equation, we get (14'). 
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To sum up, we have shown that the fundamental rules of 
ordinary difEerentiation hold good for covariant differentiation. 

6. Applications. 

We note first of all that if we start from a generic simple 
system (a function of position), say a covariant system 
and consider its reciprocal F‘, we have by definition 

r = F*; 

1 

hence, taking the covariant derivative and using Ricci’s lemma, 

Fij=ia*F,|, .(15) 

1 

We shall next calculate the covariant derivative of the scalar 
product X of two vectors, which, as we know already, is identical 
with the ordinary derivative. 

Let U, V, be two generic vectors, and put 

Z = U X V = Si Ui F’. 

1 , 

Taking the covariant derivative, we have 

I 

In the second term on the right we can replace Fj; by the 
expression for it in (16), so that 

S..UiFji = S*a*£I..F»,i = imF„, 

1 1 1 

Changing h into % and substituting in Xi^ we get the formula 

Z, ^S..[f7,.|ir+PF,.|J, . . . (16) 

1 

wl)i|ch is often used. 

. :|[n particular, if V = U, we have Z = U®, and therefore 
Z, = 2u|? = . . (16') 
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7 . Divergence of a vector and of a double tensor. of 
an invariant. 

Take a covariant simple system X„ which we can alwaj^s 
think of as the aggregate of the components of a vector X, and 
construct the invariant 

© = .(17) 

1 


where the terms X,^i denote covariant derivatives. In the 
particular case of the fundamental form being Euclidean, we 
have a*' = S[, and also the covariant and ordinary derivatives 
are identical; hence in this case (17) becomes 


© = 


2 


In three dimensions this expression is called the divergence 
of the vector X. We shall extend the use of this term to the 
general case (17). 

We can tiausforni (17) by means of (15). Writing X instead 
of V, (15) becomes, for I - i, 

Zj.-- 

1 

Summing with respect to i, the right-hand side gives 0, 
as can be seen at once from (17) by putting I instead of k and 
then interchanging I and i. Hence wc haye 

0 - kxi .(17') 

1 


From the general rule for coyariant differentiation, or more 
specifically from (5'), we haye 




dX' 

0 a., 


1 


XK 


Now sum with respect to i. Substituting from (17') on the 
left, and from the identity 


2. {>'.*■} = 


1 ^\/a 

•s/a dxj 




(D 655) 




'54 


ABSOLUTE DIFFERENTIAL CALCULUS 


(cf. formula (26), Chapter V, p. 112) on the right, and writing 
/ as the index of summation on the right instead of i and j, we 
get 



or, taking the factor outside the summation sign, 

V a 

0 = ^ (v/an . . . (17") 

va 1 cJ'i 

This expression for the divergence is comiiletely equivalent 
to the formulae (17) and (17'); it is more useful for purposes of 
calculation, while (17) and (17') on the contrary are more smted 
to theoretical discussions. 

In particular, consider the case where the vector in question 
is the gradient of an invariant u, i.e. where 

X, - a - 1, 2, . . . n). 

8a, 

In this case the divergence is denoted by the symbol AgW 
and is called the ,sexx)nd differential 'parameter of the function m; 
the expression for it can be deduced at once from (17) or from 
(17"), using in the calculations the fact that 

l V .1 

= S.a" 

1 8a-. 

We thus get 

Ajit = / S, (^aw'). • ( 18 ) 

1 Va 1 oa-, 


both these expressions being generalizations of the ordinary 
expression for Aj in Cartesian co-ordinates. 

Next, take a contravariant double tensor We note 

first of all that if instead the given tensor were covariant {X^^) 
or mixed {X\), we could always compound it with the a'*’s and 
so obtain an associated tensor in which both indices are indices 
of contravariance; so that the choice of a contravariant tensor 
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does not really constitute a restriction. From this tensor, taking 
the covariant derivative and applying the process of contraction, 
we get the contravariant simple system 

y* =kxt, .(19) 

1 

which, by an obvious analogy with the former case, is called the 
divergence of the given double tensor. If the process of contraction 
were applied to the first instead of to the second index, we 
should plainly get a contravariant system 

n 

in general this is distinct from the divergence Y*, coinciding with 
it only in the particular case when the given tensor X‘^ is sym¬ 
metrical. Vice versa, if is the system recij)rocal to Z'*' (the 
indices corresponding in the order written), we see at once from 
the rules in § 5 that the system 

Y, 

1 

is merely the covariant system reciprocal to (19). Returning 
to (19), it should be added that the expression on the right 
cannot in general be transformed (as was done for the ordinary 
divergence (17)) into an expression which is convenient for 
actual calculations. In the case of an antisymmetrical tensor 
(X'^' + X'" 0), however, the analogy in this respect is per¬ 

fect. In fact, if we substitute in (19) the values of given 
by (9'), the second term on the right vanishes from the anti¬ 
symmetry of the Z’s, while the other two give 

It pj vik n 

s. . - +X.„\fh,h)X'K 

1 I 

From this expression, by the same method as that just used 
to pass from (17') to (17"), we get the equation 

Y‘ = J- i 

s/a 1 *^ 3a:* 


( 19 ') 
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8 . Some laws of transformation, e-sirstems. Vector product. 
Extension of a field. 

Consider a set of n covariant simple systems A„|, (where 
a is the ordinal number of the system and i the index of 
covariance) and the determinant of the set 

V = ||A.,J|. 

Changing the co-ordinates from the ir’s to another set of 
variables ir, the systems A„|, are transformed (in accordance 
with the law of covariance) into another set of systems A^|( 
Construct the determinant of these new quantities 

V = ||A,|J|. 

We shall show that the relation between V and V is 

V VA.(20) 

where D denotes the Jacobian determinant of the transformation, 
i.e. 

J) • • • ®n\ 

\X1f2 . . . xj’ 

which is of course not zero, it being always supposed that we are 
using a reversible transformation (§ 2, p. 3). The relation ( 20 ) 
can be verified at once if we construct the product by rows of 
the two determinants on the right, viz. 


\ 


\ 


9*2 

9*,. 

''ill 

''112 

• • ''l|n 

J^l 

9.Cj 

9*j 

^2ll 

^212 

• • ^2ln 


dxi 

9*2 

9*2 

0*2 

9*„ 

9*2 

\ll 

^|2 • 

• • 1 n 


9a^ 

^2 

9*„ 

9*„ 



( 21 ) 
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we see at once that the elements of the product determinant are 
precisely the quantities 

It is also useful to examine the behaviour of the discriminant 


of the fundamental form when we change from the variables 
X to the variables x. For this purpose, we take the trans¬ 
formation law of the coefficients a,* (§ 12, p. Sb), 

n. . ~ 7. . n . .J " ' 




putting 


~ a^; 


we can uTite this law in the form 

- - ^ I 

1 ax, 

This law, which is completely analogous to (21), enables us 
to conclude at onc(‘, from the example of the preceding case, 
that the relation between a and the determinant b of the quan¬ 
tities bji, is analogous to (20), i.c. that 

a = bD .(23) 

Further, as (22) is of the same type as (21), the determinant 
b will be connected with a by the relation 


which, combined with (23). gives us the required relation between 
a and a, namely, 

a aD\ .(24) 


It follows from (20) and (24) that the ratio —is an absolute 
invariant, i.e. that 

^ ^ 

n/o >/ a 

Strictly speaking, this equality holds except for sign; but if 
we agree to change the sign of the radical when a transformation 
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is made for which D is negative, it hohis in sign as well as in 
numerical value. 

The remark just made leads us to define a particularly useful 
tensor whose elements can be expressed in a very simple form. 

In fact, we note that the quantity ^ , which we have just 

V a 

seen to be invariant, is merely a multilinear form in the n sets 
of variables this is seen at once by expanding the deter¬ 
minant V in the usual way, as the sum of products of its elements 
» at a time, wliere no product contains two elements from the 
same row or column, and with the usual rule as to sign. We 
may write the result in the form 


_ 1 C. 


.,.± . . . A„ 


(25) 


where the symbol S denotes the sura of all the possible pro¬ 
ducts, subject to the conventions stated ns to their stnicture 
and sign. Since this form is invariant, its coefficients constitute 
a contra variant system. If we put for the coefficient of 

the product . . . A„|,„, we see at once that we have: 

g»i< 2 . *’> — 0 if at least two of the indices \ are 

equal; 

— /-if these indices are all different and con- 
V a 

stitute a permutation of even order with respect to the 
fundamental permutation 1 , 2 , ... n; 

gi, ij.. 'H _ _ f jjjg indices are all different and constitute 

va 

a permutation of odd order. 

Hence it follows that the system of order n whose elements 

are 0 , respectively according to the rules just stated, 

V Cl va 

is contravariant', we shall call it the cordra/mriant e-system. 

We can give an analogous definition of the covariant e-system 
by considering the determinant (reciprocal to V) 

v = iia:)| 
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constructed from the reciprocal elements of the systems A„|, in 
the determinant V; these elements, as we know from Chapter 
IV, p. 74, constitute a set of n contravariant simple systems. By 
a well-known tlieorem, which can at once be verified, we have 

VA I; 

hence the quantity n/o A (the reciprocal of \ will be invariant. 
Expanding the determinant A, this can be written in the form 
Si, , ± ■ ■ ■ A,'", 

where the symbol S as before denotes the sum for all per¬ 
mutations of the indices i. 

It follows that the system whose elements are zero 

if the indices i, . . . i,, are not all difierent, and are equal to 
Va or — N^a if the indices are all different according as the per¬ 
mutation ii i-i . . , i„ is of even or odd order, is c/wariant. 

The use of the same letter e for both is justified by the fact 
that this covariant system is the reciprocal of the former system. 
This state-raent can easily be verified by the reader.^ 

By means of the e-systems, when « — 1 vectors (a = 1, 
2, ... H — I) are given, we can deduce from them (by invariant 
processes) an «th vector w, which is called their verlor product, 
as in three-dimensional Euclidean space it is identical with the 
ordinary vector product. If v'^ and (f — 1 , 2, . . . n) denote 
the contravariant and covariant components of the n — 1 given 
vectors, the formulse 


w, = 

11 

i. . . 

1 

. IB-I l, <2 . 

■ <«-I % ^2 ■ • • n-l> 


71 



tn’ = 

^*1 fs ' ' 

i t, <2 . . 

«l|,, '^214 ••• 


define two recijuocal systems, as can easily be verified; hence 
either separately defines the same vector, which we call w. 
When w = 3 and the sj)ace is Euclidean the components of w 
do in fact reduce to those of the ordinary vector product. 

' For this and other |iroi>erties of the e-ByRtem-s, cf. an interesting note hy 
Ltpka: **Sui aistemi E nel I'alt olo difltereneiale aaaohito’", in Rend, dcUa R. Acc. 
dti Lincei^ Vol. XXXI (first half-year, 1922). pp. 242-245. 
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In any case it follows from the preceding definition of the 
components w, (or w') that w = 0 if the vectors are not all 
linearly independent, i.e. if the characteristic of the matrix com¬ 
posed of their components < n — 1; when they are independent, 
w =t= 0 and is perpendicular to every v„. The latter property 
follows from the consideration of a generic vector product w X 
Taking, say, the first group of formulse, we have 


WXT. = S,,,, 

1 1 




In-l 


c; 


which is zero from the definition of the e-system, or, in other 
words, because the sum is the expansion of a determinant with 
two rows the same. 

Lastly, we wish to introduce into the metric of a V,^ the 
notion of the extemion of a field, i.e. to define, for a given field 
of y„, a quantity V analogous to the area of a portion of a 
surface or to the volume of a three-dimensional field. Evidently 
we have a priori a free choice as to the definition of dV, jirovided 
that when n -- 2 it reduces to the expression already given 
for the element of area (formula (17), p. 99), and that when 
n = 3, in Cartesian co-ordinates, we have dV ~ dxdydz) 
further, from the geometrical meaning of the term, the e.xtension 
F of a field must be an invariant.^ All these conditions are 
satisfied if we assume 

dV = >/adxi . . . dx,„ . . . (26) 

where y/a denotes the arithmetical value of the radical, and 
therefore 

V = adx^ . . . dx„. 


We know in fact that on a change of co-ordinates the pro¬ 
duct dxy dx^ ... dx^ must be replaced by | Z) | dx^ dx^. ■ • dx,^. 
From (24), extracting the square root, and taking the absolute 
values of both sides of the equation, we get 

\>/a \ . \ D\ dxi dx^ . .. dx^ — »>/& dx^ . . . dx,^. 

\A detAiled study of the concept of extension and of its analytical cxprt'ssion has 
M^t^tly been made by O- Houikb. Of. “Dos Vnluiuen m eitier Kiemann'scheq 
ntopigfaltigkeit ”, in Mahh, Zeitsehri/t, Vol. 20 (1924), pp. 7-20, 
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But the left-hand side dx^dx^... dx„, which is there¬ 

fore invariant. 

9. Rotor of a simple tensor in three dimensions. 

We can now give a definition of the rotor (or rotation, or 
carl) of a vector X given as a function of position, which shall 
hold good both when the space considered is not Euclidean, 
and also when it is Euclidean but the co-ordinates are not Car¬ 
tesian. For any value of n, the generalisation consists in defining 
as the rotor the covariant double system 

Pu ~ ^i\l — 

which is obviously antisymmetrical, since p,, + p;, = 0 identi¬ 
cally. As we saw in § 2, the p’s can also be written as the differ- 

d X d X 

ences of the ordinary derivatives - if then we con- 

dxi ox, 

sider the X’s as coefficients of a Pfaffian 

0 - ixdx,. 

1 

it will be seen that the p’s are merely the coefficients of the 
bilinear oovariunt of this Pfaffian (cf. Chapter II, p. 20). 

To get the full analogy to the ordinary rotor, however, we 
should consider a space of only three dimensions. For n = 3, 
there are three different elements p,, = —pu, corresponding 
to the pairs of different suffixes 23, 31, 12, pairs of equal suffixes 
giving zero values of the p’s. Each of the pairs 23, 31, 12, can be 
associated with the absent suffix (1, 2, or 3 respectively), or, 
in a general formula, the index h can be associated with the 
pair of the type A -f- 1, ^ + 2, wdth the convention that suffixes 
which differ by 3 are to be considered equivalent; for instance, 
if A = 2, A -f- 2 represents the suffix 1. It is therefore easy to 
understand how when w = 3 the rotor can be represented by 
a simple instead of a double system. If, however, we were to 
put 

Pa = Pa+i,a+2> 

the simple system so defined would be neither covariant nor 
contravariant. Instead, it will be convenient to apply the term 
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rotor to a vector R whose c-ontravariant components ii* are 
defined as follows (with the help of the e-systems introduced in 
the preceding section): 

22^ ^ (A =1,2, 3). 

1 

The contra variance of 22* follows immediately from the prin¬ 
ciple of contraction. In order to see the analogy between this 
expression and the ordinary rotor, note that in the double sum 
i and I can take only the values A -f 1, 2 (since the e corre¬ 

sponding to the value h would be zero); since i and I must also 
be unequal, there are two possible cases: 

i ^ -j- 1, ( = A -(- 2, when == 

V a 

i = A 4- 2, 1 = A -j- 1, when s'"' = — 1 . 

V a 

Hence this sum will have only two terms, and 22* can be 
written in the following form: 

—7= (-^A+eiA+i ~ -^/i+ilA+a) 
s/a 

1 • 

3x, 

the latter being convenient for actual calculations. In Cartesian 
co-ordinates o = 1, and we get the ordinary expres.sion for the 
components of a rotor (it being supposed that x^, x^, x^ corre¬ 
spond in order with x, y, z). 

10. Sections ol a manifold. Geodesic manifolds. 

We know that in ordinary space 1S3 if we are given two direc¬ 
tions X, |i starting from the same jiomt P and defined by their 
cosines A’, p,* {i — 1, 2, 3), every other direction \ through 
P whose cosines are linear combinations of those of X and p., 
i.e. I* = pA' 4- ap.', lies in the plane determined by X and p,. 

The coefficients p and <t are of course not independent, as the 
^’b must satisfy a quadratic identity; we have in fact 

A 

p® -f- (7* 4- 2pa cosXp. = 1, 


P* = 
or P* = 
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Tlie directions ^ so defined are therefore simply infinite in 
number, and their aggregate is called a section. 

All this can easily be extended to a generic F„, in which 
m directions X„ (a = 1, 2, ... m) are given. 

Take m multipliers for the moment arbitrary, and con¬ 
sider the directions ^ whose parameters are 

1/1 

= .(27) 

and consequently whose moments are 

tn 

= .(27') 

1 

In order that these expressions may effectively represent 
parameters and moments rcsf>ectively, it is necessary and suffi¬ 
cient that they should satisfy the relation 

- 1 , 

1 

in n 

that is to say, A:, A; ,, -- 1, 

I I 

A 

or, denoting the angle between the direction and \ by aj3, 

m A 

Pp = 1.(28) 

1 

Now suppose that the p's are connected by this relation but 
arc otherwise arbitrary. We then see that (27) (or (27')) defines 
an aggregate of ao'"”‘ directions (this being the number of arbi¬ 
trary parameters), including in particular the m given directions; 
this aggregate is called a section. 

A section G being defined in this way by means of m of its 
directions X„, take in it any m directions X'„ whatever (a = 1, 
2, . . . m). It is almost obvious that the section G' determined 
by these directions is again G itself. 

This can of course be verified algebraically. In fact, if a 
direction ^ belongs to G', this is equivalent to saying that its 
parameters are linear combinations of the parameters A„’, and 
therefore also of the parameters A^; i.e. the direction f also belongs 
to 0; and vice versa. 
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We saw ii) Chaptei V,p. 130, that a geodesic is uniquely deter¬ 
mined if its starting-point and direction are given. Now let us 
fix a point P in a F„, and draw from it two dnections X, fi; 
these will determine a section of oo^ directions drawn from P. 
Consider the oo^ geodesics drawn from P in all these directions: 
they constitute a surface (oo® points) which is called a geodesic 
surface with pole P. 

A geodesic surface is therefore determined by a point and 
two directions. 

A similar definition can be given of an w-dimensional geodesic 
manifold. Take a point in V,„ and m directions drawn from it, 
which will define a section of oo”*"* directions, and construct the 
geodesic corresponding to each of these directions. Since each 
geodesic contains oo^ points, the aggregate of all of them will 
contain oo points; i.e. it will constitute a manifold F,„, which 
we shall call a geodesic mamfoM. 

Particularly unportant cases are the geodesic surfaces (m ~ 2), 
and the geodesic hypersuifaces {m — n — 1) determined by n — 1 
directions drawm from a point; we shall use these in the following 
section. 

11. Locally geodesic (or locally Cartesian) co-ordinates. 

In general, a system of co-ordinates in which ds- is repre¬ 
sented by a form with constant coefficients is called ("artesian. 
It is not always possible to choose co-ordinates of this kind in a 
given F„; it is however always possible to find a system of 
co-ordinates which behave like Cartesians in the immediate mcinity 
of a point P assigned beforehand, or, more precisely, which are such 
that the derivatives of the coefiicients of ds^ (which would vanish 
i lentically if the co-ordmates were Cartesian) all vanish at the 
,jjmt P. Such co-ordinates are called locally geodesic, or lornlly 
Cartesian, co-ordinates. 

Their interest from the point of view of parallelism, or more 
generally of elementary equipollent displacement, appears plainly 
from equations (52) and (52') of Chapter V, pp. 138, 139, which 
define the increments of the contravariant and oovariant com¬ 
ponents respectively. It follows from these equations that when 
the system of reference is geodesic at P, these increments, in 
paissing to any very neat point, ate zero, precisely as ate those 
of the ordinary Cartesian components in Euclidean spaces. 
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Now take a F,,, and in it any system of co-ordinates x; we 
propose to introduce—if this is possible—a new set of vari¬ 
ables 

*2. • • • ®») = 1, 2, . . . w) . (29) 

such that the j’s are geodesic co-ordinates at P, or in other words, 
putting for the coefficients of di>^ in the new variables, such 
that 

(g®|) - 0 (L fc, Z - 1, 2, . . . n), . (30) 

where the use of the suffix P denotes that after differentiation 
the x’s are to be replaced by the co-ordinates x,, of P. Remember¬ 
ing the definition of ChristofEel’s symbols (Chapter V, pp. 109, 
110), we see tliat (30) is equivalent to the condition that these 
s}-mbol8 themselves arc all zero at P, i.e. that 

= 0 (J. U = 1, 2, . . . n). . (30') 

The following analysis shows the possibility of finding a 
set of fiuictions f^ to define a transformation of this kind. 

The condition (30) consists of n'^n{n+ 1) equations con¬ 
taining the first and second derivatives of the /’s (since o,,, by 
the law of covariance, can be expressed in terms of the a,/s 
and the first derivatives of the/’s). Now the number of first 
derivatives is and that of second derivatives is «’|n(n4- 1), 
so that the number of both together is greater than the number 
of equations. Since, as W’e shall see, the equations are not 
algebraically inconsistent, it follows that we can solve the 
equations (30) for the values at P of the first and second 
derivatives of the /’s, or rather for some of them, the others 
remaining arbitrary; further, the behaviour of the functions 
at points other than P is a matter of indifference. Thus 
the choice of the /’s can be made with a wide degree of 
arbitrariness. 

To avoid, however, the direct discussion of the equations (30), 
we shall start from the ideas contained in § 26 of Chapter V, 
p. 138. We saw there that the expressions 

n 


t' = -f Sj, \jl, i} f dXi 
1 
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constitute a contravariant simple tensor, the vector ^ and there¬ 
fore its contravariant components and also the differentials 
dxi, being all arbitrary. This holds in particular for the 
hypothesis = da:., i.e. when we suppose 

r'= +i] dxjdxi. . . . (31) 

I 


If on changing the variables we have at a special point P 



If we suppose (as we are always free to do, by making a 
preliminary change of vanables from r, to a-, -f a constant) 
that the x’s vamsh at P, the equations (32) are satisfied jiro- 
vided the formulie of transformation (29) are of the type 

= a;. + x^, . . . x„), . . (29') 


where denotes a function of the x'a which is regular at P, 
and whose expansion in a aeries of powers of the x’s begins with 
terms of at least the second degree, e.g. a polynomial of the 
second degree in the x’s. In fact, if these conditions are ful¬ 
filled, all the first derivatives of the (ft'a vanish at P. The second 


derivatives — are identical with the second derivatives 

oXjdxi 

- - , and give the terms of the second degree (by Maclaurin’s 

dXjOXi 

theorem) on the right-hand side of the equations (29'). By a 
suitable choice of the numerical values of these second derivatives 


at P, we can make all the ChristoffeTs S 3 niibols for the variables 


X vanish, so satisfying the equations (30'), as we shall now show. 


In fact, writing out both sides of equation (33) in full by 
means of (31), and considering the I’s, in virtue of (29'), as 
independent variables (with their second differentials zero) and 
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the x’s as functions of them, we can write (33) in the form 

<1 _ n 

ih i^k = S. { jl, i ) dx dXf 

1 1 

Equating the coefhcients of dXj dxi on both sides and remem¬ 
bering (32) we get 

. . (34) 

\ox^dxJj. 

from which it appears that we need only take 

■= i)p (J> i 1 . 2 , . . . n) 

dxjdxi 

at P in order to have 

{ir ~ ^ 

for every possible set of values ofj, I, i. Q.E.D.^ 


■ I’nif. Funtii liax rtccntly oatablialied an uniwtant extension of this result by 
showing that, given any curve whatever, it is also possible to choose co-ordinates 
which are locally geodesic at every point of the curve. Uf. his notes “Sopra 
i fenomeni che avvengono in [iro-s-Himita di nna linea oraria” in Rend, della R. Aec, 
did IJneei, Vol. XXXI (first half-year, pp. 21-2S, li\-C>2. Fermi’s result 

can lie (juiokly justified as follows, by calculating the number of available unknowns 
and of condition.s to he satisfied. 

Take the equations of the curve L in the form 

= xd-Ta) (i = 1, 2, . . , n - 1), 

as we may always do by^ conaalering a suitably limited segment. Note first that 
if the values cj, of a generic function ifr,, x„) and of its partial derivatives 

with respect to x,, Xj, . . . x„_i are known at all points of the curve, then the values 

of also are determined at all points of the curve. This is obvious if we take 

the identity c(Xi, x,, • • • ^n) = ttlirn) which holds at all points of L, and dif¬ 
ferentiate it, so getting 

0; _ rfej, _ 0z dxi 
0x„ tfx„ , ‘ a.K. (/*„■ 


Now suppose that we make a change of vaiiables of the general type (29), and 
that We wish to determine, if {Xissihle, the n function.s /,(Xi, x* . . . x„) so as to 

make every = 0 along L. As has already been noted in dealing with a single 
jHiint P, we thus get «• Jn(n-)-1) conditions involving the first and second deriva¬ 
tives of the fa. Now the number of first derivatives is nP, and that of the 
SYi 

second derivatives is n-Jn(«+1); but from the preceding remark, the »•' 

of the latter, which are of the type {i, k = 1, 2,.. . n), can be expressed 

ox,i oxh 
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It is not inapposite to give a geometrical interpretation of 
the conditions imposed on the co-ordinates x in order that (30') 
may be satisfied, or, in other words, in order that they may be 
geodesic at P. These conditions may be put in the following 
form: 

(а) The n co-ordinate hypersurfaces passing through P must 
behave as geodesic hypersurfaces with respect to points infinitely 
near P (or, in particular, must be geodesic everywhere). 

(б) If through a point P', infinitely near to P and on one of 
the n co-ordinate lines through P—say that along wfiich r, 
alone varies—we construct the direction parallel to another of 
the co-ordinate lines, this parallel must belong to the co-ordinate 
surface r, — constant which passes through P'. 

(c) When the co-ordinate hypersurfaces are fixed in accordance 
with the foregoing conditions (which, as is geometrically obvious, 
is always possible), the numbering of these surfaces (i.e. the way 
in which they are associated with the values of the parameters 
X,, Xj. • • • ®,i) must be carried out so as to satisfy certain mimeiical 
conditions which we shall subsequently specify, and which, as 
we shall see, can always be satisfied. 

That (a) and (b) are consequences of (30') follows immediately 
from the equations of parallelism and of geodesics, llecipro- 
cally, we shall show that a system of co-ordinates which satisfies 
the conditions (a), (6), (c) is geodesic at P. 

We shall begin by expressing the condition (a) analytically. 
Take a direction with parametere dx^, drawn from P and lying 
in the hypersurface x, — constant (so that dx, == 0). We have 
to express the fact that the geodesic in this direction behaves at 

at points of L in terras of the others and of the fiist derivatives. There remain 
altogether, inclnding Ixith first and second derivatives, -t- jn-Jn(n-l-l) — 

= n*4n(n -h 1) unknown functions of u> deterrmne liy moans of the same 

number of eijnations = 0. These last equations, a-s can at once lie sten, 
3*1 

oontain the second denvatives ^ —(A, A < n) m finite terms (in fact linearly), 

ox^ dxk . df, 

while the unknown values of the first derivatives ^ appear togethei with the 

d> Bfs 

terms j^. In any case we have a system of as many equations ns there are 
dxn oxt 

unknown functions of alone to determine. When the values of these denva- 
tivee are known on L, we can determine, with a wide degree of arbitranness, func¬ 
tions /, which admit of these values. This can he seen by taking ii Taylor expan¬ 
sion of the /'s as a function of the » — 1 arguments *, - c” a:, — icj,... — *m-i* 

where the quantities if (t = 1, 2.... n — 1) are the values of the Xi's on L, i.e. of 
the functions wteoh define this curve. 
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P as if it lay on this hypersurface, i.e. that vanishes along 
this geodesic. It follows that dx^ = d^x^ — 0, and therefore, 
from the equation of geodesics, 

n 

= 0 - 
1 

Of the terms in this sum, those in which either or I, or 
both, are equal to i vanish, since dx, = 0; the other dx's being 
arbitrary, the necessary condition for the vanishing of the other 
terms is that 

= 0 . ^ + ^)- 

We thus see the analytical meaning of condition (a). 

Next consider (b). We shall take P' on the line so that, if 
dx represents the increments of the co-ordinates from P to P', 
we shall have dXi = 0 for every value of I other than i. Let 
A denote the direction of the co-ordinate line j at P, so that 
A' — 0 for every k other than j, and let X undergo a parallel 
displacement from P to P'. Applying the usual formula and 
remembering that dx, and A-' are the only components which are 

not zero, we get _ 

dX ^ — {p. *)/-A^da:,. 

In order that the direction A' = A + dA may lie on the 
hyjiersurface x, -- constant, we must have A'* = 0, or (since, 
as we noted, A' 0 if t 4 = j) dX ~ 0 if i =# y, so that we must 
have 

1 ji «) /> = 0 (i + j)- 

This is the analytical expression of condition (6). We must 
now use the third condition in order to show that the symbols 
with three equal indices vanish; we shall thus have exhausted 
all the types of Chtistoffel’s symbols. 

Suppose that the co-ordinates x .satisfy the foregoing condi¬ 
tions. Apply a transformation which leaves the co-ordinate 
surfaces unchanged; this can be done by putting x, ~ 

(i.e. every x is a function of a single x), or, which is the same 
thing, 


dx, = X^ (x,) dx^, 
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where denotes the derivative of / with respect to its 
argument. 

We shall now calculate the explicit expression of the symbols 
which we intend shall vanish. We have 


[n, {\ 


n 


1 


or, remembering that all the symbols are already zero except 
those with three equal indices, 

[ii, i] a„{u, i). 


Substituting on the left-hand side the expression which defines 
the symbol of the first kind, we get 




Hence the condition 


[ii, = 0 
is equivalent to 



(i 1, 2, ... n) 

{i = 1, 2, . . . n). 


Now from the law of covariance we have 


and therefore 


“ dx 9 xa „ „ 

1 ^x^ 


9x, 


3 a, 
dx. 


“Z?+2a„ X,Xl 


In order that the required condition may be satisfied, the 
fimctions X therefore need only satisfy, at P, the n numerical 
conditions 


dx. 


Xt + 2a„X,X: = 0 ; 


othi^ise they may be completely arbitrary. 

' We thus see how to determine a system of co-ordinates it 
, which shall be locally geodesic at P, 
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12. Seveti’s theoiem. 

The possibility of choosing co-ordinates which are locally 
Ckrtesian at a given point enables us to simplify the proof of 
some geometrical properties which hold in the neighbourhood of 
a point. As an example we shall prove, without any calculation, 
a remarkable theorem due to Professor Severi.^ 

In a given consider two infinitely near points, P and Pv 
and a direction u drawn from P. This direction, and the direc¬ 
tion PPj determine a section of V,„ and therefore a geodesic 
surface Fj which passes through P and P^ and contains u. 

We can now give u a parallel displacement, from P to Pj, 
in two ways; 

(1) by considering u as a direction in F,,, and therefore using 
the metric of this variety; this will give a direction Uj, which 
we shall call the atnbiental parallel; 

(2) by considering u as a smiace direction, belonging to the 
geodesic surface just defined, and using the metric of 
this will give a direction uj. 

Seven’s theorem is that % and Uj are identical. 

We shall examine first the case in which F„ is Euclidean. 
In this case the geodesics are straight lines (since, with a system 
of Cartesian co-ordinates y, ChrLstoffeFs symbols are zero and 
the equations of the geodesics become d^y, == 0 (f — 1, 2, ... n)) 
and the geodesic surfaces are planes; Seven’s theorem becomes 
an immediate consequence of the ordinary theory of parallelism 
in Euclidean spaces. 

Next, if F„ is not Euclidean, we note that in the definitions 
of the ambiental parallel Uj, the geodejiic surface V^, and the 
parallel n,* relative to Fg, the only metrical elements used are 
Christoffel’s symbols lor the F„; since all these can be made 
to vanish by a suitable choice of co-ordinates, the two methods 
of displacement are applied exactly as if F„ were Euclidean, and 
therefore le.ad to the same result. 

'“Sulla curvatura delle superficie e varietA” in Rm(^. dd Ctrcdo Mat. d% 
Palermo^ Vol. XLII, 1017, pp. 227 259. Cf. t‘Bpecially § 11. 
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CHAPTER VII 

RiEMANTf’s Symbols and Propebties relating to Curvature; 

Ricci’s and Einstein’s Symbols; Geodesic Deviation 

1. Cyclic displacement and the relations between parallelism 
and corvature. 

Schouten,^ by his vector methods, and independently of him 
P4rfes,® by ordinary calculus methods, have demonstrated the 
great importance, for determining the geometrical properties of 
a of the displacement of a direction round a closed circuit; 
in particular the importance of infinitesimal circuits in investi¬ 
gating local properties at a generic point P. 

Consider a generic direction (a unit vector) u drawn from P, 
and give it a parallel displacement round a closed curve T of 
infinitesimal length so that it comes back again to P\ after the 
displacement we shall have a direction Uj, also drawn from P, 
but not in general coinciding with u. The change in the contra- 
variant components «*■ due to the displacement round the circuit 
will in general depend on the area of the circuit, on its configura¬ 
tion (i.e. on the orientation in V„ of the element of surface on 
which the circuit Ls drawn), and on the metrical properties of the 
V,^ at P. The influence of the last-named properties is exerted 
through the first and second derivatives of the afi&\ these 
derivatives occur in certain characteristic groups which are 
called Riemann’s symbols, and which are composed of ChristofEel’s 
symbols and their first derivatives. In the particular case of a 
surface, these expressions reduce to one, which is that known 
in geometry as the (Gaussian) curvature of the surface; for any 
F„ the consideration of Riemann’s symbols provides a convenient 
way of extending the notion of curvature. 

In this chapter we shall first consider displacement round a 
particular form of infinitesimal circuit, namely, an elementary 
parallelogram. We shall then discuss some of the properties of 
Riemann’s symbols, which occur in the investigation of the 

^“Die direkte Analysis zur neueren Bolstivitfctstheorio”, in Verh. der Kon, 
Ah, van Wet. te Amtterdam, Deel 12, Na 6, 1919. C£. also the same writer’s Der 
Sieei^XaUcUl (Berlin, Springer, 1921), 11, §§ 12-16. 

* “ Le parallffisme de M. Levi-Oivita et la courburo nemannienne ”, in Bend, 
dtUa R. Aoe. del Lineei, (5), Tol. XXVII (first half-year, 1919), pp. 425-42S. 
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displacement, and shall use these properties to obtain the formula 
for changing the order of two successive covariant difEerentiations, 
by determining the difEerence between the derivatives. Lastly, 
we shall return to the question of displacement round any circuit 
whatever, and shall deduce from it the notion of curvature, 
first for a surface, then for any whatever. 

2. Cyclic displacement round an elementary parallelogram. 

Let two elementary vectors, SP, 8 'P, be drawn from a generic 
point P of a F„. We shall interpret the first as an elementary 
displacement PP^, and give the vector S'P a parallel displace¬ 
ment along it; let Q be the position of the extremity of S'P after 
this displacement. If we apply the same process to 8 P, and give 
it a parallel displacement along the path PP,, we reach the same 
point Q (as we have already .shown in Chapter V, p. IIC), even if 
we retain terms of the type 8 S'P, 8 'SP, while neglecting terms 
of the second order in 8 P and S'P. We can therefore, in any V„, 
consider an elementary parallelogram PP^QP^. 

We shall adopt the obvious convention of representing by 
hq the change in any quantity q (scalar or vector) in passing 
from P to P] and by h'q the analogous change in passing from 
P to Pg. For a vector, we shall calculate these changes by the 
formulas of parallelism. 

Now let be the change in q on passing from P to Q 
along the path PP^Q, and D^q the^analogous change on passing 
along the other pair of sides PP^Q which with the first pair 
make up the circuit. 

It will be seen at once that (neglecting second order terms as 
explained above) the total change Aq on going round the entire 
circuit in the sense PP^QPJP is Djg — D^q. We shall first 
examine D^q. 

The cliange denoted by 8 corresponds to the displacement 

along PPi. hence, if the value of our quantity was q at P, its 

value at P, will be , ~ 

1 ? + 8? = ?i. 

The displacement along PjQ changes into -f 8 '^^, so 
that at Q we shall have the quantity 

gr -f 8? -f 8'(g -f 8q) 

= ? + S? + S'? + S '85 
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D^q = S'q + S'Sq. 

As D^q, by its definition, differs from Djq only by interchang¬ 
ing Pi and Pj, and therefore S and S', we get 

— S'? + + SS'?. 

It foUows that the change caused by the displacement round 
the circuit is _ gg,^^. 


Wo must now find an explicit form for this expression, sup¬ 
posing that the quantity gi is a vector u, and calculating the 
increments S and S' by the formulae of parallelism. By these 
formulai, the changes 8u' of the contravariant components will 
be given by the Pfaffian (p. 138, equation (52) ) 

Su' - — r} m'Sx/,, . . . (2) 

I 

while the changes S'u’ will be given by the same Pfaffian relative 
to the increments S'x^. From (1) we see that we have to calculate 
the bilinear covariant (cf. p. 20, § 4) of this Pfaffian. 
Differentiating (2) with the symbol S' we get 

8' r} u' SXfe — th, r } S'u' Sx^, 

1 1 

- rju'S'Sx*. 

1 

To expand the first sum, we note that the expressions [ih, r} 
are functions of the x’s, and therefore 

8'{iAr} -- iil-{ih,T)8'xi. 

1 0 tCjg 

The second, on substituting for 8'w* the expression analogous 
to (2), becomes 

SiAH r}{Jd,i)vf 8'xi 8x,„ 

1 

or, interchanging i and I in order to get the factor u* here too, 

S.Aii {1ft, r] [ki, 1} 8\ Sx*. 

1 
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We have, therefore, taking out the factors u’ 8x|^ 8'x^ in the first 
two sums, 

8'Su' = - - {ih, r] - S, [Ih, r] {ki, ijlu' 8x, 8'x, 

1 ^ 

7t 




The expression for SSV can be obtained from this by inter¬ 
changing 8 and 8'; in the first sum we shall also interchange 
h and k, giving 

8S'm'' r/ { 'Ik, r} - i { Ik, r) [hi, l)^u' 8'x, 8x, 

1 \JXi, 1 J 

— 2,/, {ih, r) m' fiS'a:,,. 

1 


In taking the difference S'Su'' — 88'i/ the third sum cancels 
out, because 88'X/^ ■-= 8'8x,, (cf. pp. 18, 19, § 4), and there remain 
the terms involving the indices i, h, k, in which u' 8x,, 8'xi. can be 
taken out as a common factor. If we introduce Riemann’s symbols 
of the second kind, 


-it[{lh,r]{'ik,l\-{lk,r][i}i,l\]^ 


{i,r,h,k^\,2,...n), (3) 


we shall therefore have 

Aw’- = (S'S - SS')m’' = - hk)u' 8x, 8'%. . (4) 

1 

This formula shows that the required increment Au depends 
on the vector u, on the two vectors 8P, 8'P which define the 
parallelogram, and lastly, on the metric of the manifold, through 
the quantities [ir, hk}. From (4) it follows as a particular case 
that for Euclidean spaces Riemann’s symbols as just defined are 
all zero, whatever may be the co-ordinates x chosen for reference. 
In fact, for such a manifold, we have Am’’ — 0 {r — 1 , 2, . . . «), 
since any vector resumes its original value after parallel dis¬ 
placement round any closed circuit whatever. Hence the right- 
hand side of (4) vanishes for every r, and for any value of the 
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vector a and of the displacements SP, S'P, i.e. for any values of 
the arguments u\ 8x^, S'x/,. The coefficients |ir, hk] must there¬ 
fore vanish separately. 

It will be useful to point out at once the following two pro¬ 
perties of the operator A: 

(а) When apphed to a product, it behaves like a symbol of 
ordinary difEerentiation, i.e. 

A(^^) = -f 

which can be verified directly, by calculatmg first then 

8’8{{f><f>), &c., 

(б) when applied to a function of position, the result is zero 
as is obvious from the meanmg of the symbol 

If instead of the increments Am’ we wish to find those of the 
jovanant components, we can use the i elation 

n 

Uj = 2 , 0 ^, m ", 

1 

and therefore, from the properties of the operator A 

n 

= 'LrQj, Aw'’ 

1 

= Oj, {ir, hk } m’ 8x^ 8'x*. 

1 

If we introduce Rtemann's sytnboh of the first kind, 

n 

{tj,hk) - hk}, .... (5) 

1 

we can sum with respect to r, and can then write 

Am^ - (ij, hk) u' Sx/, S%, . . (4') 

I 

which is analogous to (4). 

Solving (6) we get Riemann’s symbols ot the second kind in 
terms of those of the first kind by the formula (the inverse of 

(5)) 

[ir,hk] — {ij,hk.) . . . (6') 
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S. Fondameiital properties 0 ! Biemaxm’s symbols of the 
second hind. 

As can be seen from their definition (3), Riemann’s sjniibols 
of the second kind are functions of position, depending on the 
coefficients a^, their first derivatives (contained in Christofiel’s 
symbols) and second derivatives (contained in the derivatives of 
Christoffel’s symbols). They have the following fundamental 
properties: 

(a) They are anti.symmetncal in the last two indices, i.e. 

iA}, . . . (d) 

whence in particular 

[ir, hh) — 0. 

This property follows immediately from (3). 

(h) They constitute a mixed tensor,^ contravariant with respect 
to the second index and covariant with respect to the other three, 
so that the symbol {ir, hk) could also be denoted (as is sometimes 
done) by To prove this, consider the invariant 

F = S, 

1 

where the p’s are given (but completely arbitrary) functions of 
position, so that Ap,, = 0. If we give F a displacement round 
an infinitesimal circuit, we find (remembering the behaviour of 
the operator A) 

A/’ S, (t/Apr + p, Am’’) 

1 

= 2,p,Am’'. 

1 

As is invariant, this quantity must also be so; replacing 
Am’’ in it by its expression (4), we get the quadrilinear form 

AF = {ir, hk] p, u' . . (7) 

1 

which expresses the required property of the Riemann’s symbols, 
since the simple systems p,., m‘, h’Xj^ are all arbitrary. 

’ Very generally, especially in works on the Theory of Relativity, called the 
Rmtimn-ChrutoFel ientor. 

(D6G6) 


7 
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We can use the tensoi character of Riemann’s symbols to 
obtain a second proof of the fact that Riemann’s symbols are 
all zero for a Euclidean y„ (the first proof is an immediate con¬ 
sequence of (4), as was shown in the preceding section). In fact, 
the definition (3) shows at once that they vanish in Cartesian 
co-ordinates, and in consequence they vanish in any other system 
of co-ordinates. 

(c) They have an important cyclic property with respect to 
the three indices of covariance, namely, 

{ir, 4- {hr,lci\ + {It, fA) =■- 0 . . . (8) 

To prove this, we again take F and formula (7), but we suppose 
that in them the p’s are derivatives of an invariant function / 
of position (whose numerical values are otherwise arbitrary), 
and we also take as vector n an infinitesimal displacement with 
components u' ~ dx^, which is also arbitrary. With this choice 
F becomes 

F = dx, = df, 

1 VXf 

and (7) becomes 

(S'S - 88') df = hk) p, dx, 8x,, 8'x,. . (9) 

Interchanging cyclically the three infinitesimal vectors denoted 
by the operators d, 8, 8', we get the other two formulae; 

(dS' — 8'd) 8/ = —{ ir, hk ! p, Sx, 8'x,. dx,,, (9') 

1 

(U - d8) 8'f = hkp^ 8'x. dx, 8x,. (9”) 

1 

Now on the right-hand side of these last two formulae we can 
arrange to have the product dx, 8x^ 8'a;^, in the general term, 
merely by a suitable interchange of the indices of summation. 
We can then add (9), (9'), and (9"); the left-hand side gives 0, 
since the terms cancel out in pairs (e.g. 8'8df— 8’d8f — 8'{8df 
■— d8f) = 0, since / is a function of position); and we get 

n 

0 = hk] + [hr,U\ + (It, iA}] j?,,dx.8%S'x*. 

1 

As p,, dx„ 8 xa, 8\ are arbitrary, (8) follows at once. 
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4. Fundamental properties and number of Biemann’s symbols 
of the first kind. 

Riemann’s symbols of the first kind, as defined by (5) (i.e. 
the quantities obtained by compoimding the quadruple system 
of the symbols of the second kind with the system of coefficients 
aj,) have the following properties; 

{a) They are covariant with respect to all four indices, so that 
they may be denoted, as is often done, by this follows 

from the definition, in consequence of the law of contraction. 

The remark that a Euclidean T,, has all its Riemann’s symbols 
zero is true here too, whatever may be the system of reference. 

(6) They are antisymmetrical with respect to each pair of indices, 
so that we have identically 

{if -{if ^^0. .... (10) 

{ij, hk) - hlc) .(11) 

The identity (10) follows at once from (5), and from the 
analogous property of the symbols of the second kind. To prove 
(11) we shall follow a method analogous to that used in § 3 (6), 
taking as invariant the scalar product of two arbitrary vectors 

a. V. 

F = 'ZjVjU'. 

1 

Applying the operator A and remembering that in a parallel 
displacement the scalar product does not change (so that AjF — 0) 
we get 

0 ~ Am^ + An^. . . . (12) 

1 1 

The expression for An-' is given by (4), by writings in it instead 
of r; that for Ac^ is given by (4'). Substituting, we get 

0 = ZjM Vj { ij, hk) m‘ hxk S'jjt + {if Sa:* S'x*. (12') 

1 1 

In the first s um we express n, in terms of the contravariant 
components v,, and then, remembering (5), we sum with respect 
toy; we get successively 

7t n 

\if hk } M* Sx^ 8'x^ = (w, M) M* Sx,, 8'x^; 

1 1 

lastly, changing the indices i and r into j and i respectively (to 
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get the term in the same form as the second part of (12')), we 
get „ 

hk)u^Sx^S'x,,. 

1 

We can now return to (12'), and taking out the common 
factor u* we get 

0 = [(jt> hk) + {ij, Al-)] M-' h'x^\ (13) 

1 

from this, since u\ v\ hx,^, h'x^ are arbitrary, we get formula 

(H). 

(c) Riemann’s symbols of the first kind have also a cycho 
'property analogous to that of the symbols of the second kind 
and immediately deducible from the latter, namely, 

{ij, hk) + {hj, ki) + {kj, ih) -= 0, . . (14) 

where the second index remains fixed and the other three are 
permuted cyclically. This formula follows directly from (8), 
on multiplying by and summing with respect to r. 

As each of the terms in this sum is antisymmetrical, we can 
at once obtain from (14) a similar identity 

(y, hk) 4- {ih, kj) + {ik,jh) ^ 0, . . (14') 

in which the first index remains fixed and the other three are 
permuted cyclically. 

(d) Lastly, for the symbols of the first kind, there is a pro¬ 
perty of permiUabihty, which is a consequence of the foregoing 
properties, and according to which we can interchange the two 
pairs of indices without altering the value of the symbol; namely, 

{ij, hk) = {hk, ij) .(15) 

To prove this, take (14') and the three other identities obtained 
from it by cyclic permutation of the four indices in the order 
i,j, h, k, or 

(y , kk) -f {ih, kj) -f {ik, jh) = 0, 

(jh, ki) -f {jk, ih) -f {ji, hk) = 0, 

{hk, ij) -I- {hi,jk) -f {hj, ki) = 0, 

{ki, jh) + {kj, hi) -f {kh, ij) = 0. 
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Adding the first and fourth and subtracting the second and 
third of these identities, and using the property of antisymmetry, 
we see that the terms cancel out in pairs, except the four under¬ 
lined, which give 

2(ij, hk) — 2{hk, ij) ~ 0, 

whence the required property follows. 

We shall now calculate the number of independent Riemann's 
symbols of the first kind. A quadruple system (cf. § 2, p. 65) 
has in general n* elements, if there are n independent variables. 
The number of distinct Riemann’s symbols of each kind is 
smaller, however, as these symbols are connected by the identities 
we have just proved. We shall determine this number for the 
symbols of the first kind, dividing them into three classes, and 
counting separately those in each class, as follows: 

(1) Symbols with only two different indices: these are of the 
type {ij, ij), since the other possible arrangements are either 
reducible to this, or give zero values. Each pair of unequal 
indices i, j therefore gives a single symbol of this class, which 
thus contains 

n(n — 1). 


(2) Symbols with three different indices: these are of the type 
{ij, ih), since here too the other jKJSsible arrangements are reducible 
to this or give zero values. Every triplet of unequal indice.s will 
give three symbols of this type (since the repeated index may be 

any one of the three); since there are triplets, 

the number of distinct symbob of the class we are considering 
amounts to 


n(» — l)(n — 2) _ 


(3) Symbols with four different indices: a set of four different 
indices i, j, h, k will give the three symbob 

{ij, hk), {ih, kj), {ik, jh), 

while every other possible arrangement gives a symbol reducible 
to one of these. But these three are not independent, on account 
of the cyclic relation (14')- It follows that each of the 
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sets of four indices gives two distinct 

1 • 2 • 3 • 4 

symbols, so that the total number of these is 


w(n — 1)(« — 2)(n — 3) 
■'12 


Adding these three partial totals, and simplifying, we get 
the total number N of independent Riemann’s symbols of the 
first kind; 




n\n^ — 1) 

12 


Thus for an ordinary surface (n ~ 2) we have N — 1; 
for a three-dimensional space, N — 6", for a four-dimensional 
space, N = 20. 


5. Bianchi’g identities^ 


Bianohi’s identities are cyclic relations between the covariant 
derivatives of Riemann’s symbols of both the first and second 
kinds. They are obtained as follows: 

Take formula (3), which defines the symbol of the second 
kind jir, hlc\, and differentiate it with respect to 2 !;. We note, 
however, that on difierentiation the last part, which consists of 
terms of the second order in Christoffers symbols, gives terras 
made up of the product of one such symbol by the derivative of 
another: the essential point for us is that, with reference to a 
specified point P, by choosing co-ordinates which are geodesic 
at that point, we can make all these terms vanish. We cannot, 
however, treat the first part in the same way, as the geodesic 
co-ordinates make Christoffers symbols vanish but not their 
derivatives. We shall therefore have the formula, valid at the 
point P for co-ordinates geodesic at P, 


_a 

dxi 


{zr, hk\ 


dx^dxi 


ih, r} 


dx^dxi 




* These identities were stated without proof by Padova, on the strength of 
a verbal communication of Ricoi (cf. “Sulle deformasioni infinitesime ", in Xend. 
deOa R. Aec. dei Liwa, (4), Vol. V (first half-year, 1880), p. 176). They were then 
forgotten even by Rioci himself. Biakphi rediscovered them and pubbshed a 
proof obtained by direct calculation in 1002 {DM., (6), Vol. XI (first half-year, 
1902), pp. 8-7). 
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Write down ako the two other formulae obtained from this 
by cyclic permutation of the indices A, k, I, leaving i and r fixed; 


dx,y^' 




dx^dx^ 

dxidx,. 


{ih, r]. 


Adding the terms on the left and right of these three equations 
we get 

A{z>, hh] + ^ [ir, M} + {ir, lh\ = 0, (16) 


dxi 


CXi, 


which holds at the point P, in the particular system of co-ordinates 
chosen. Now consider the following mixed tensor of rank five 

[ir,hk), + {ir,kl),,+ {ir,lh),,, 

in which the suffixes outside the brackets denote covariant differ¬ 
entiation. This system, referred to the point P and to co¬ 
ordinates geodesic at P, is identical with the left-hand side of 
(16), since in these conditions the covariant and ordinary 
derivatives are identical; all its elements are therefore equal to 
zero, and it will therefore be identically zero whatever may be 
the system of reference (cf. Chapter IV, p. 84). We have thus 
proved the identity 

{ir, hk)i + {ir, kl}^ -f- {ir, Ik]^ — 0, . (17) 

which is a first form of the result established by Bianchi. 

For the symbols of the first kind the analogous relation is 
easily proved from the definition of these symbols given by (5). 
In fact, taking the covariant derivative of this formula, and 
using Ricci’s lemma, we find that 

n 

{ij, hk), = 2,.a^{ir, hh)i. 

1 

From this, permuting cyclically the indices h, k, I and sum¬ 
ming, we get, by (17), 

{ij, hk)i -f {ij, kl)^ -f- {ij, lh)i, = 0, . . (17') 
which is the second form of Bianchi’s identity. 
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6. Comnmtation rule tor the second covariant derivatives. 

An important application of Riemann’s symbols occurs in 
the formula which gives the relation between the two systems 

•"(i)A* S'*!*! 

obtained by double covariant differentiation from a generic 
tensor where (i) stands for the aggregate of indices of 

covariance .. t,„ and (j) for the aggregate of indices of contra- 
variance To simplify the formulse we shall consider a 

mixed double system with the remark that the procedure 
is similar if there are more indices. 

We start as usual from the bilmear form 

F= 

1 

the invariance of which determines the law of transformation 
of the 4’s; the ^'’s are the contravariant components of an 
arbitrary vector and the m^’s are the covariant components 
of another arbitrary vector u. The procedure will consist in 
calculating, in two different ways, the quantity AF correspond¬ 
ing to a cyclic displacement round an elementaiy parallelo¬ 
gram (cf. § 2), and in equating the two expressions so 
obtainerl. 

A first way of calculating A is as follows. We associate the 
increments 8, S' with two sides of the parallelogram, as in § 2, 
and use (1) Note first that from the definition of the covariant 
derivative (cf. Chapter VI, p. 146) dF is given by 

bF = 

1 

Similarly, applying the symbol S' to this expression, we 
shall get 

S'SF — Sxft 8 X/^. 

1 

From this, interchanging 8 and S', we get 
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subtracting these two equations, after interchanging the indices 
h and k in the second, we get 

A-F = . (18) 

The other method of calculating this quantity consists in 
applying the operator A directly to the expression for F. Remem¬ 
bering the fundamental properties of A (§ 2) we shall get 

AJ = r 

or, substituting for A^' and Am^ the expressions given by (4) 
and (4'), 

A/ '^i,ihk hh^ Uj Bxi, 8 x^. 

- (j>j, hk) uf Bx,, 8 X*. 

1 

In order to get the second sum in the same form as the first, 
we shall exjiress it in terms of symbols of the second kind and 
of the covariant components of n; to do this we first use the 
property of antisymmetry with respect to the first pair of indices, 
and express the u'' ’a in terms of the w/s, so that the sum becomes 

+ ^npiM (jp, 

\ 

Summing with respect to p, and using (S'), we get 

hh] i‘UiBxf,B'x,. 

1 

Now, in order to reconstruct the second expression for AF 
in a suitable form, we shall first interchange some indices, so 
as to be able to take out the factor ^* Uj 8x^, S'x/, which occurs 
in (18), We must interchange I and i in the first sum, and I and 
j in the (modified) second; we shall then get, collecting both sums 
under a single summation sign, 

AF - r Ai{il, hk} - A[ {Ij, fu,8x,8'x,. 

1 L J ,j ^ 


(D 655) 
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Comparing this expression with (18), and remembering that 
u, the Saj’s, and the S'a;’s are arbitrary, we get the commutation 
formula 

= -f' [^; (A «! - »)]• ( 16 ) 


If the system from which we start has m indices of covariance 
and n of contravariance, we must consider m vectors deter¬ 
mined by their contravariant components, and p vectors u, deter¬ 
mined by their covariant components; by an analogous process 
we shall find 


M _ _y fy aO) 

7Lj'‘ n-- ir-liir+l 







( 20 ) 


7. Cyclic displacement round any infinitesimal circuit. 

We now return to the order of ideas interrupted at § 2. Given 
a direction u at a point P, we shall give u a parallel displacement 
(in F„) round a closed curve T, infinitesimal, but of any shape 
whatever, and of course passing through P; we propose to 
calculate the change Du’’ in a generic parameter of u caused 
by the cyclic displacement. The formula we shall find will he 
merely a generalization of (4), and must reduce to (4) 
if as a particular case we take for T an infinitesimal parallelo¬ 
gram. 

For an elementary displacement dx/, we know that the change 
in u' is 

n 

<£«’■ = — {ih, r]u^dx^, 

1 

80 that it has the form of a Pfaffian 

.... ( 21 ) 

1 

in which the X’s are functions of poMtion (since they contain 
Chrifltofiel’s symbols) and of the u”b which are defined along 
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^ curve T by the equations of parallelism du^ = We have 
to calculate the integral 

Du = J =: j . . ( 22 ) 

J T J T 1 

where we use the operator D to indicate the increment resulting 
from displacement right round the circuit. We shall now con¬ 
sider any surface a containing the curve T, and we shall call 
r the region of this surface which is within T, and is such that 
T constitutes its complete boundary. We propose to transform 
the integral round the circuit T, which occurs in ( 22 ), into an 
integral over the surface F. To do this, we shall first introduce 
a system of co-ordinates and on the surface in question, 
defining them by the parametric equations 

x, - a-, (f;i, q^) (i = 1, 2, . . . n). 

The dx’s will consequently be linear functions of dq^ and 
dq 2 , substituting their expressions in the Pfaffian (21), this will 
take the form 

duf Qidqi+ Qzdq., • • (21') 

where the quantities and Q^, like the .X’s, are defined along 
the curve T. The integral to be calculated will thus be 

Du’- ! {Q,dqi+ ■ ■ ( 22 ') 

• T 

We shall suppose the curvilinear co-ordinates q^, q^ so chosen 
that the sense of integration round T is the same as that deter¬ 
mined on r (at a generic point) by the rotation (through the 
angle less than IdO”) from the positive direction of the line q^ 
(i.e. in the sense of q^ increasing) to the positive direction of 
the line 52 . 

The transformation of the line integral (22') into a surface 
integral taken over F could be effected at once if the ^’s were 
defined as functions of position in the interior of F as well as on 
its boundary. But instead of this they contain the u’^’s, which 
are given at P, and at points on T have values resulting from 
the parallel displacement along T itself, but are not defined for 
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a point M within F, their values at M depending on the path 
followed in the parallel displacement of u from P to ilf. We 
shall, however, show that if F is infinitesimal the influence of the 
path of displacement on the values of the m’'’s at Af is negligible, 
and therefore we may consider the u’ ’s, and in consequence the 
X'r or the ^’s, as functions of j)osition over the whole area F, 
which will enable us to make the required transformation of 
{22').i 

We shall make some preliminary remarks on orders of magni¬ 
tude, using for this purpose the general existence theorem for 
integrals of systems of ordinary difierential equations. Such a 
system is constituted by the equations 

du' — tfir (r = 1, 2, . . . n), 

which define the functions u’, along a generic line T, start¬ 
ing from a given set of initial values at P (cf. Chapter 11, 
p. 23). 

Now the existence theorem a.ssures us that in general (i.e. 
when certain not very restrictive conditions of continuity 
and differentiability are satisfit'd) the initial values define the 
integrals uniquely, and these integrals and their derivatives 
are continuous functions for value.s of the independent variable 
within an interval which is not shorter than some assignable 
quantity. 

In our case, granting, w'hat will naturally be the ca.se, that 
the coefficients of ds^ and the reciprocals a'* are finite and 
continuous, as well as their first and second derivative's, in a 
certain region round P, and supposing also that the length of 
the vector u at P is limited, i.e. is not greater than some specified, 
but arbitrary, constant V, it can easily be deduced from the 
above-mentioned existence theorem that—considering the arc 
of the curve of displacement as the independent variable—the 
m’‘’s are defined (as continuous, differentiable, &c., functions), with 
P as starting-point, along any curve whatever, for a segment 
of the curve of length not greater than a certain quantity A 

•We shsU in fact here limit fhe discussion to an indication of the general lines 
of file argument, without jiausing over tht details needed to justify tho various 
of the proof with complete ngour There is an exhaustive proof in the 
"“ilrtfcle by H. Tiktzs: “XTeber Parallelverschiebung in Biemann'achcn Rattmen", 
in Math, ZtUtohrift, Vol. 16, 19^3, pp. 308-317. 
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which depends exclusively on the metric of the manifold and on 
U. Hence it follows in particular that the differences between 
the w'^’s and their initial values are of the same order ^ of magni¬ 
tude as the length L of the arc along which the integration of 
the system du' = tfs, is effected. 

Further, the area P which we are considering on the surface 
a is infinitesimal, in the sense that we propose to make it diminish 
indefinitely. It is therefore perfectly legitimate to suppose that 
it is already so small that every point in it can be reached from 
P by a line of length not greater than A and that the length of 
the whole contour T is also less than A. 

We thus have the result that if u undergoes a parallel dis¬ 
placement from P to a point M within the area P, or on its boun¬ 
dary T, the u’ ’s at M differ from their values at P by quantities 
of the same order as Z, if Z (< A) is the maximum length of 
the lines considered. As a first approximation, in which quan¬ 
tities of the same order as Z are neglected, we can therefore 
take the components «' as constant and — u‘ over the whole 
area P, including its boundary. 

We can find a closer approximation if we calculate the u' ’s 
at M by integrating the Pfaffian (21) along a curve PQ, sub¬ 
stituting, however, for the coefficients X,/, their values at P. 
This process involves an error of order Z in the values of these 
coeflicieuts, and therefore an error of order Z- in the values 
found for the u ‘’s at A/; the choice of the curve PM is indifferent, 
as in this case the Pfaflian becomes an exact differential. As 
the coefficients are constants, the integration can be at once 
effected, and will give linear functions of the x’s for the u’ ’s. 
We shall thus have obtained the u''’s as functions of position at 
all points (including the boundary) of the area P, neglecting 
quantities of order L\ 

We can get a third approximation by substituting these 
approximate linear expressions of the u' ’s in the coefficients 
Xfi,. The A’s will thus become functions of position, as was 
required, defined throughout P, including its boundary T, and 
coinciding on T (if we neglect Z®) with their accurate values 
as already defined. These values of the Jt’s can be used to 

' This means that the differences in question are not greater than the product 
of L by a certain Jinite coefficient, which does not depend on L or on the curve of 
integration, but only on P, U, and the metric of the manifold. 
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calculate the integral (22), which will give the value of IM", 
the error being now of order L\ It was necessary to carry 
the approximation thus far, since the other two approximations 
make tp an exact differential, and would give the value zero for 
Du’’, the obvious meaning of this being that Du' is a quantity 
of order X®. 

We shall therefore return to (22), giving the X’s the meaning 
just explained, and transform it into the form (22') by using the 
parametric equations of the surface a; and will now 
represent functions of position defined at all points of F. In 
consequence ^ we can transform the line integral into a surface 
integral, getting 



or also 

Du' = (Q 2 dqi — ($j dq^) (2^) 

We must now find the value of the integrand on the right of 
(23), which can be done by means of the following considera¬ 
tions, without writing out the expressions for and Q 2 at full 
length. 

Let the operator 8 denote the increment of a quantity corre¬ 
sponding to a displacement along the Ime ~ constant, when 


* By the ordinary fomml®, 

f (i'll dli = r f dqi dqi = - [ f(l<li, ■ (G) 

.1 r o?i Jr J T c?2 J T 

where/ is a function of q, and y, which is continuous, tiii;other with its first 
derivatives Usually in these formulie 7, and 7, are inteipreted as Cartesian 
CO ordinates in a plane, and the sense in which the curve 7 ' is desenlied is defined 
by the caindition that the pair of directions 11, n (« the tangtnt to the boundary m 
the sense in which it is dc*scnl)ed, n the normal to 7 "drawn inwards) is congruent 
in the plane with the pair 71. 7 j The formulie obviously hold, however, indepen¬ 
dently of this interpretation in plane (geometry, and can therefore be applied even 
if 7i, 7 j are any curvilinear co ordinates whatever, the sense of describing the curve 
being determined by an analogous cntenon to that just explained, provided that 
we introduce, at a generic point of the boundary curve, the directions tangential 
to 7, (i.e. 7 j = constant) and 72, in the (sense in which the resjiectue jinrameters 
increase. Now we have already supposed (p. 187 ) that the auxiliary curvilinear 
CO ordinates 7,, 72 behai e os regards sense in precisely this way. Hence the 
equations (O) hold both in magnitude and in sign. 
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qi increases by similarly, S' corresponds to an increase dq^ 
in alone. We shall therefore have 


Sx, = ~dqi, 

hi 

hi ' 


.... (24) 


and analogous expressions for any function of position. Now 
note that in (21') the first term represents precisely the incre¬ 
ment of m’' due to a displacement of the first type (dq 2 = 0), 
so that 

Su’' ~ Qidq^, 

and, the second term having an analogous meaning, 

S'm’ ■= Q^dq^. 

We can therefore write (23) in the form 

= [88'm’ - S'S!/]; 

and from this, remembering equation (4), we get 

Bu’ = f 

J r i 

Now let us put r/ for the parameters (in YJ of the lines 
~ constant, = constant, i.e. 

^ ~Ts' ^ ~ S^s’ 

where 8s, S's are the lengths of the displacements, along the 
lines 5^2 = constant, = constant, whose components are Sx„ 
S'Xi. Then we can also write 


Du' = frSs S's, 


. (25) 
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where for shortness we have put 

fr — 

1 

We can now remark that if 9^ is the angle between the co¬ 
ordinate lines q^, q^, the element of area (cf. Chapter V, p. 99) is 

dr = 8s 8's sin9, 


and therefore (26) becomes 
Du' = 


L 


dr. 

8m& 


By the mean value theorem, if i 1 
. LsmS-J 

of the function of position —at a suitable 

sm9 

a priori) within F, and DF the area of the 
write 


denotes the value 
"o 

point M(, (not known 
region F, we can also 


Du' 



£>r. 


Now the value at of the function of position differs 

sin 9 

from its value at P by quantities of order L (since the distance 
MqP is of this order); since the area Z)F is of order D, the error 
caused by substituting the value at P for that at M is of order 
X®, which we have agreed to neglect. We shall therefore have 


Du' = 


A 

8in9 


or, 


or 


Z)F ” 

Du' - 2,«. 

smD 1 


{ ir, hk] m' ij*". 


(26) 


In this formula the quantities and ly*' represent the para¬ 
meters of the lines q^, q^ at P, and 9 is the angle between the.se 
lines; the values of the w‘’s and of the Riemann’s symbols refer 
to the point P. It will be seen that the influence of the circuit 
of displacement appears in this formula in three geometrical 
elements, which serve substantially to determine the circuit 
itsdf, namely: two directions ij (a priori any whatever) which 
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determine the section on which the circuit is supposed drawn, 
together with the angle between them; and the area ZJF of the 
circuit itself (measured according to the metric of F„). 

8. P^r^s’s formula. 

From (26) we immediately get the fundamental formula which 
serves as a link between parallelism and curvature. 

Take any (fourth) direction v drawn from P. Let a be the 
angle between v and u, and a Do. the angle between v and 
u + Dm) we propose to calculate Da. To do this we take the 
scalar product 

u X T ~ cosa 

(assuming that u, like v, is a unit vector), and differentiate with 
the symbol D, remembering that Z>v — 0 since v is a fixed 
vector. We get 

v X Dn = — sinaDa, 

or, substituting for the scalar product on the left its expression 

n 

S, Du\ and using (26), 

1 

Dr 

sina Da {ir, Jik) u'v, tf, 

sinh- 1 

If in this formula we pxpre.s3 the v/s in terms of the v'’s, and 
sum with respect to r (remembering (5)), we get 

sina Da -- S (y, M) w'ry*". 
smo 1 

Now if the directions u, v coincide or are opposite, this fonnula 
reduces to an identity of no interest, since on the left we have 
sina — 0, and the right-hand side vanishes from the antisym¬ 
metry of the Riemann’s symbols. Excluding this case, we can 
divide the whole equation by sina, and we get Phh's formula 
_rip » 

Da= . . (27) 

sinasmy- i 

9. Application to surfaces. Gaussian curvature of a Fj. 

In considering the particular case of a Fj, i.e. an ordinary 
surface, the directions n, v must of course be contained in the 
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section (the only one there is) defined by %, rj. Since the only 
purpose of these last two vectors is to specify the section on which 
the circuit is drawn, we can make them coincide with u and v 
without loss of generality; (27) will then become 

_/)p « 

■Da = -- -- . . (27') 

sm^a 1 

Since for n -- 2 Eiemann’s symbols which do not vanish 
are represented by the single arrangement of indices (12, 12), 
this formula can be further reduced to 

—Dr 

Da ^ „ (12, 12)(«H2 - 

sm^a 


or finally, remembering the expression for sina in terms of the 
parameters of the two directions u. v (cf. Chap. V, p. 94, formula 
(9')), we get 

DV 

Da = - ^ (12, 12). 


It is usual to put 


K, 


(28) 


so that the foregoing formula becomes 


Da _ _ 

Dr 


(29) 


From this it will be seen that the function of position K 
defined by (28) is an invariant; it depends on the coefficients 
a,j and their first and second derivatives, and is identical with 
the quantity which in the theory of surfaces is known as the total, 
or Gaussian, curvature (the product of the curvatures of the prin¬ 
cipal sections).^ The equation (29) can be put in a more instructive 
form if we introduce the angle of parallelism e, i.e. the angle 
between a and n + Du (or between u and its parallel obtained 
by displacement round the circuit), measured in the sense in 
which the circuit is described. We can also say that e is the angle 
through which u has been rotated as a result of the cyclic dis- 

* See aiso below, Chapter IX, p. 261. 
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placement. It is obvious that e has the same absolute value as 
Da, but we shall see that as regards sign the precise relation is 

e = — Da. 


To show this we need only remember the convention adopted 
above (§7) that the circuit 
is to be described in the 
positive sense with respect 
to the co-ordinate lines yj, 
q 2 , or from the versor ^ 
to the versor rj. As ^ and y) 
now coincide with u and v 
the sense in which the cir¬ 
cuit is described is from u 
to V (through the convex 
angle). Accordingly (see 
fig. 3) if Da > 0, u -f Dn 
is outside the convex angle 
uv, and is therefore reached 
from u by moving in the 
negative sense (e < 0), and vice versa 
write (29) in the form 



Fig 8 


We can therefore 


Dr 


- K, 


(29') 


which givo.s the following important interpretation of the curva¬ 
ture K : K is the ratio of the angle of parallelism (taken with it-s 
proper sign in relation to the sense of describing the circuit) 
U> the area of the circuit. 

In the ca.se of a Euclidean Vg Riemaim’s symbol is zero 
(cf. § 4) and therefore K ~ 0. This can also be deduced from 
the geometrically obvious fact (already used in § 2) that the 
parallel displacement is integrable (i.e. that the result does not 
depend on the curve of displacement). 


10. Riemamuan curvature oi a F„. 

If instead of a surface we consider any F„ whatever, the 
notion of curvature becomes less simple. If P is a fixed point 
of the F,„ then with every section through P determined by two 
arbitrary directions 1^, tj drawn from P we can associate an 
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invariant K, which is called the Kiemannian curvature of the 
F„ at P with respect to the section considered. Following Rie- 
mann, we construct the geodesic surface determined by the 
point P and the two directions 5 , »J. and then take the Gaussian 
curvature K of this geodesic surface as the curvature of the 

at the point and in the section in question. In general the 
Riemannian curvature differs in the different sections. 

The foregoing considerations enable us to give another impor¬ 
tant definition of the Riemannian cmwature, and to find the 
analytical expression for it. 

Given the elements P, rj, construct the geodesic surface 
g defined by them and consider an infinitesimal circuit on g, 
passing through P. of area DT. Take one of the given directions, 
say and give it a parallel displacement with respect to the 
surface g round the circuit, in the sense ^ — iq. Now calculate 
by Perm’s formula the change Da in the angle between ^ and >j, 
i.e. the difference between its values before and after the dis¬ 
placement. The curvature K ivill then be given by (29). Now 
from Seven’s theorem that an infinitesimal parallel displacement 
with respect to the surface g (using the metric of g) ran be replaced 
by the analogous infinitesimal parallel displacement in F„, it 
follows at once that this method of calculating K doe.s not really 
involve the use of the geodesic surface g. Hence tlie Riemannian 
curvature K can be defined as the ratio [with sign changed) of 
Da to Dr, where, Da is the change in the angle between the given 
directions y) caused by the parallel displacement in V„ of one of 
these directions round an infinitesimal circuit of area DP, belonging 
to the section yj, and described m the sense 5 — rj. We therefore 
have 


K ^ - 


Da 

Dt’ 


(30) 


as in the Fj. 

The explicit expression for K coiresponding to this can be 
obtained from (27'), and we get 


K . . (31) 

sm^a 1 


The symmetry of the right-hand side in u and v provides 
formal confirmation of the fact that it is immaterial whether 
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we displace u Or v, as we get in either case the same value for 
Da and the same value for K. 

A third definition of the Riemannian curvature can be 
obtained from the proof of the following lemma. 

Take any three points P, P’, P" on a surface V 2 , and join 
them in pairs by arcs of geodc-sics, forming a so-called geodesic 
triangle. If eft', 4>'' are the angles of this triangle, the quantity 

e ^ Jr 4>" - rr • ■ . • (32) 

is called the geodesic excess. 

Now take any point on the triangle, and give a parallel dis¬ 
placement round the triangle to the direction of the side at 
that })oint, or of one of the sides if the point is a vertex; e.g. 
starting from P, the direction u at P of the side PP' (taken m 
the sense P —* P'). 

We want to show that the angle between the initial and 
final positions of u (measured from the initial position in the 
sense which at each vertex is dependent on the sense PP'P" 
in which the circuit is described), i.e. the angle of parallelism 
(relative in this case to a circuit of a special kind, but without 
the restriction of being infinitc-simal), is the same as the geodesic 
excess e. 

For the proof we shall follow n in a cyclic displacement 
round the circuit PP'P", noting in the first place that from 
P to P' n remains tangential to the side PP', on account of the 
autoparalleliam of geodesics (cf. Chapter V, p, 104). On arriving 
at P', u is thus inclined at an angle tt — <f>' (outside the triangle 
at P'} to the side P'P" (in the sense indicated by these letters); 
more precisely, u is behind the tangent to the side P'P" by an 
angle of n — (j)', the sense of rotation at P', as we have already 
said, being determined by the sense of description PP'P". In 
the displacement from P' to P" this angle remains unchanged; 
at P" there will be a further loss of tt — (with respect to 
the new side P"P); and finally at P yet another loss of tt — <^ 
(with respect to PP'). Taking all these together, we see that 
in its final position the parallel to u has been rotated away from 
its initial position through an angle of Stt — (^ -)- (^' -f <f>") 
in the negative direction, or e — 2Tr in the positive direction. 
Now in the pencil of directions at a point an angle is determined 
geometrically by a quantity of the form 0 + 2nm, where n is any 
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integer; hence we have proved that one value of the angle of 
parallelism is the geodesic excess e. Now in a Euclidean space 
the geodesic excess is zero, and in any manifold whatever, for 
an infinitesimal triangle, the excess is infinitesimal; we therefore 
see that for reasons of continuity the value adopted for the 
angle of parallelism is in fact the most suitable, being that which 
tends to zero with the triangle. 

The lemma just proved is rigorously true in a Fj, whatever 
may be the magnitude of the geodesic triangle considered. If 
in particular we apply it to an infinitesimal triangle, we can 
substitute t for —Da in (29), so getting 



a formula which defines the Riemannian curvature as the ratio 
of the geodesic excess to the area of an infinitesunal geodesic triangle 
lying in the section considered, and having one vertex at the given 
point P. It will be seen that this is an obvious extension to n- 
dimensional manifolds with any metric of an elementary theorem 
in spherical geometry (the area of a spherical triangle == the 
spherical excess X the square of the radius); the latter 
theorem, however, unlike the former, holds also for a finite 
triangle. 

We must confine ourselves to a mere reference to the 
important researches of Profeasors Schouten^ and Bompiani^ 
on the simultaneous cyclic displacement of several directions, 
and even of the whole sheaf of directions drawn from a single 
point. Their work throws light on the theory of Riemannian 
curvature under various new asjrects. 

11. Case of a F 3 . The tensors of Ricci and Og^ of Einstein. 

For a manifold of three dimensions the symbols of the first 
species {ij, hk) which do not vanish reduce substantially, in virtue 
of (10), (11), and (14), to the scheme 

(t + 1 i+2,k+l k+2) {i,k = 1,2, 3), 

*See references given in note (1), p. 172 

*“StHdi sogii gpasi curvi", in Atti ddS, ht. Vencto, Vo), LXXX, 1921, pp. 356- 
386, 888-669,1113-1145. 
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with the convention (p. 1(51, § 9) of regarding as equivalent 
two indices which differ by a multiple of 3. 

Using this notation, we now introduce after Ricci the double 
symmetric system 


!*■_(' + 1 i~\- ‘-i, + 1 k-{- 2) 

a 


[i,k - 1,2,3), (33) 


which constitutes, as we shall now show, a contramriant tensor. 
In fact, if we make use of the contravariant system e (Chapter 
VI, p. 158) we see that (33) is equivalent to 

I {pq, rs) (t, i = 1, 2, 3): . (33') 

1 

which proves the assertion. The verification of this last formula 
is immediate, when we remember that of the various determina¬ 
tions a 'priori possible for the pair p, q, there are only two, 

p = i + I, q = i + 2 

and p = i 2, q = i + I, 

corresponding to which e**"' has a value different from zero, 

viz. in the former case,-in the latter. Similarly, for 

V® V a 

the other pair r. s. the only determinations to which there corre¬ 
sponds a non-vanishing e*'"' are 

r — k-\- \, s — k +2 

and r -f- 2 , s = I; 1 . 

3 

The sum reduces therefore to four terms all expressible as 
(i -j- 1 2, /«: -|- 1 k 2) 

> 

a 


thus giving the residt stated in (33). 

The name Riccis symbols is sometimes given to the a’^’s 
just defined, or, more specifically, to the elements 

o-tjc = % ^hk (*> = 1) 2, 3) . (34) 

1 


of the redproml coiwiant tensor. 
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It is worth noting that equations (33), if we take account of 
the properties of Eiemann’s symbols in respect of symmetry 
and antisymmetry, can be solved so as to give the values of these 
symbols in the form 

(i)‘, M) = . . . (33") 


In fact, expanding the second member and attending to the 
definition of the covariant system e, we find the value zero corre¬ 
sponding to every set of four i, j, h, k for which the first member 
vanishes, and the value aa'* corresponding to a set of four of the 
type i -j- \,i-\-2,k-\- \,k -\-2\ (33") therefore follows from (33). 

By contracting the Ricci tensor a by means of the tunda- 
mental tensor (the ct)efficients of ds-, or their reciprocals) we 
obtain the linear invariant of the tensor a 




a a 

l*_V n'’‘ n 

1 1 


(36) 


We may point out another formal relation of which use will be 
made in Chapter XII. For any V„ whatever we can derive from 
the Riemannian tensor, by contraction with respect to two in¬ 
dices, the covariant double tensor 

G^^i,,a^'‘{ij,hk), .... (3G) 

1 

which, in virtue of equations (5), can also be written in the 
form „ 

--- I.^{ih,hk] .(36') 

1 


This tensor was noticed by Ricci, who applied it to the study of 
the local distribution of curvatures in a F„; it was afterwards 
taken up by Einstein, who gave it a fundamental place in the 
theory of relativity (in which n = 4): it is commonly known 
as the Einstein tensor. 

For n — 3 the a,*,’8 are related in a simple way to the G^,/s. 
To bring out Bie connexion simply and neatly, it is convenient 
to make use of two properties of the ternary systems e: one 
expressed by the identity (which can be verified immediately) 

Sj 8,^ - S'; Sj (p, ?, f, s - ], 2, 3), . (37) 
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the S’s having the usual meaning (0 for different indices, 1 for 
equal indices); and the other translating, as it were, the definition 
of as a reciprocal element 


Substitute in equations (36), in place of the a'^’s, the second 
member here; and, in place of the (?j, hky^, the expression for 
them in (33"), with changed into — Taking account of 
(37) we tod 

3 


i a,, a,^, a- (8^ 8^ - 8fS’) (8; 8* - 8' 8*). 


Of the four terms obtained by expanding the product of the 
bracketed expressions, the two which are positive are merely 
interchanged by interchange of p with q and of r with s, which 
does not alter the product a^r and similarly with the negative 
terms. We can therefore confine our attention to one term only 
of each kind, and suppress the factor If we take, e.g. 

8^8'^ (8'8* - S’ 8t), 

V t ' k p p 

and bear in mind the meaning of the symbols 8, we find that the 
sum reduces to one with respect to v and p only, giving 

= S.p (a,i a^a'’' — a,.^ a^o’'”), 

1 

or finally, having regard to (34), (35), 

6r,t = a,i^ (b k — . (38) 


12. Curvature of a manifold of three dimensions around a 
point. Prindpal directions and invariants. 

Consider in a Fg a generic section or Jacet, f, defined by two 
directions (versors) u, v, whose parameters are u\ {i = 1, 2, 3), 
issuing from the same point P. Let w be their vector product 
(Chapter VI, p. 159), the moments of which are 

(v=l,2,3). . . (39) 

1 

Corresponding to the section/in our manifold Fj we have the 
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Eiemannian curvature K giveu bj (31), with « — 3. In the 

8 

sum SyA* of (31) it is convenient to introduce, in place of Eie- 

mann’s symbols {jj, hk) the expressions for them given in (33"), 
Taking account of (39), we find immediately 


K 


sm-a 1 




(40) 


Deferring for a moment the illustration of this formula, we recall 
the fact that in general the length w of the vector u A v (the 
vector product of a and v) is given by the product of the lengths 
of u, V by the sine of the angle between them. For the Euclidean 
Fs this implies, as already mentioned (Chapter VI, p. 159), the 
identity of the moments (39) referred to Cartesian co-ordinates with 
the ordinary components (orthogonal projections) of the vector 
product u A For a general F 3 , it is sufficient to remember 
that we can choose co-ordinates which are locally Cartesian at 
any assigned point P, so that the a^j-’s have the values S'" (and 
so that also—though this is not important for the present pur¬ 
pose—their first derivatives vanish). Now both in the measures 
of the lengths and the angular distances of vectors proceeding 
from the point P, and in the definition (39) of the w),’s, there 
enter only the components of the vectors and the values of the 
a,*.’s at P. Locally then everything is the same as for Euclidean 
space.^ 

Turn now to our case, in which u and v are unit vectors. It 

follows that w = sino, whence — — constitute the 

w sma 


^ We can aldo of course calculate the length of w Thus we note that, besides 
(89)^ we have the tKjuivalent formulie deliiiing the uontravanant components. 

Hence, in view of (37) (the index of aummation in which we may auppose 
transfeired to the firat place), 

3,3 8 3 

= Lju’u, ^jvJvj - 'Zjviu} 

= w* i'® — (ue co8«)* = 
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momenta A, of the direction X normal to the section /. The sense 
assigned to the normal hy (39) is characterized by the system 
e or, geometrically, by the sense of the trihedron formed at P 
by the positive directions of the co-ordinate lines. In fact, from 
these equations (39), if we suppose, for example, that the lines 
1 , 2 are taken in the directions u, v, there results 


= W 2 == 0 , 


^ n 

^3 — ~r —^ ^ 

sj 0-22 


so that (Chapter V, p. 127) w makes an acute angle with the 
positive direction of the line 3, whose parameters are 


si = sl = 0, 4 = - I- > 0. 

Thus X is perpendicular to f at P, and directed so that the 
trihedron u, v, X has the same sense as the trihedron formed 
by the positive directions of the co-ordinate lines at the same 
point P. 

Equation (40) now takes the form, given by Ricci, 

Z = . . (40') 

1 1 


which defines the e^imiture of a variable section f through P os o 
homogeneous quadric in the ’parameters A' (or in the moments A„) 
of Ore normal to f, the sense of the normal being indifferent, since 
the expressions in (40') do not change when we change the signs 
of the A’s. 

The dependence of K on the direction X of the section with 
centre at P is of purely local nature. We can therefore, in accord¬ 
ance with an observation made above, make use of the elemen¬ 
tary criteria of analytical geometry just as if it were a question 
of ordinary space—we have only to take co-ordinates which are 
Cartesian and orthogonal at P. The A''’s then become direction 
cosines, and we have for K (except for a different signification 
of the coefficients a,,^) the same expression as the one which 
characterizes the distribution of moments of inertia (of an assigned 
material system) with respect to the 00 ® axes coinciding with the 
lines of the versors X proceeding from P. As we know, the law 
of variation of K becomes expressible geometrically if we intro- 
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duoe the ellipsoid of inertia E, of centre P: to any direction of 
X there belongs a value oiK, viz. where Q is the intersection 
of the line of X with the ellipsoid P; the three axes of E corre¬ 


spond to stationary values of K (with respect to neighbouring 
directions), the axes of maximum and m inim um length in parti¬ 


cular corresponding respectively to minimum and maximum 
values of K. 


That being so, the same law of variation will hold for K the 
curvature; but in the general Fg interpretation is necessary. 
This implies merely that the ellipsoid E (like, for example, 
Dupin’s indicatrix for the case of an ordinary surface) takes us 
in thought outside the as an auxiliary representative element 
to be associated with the Euclidean three-dimensional space 
wliich is tangential to tlie Fg at P when, as is always allowable 
(Chapter V, p. 121), we Imagine the Fg immersed in a Euclidean 
(N >6). 

The outstanding result is that there exist at every point P at 
least three mutually orthogonal direclims Xj, Xg, Xg to which (or 
rather to the normal sections perpendicular to which) belong 
curvatures which are stationary with respect to those of adjacent 
sections. These directions are called princijml directions of curva¬ 
ture, and the corresponding values toj, tug, Wg of K principal 
curvatures. In general, that is when the three w’s are distinct, 
the principal directions are uniquely determinate (ellipsoid with 
three unequal axes); when two principal curvatures are equal 
but differ from the third (ellipsoid of revolution), e.g. Wj = 
tuj 4= ct> 3 , only the principal direction Xg is uniquely determinate, 
while every pair of directions Xj, Xg orthogonal to Xg and to each 
other can be considered principal. If the three principal curva¬ 
tures coincide (sphere) the curvature K is the same for all sections, 
and every set of three mutually orthogonal directions is a prin¬ 
cipal set. 

All this of course can be established by purely algebraic 
methods: we have only to avail ourselves of the theory of quad¬ 
ratic forms and their transformations. Let 
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pendent variables being A* {i = 
facts are well-known^: 

(1) If we consider the ratio 

tti 

as a function of the A’s, and look for the values of the-se variables 
which make Seo == 0, we are led to the system of n linear homo¬ 
geneous equations 

(a,; — oM,) A-' = 0 (i = 1, 2, . . . n); . (42) 

1 

these are satisfied by values not all null of the A’s if and only 
if the determinant of the coefficients vanishes, so that the ta’s 
are roots of the equation of degree n: 

||a,^- a>a,J| = 0, .... (43) 

called the chaiwleristic equation. 

(2) If A‘, A^‘ are two solutions of equations (42) corresponding 
to two distinct roots o), ta' of the charaeteristic equation, there 
exists between them the relation (of orthogonality) 

A‘A'' 0. 

1 

(3) The characteristic equation (43) has its n rootscui.ajg, • ■ 
all real (distinct or coincident). 

(4) To each simple root <o,, of (43) corresponds, in the mani¬ 
fold y„ the ds- of which has the a^’s as its coefficients, one and 
only one direction \ w'hose parameters A), satisfy (42) for cj — co,,. 
With each root of multiplicity /i (> 1) we can in an infinite 
number of ways associate /a mutually orthogonal directions in 
F„, whose parameters are independent solutions of equations 
( 42 ) when we give w the value of the said multiple root. 

From all this there results that it is possible in every case 
to set up at least one set of n mutually orthogonal directions 
X;^ (A = 1, 2, ... n), (imiquely determined in the general case, 


1, 2,... n). Then the following 

■ ^ 


'For proofs, see for example: Bisnchi, Liziuni di geometria atudiUca, 
Apftf'ndix; (Pisa: Spoern, 191.5): or Bromwich, Quadratic Form* and their 
Cla»nfic(Uinn . . . (Cambridge tracts on Mathematics . , . No. 3). 
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in which the roots of (43) are all simple), the parameters of 
which satisfy the system (42), with w equal to the corresponding 

‘"A- 

By means of these X /,’8 we can obtain the so-called canonical 
expressions. We begin by introducing the moments 

A*|. = (A,i = 1,2, ...n). . (44) 

and observe that, by associating with the n identities 

|AiAA|,= 1 (*=- 1 , 2 ,...«) 

the \n{n — 1 ) conditions of orthogonality of two different direc¬ 
tions Xft, Xj. of the «-ple set 

— 0 (A 4= ^), 

1 

we obtain altogether the relations 

2 ,AiA„, = hi (h,k=^ l, 2 ,...n), 

which express the noteworthy fact that the 'parameters X{ 
of an n-ple orthogonal set are the elements reciprocal {in an algebraic 
sense) to the n® moments m the determinant !| A/,|j || which they form', 
and vice versa that the moments are the reciprocals of the parameters 
in the corresponding determinant ||Aj|| (cf. Chapter IV, p. 74). 

Further, besides the relations just written which refer to the 
columns, their analogues with respect to the rows also hold good; 
these may be wTitten 

SaA^,A,|, = 8 ^ (i,j ^ . (45) 

1 

Taking account of this, if we multiply (44) by A^i* and sum 
with respect to h, there results immediately 

“ 21ft Aft|, Afti*. (i, ^ = 1 , 2, . . m), . (46) 

1 

which are expressions for the fundamental tensor a,* in terms of 
the of any orthogonal n-ple sd. 
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Consider in particular tlie «-ple set (or one of the n-ple sets) 
A/„ the parameters of which, Aj,, satisfy (42) where, for each index 
h,w — tx),,. These equations, in virtue of (44), may be written 

n 

“y K = \ii {K f = 1,2,... n). 

1 

Multiplying by A,,|^, and summing with respect to the index h, 
while attending to (46), we obtain the canonical expression for 
the to be associated with (46) vk. 

n 

“*/i “ \|i {i,k— 1,2,... n). . (47) 

1 

After this the simultaneous reduction of the two quadrics to 
orthogonal form is easily effected by substituting for the original 
variables A* the n linear combinations 

2* = ".Aa|,A‘ {h = 1 , 2 , . . .n). . (48) 

In fact, when we substitute in (41) the values (46), (47) of the 
coefficients, taking account of (48). there results 

4> ~ •P = . . . (49) 

1 1 

The condition that the A‘’s should be parameters, that is to say 
that the expression (41) for (p .should have the value 1, becomes 

n 

in the new variables 2, S,. 2, ^ = 1. The mode of variation of t/r, 

I 

when the A’s are parameters of direction, is identical with that 
of the ratio when the variables are independent; or, if we 

^ ,i 

wish, of the quadric >fi — when the 2’s are connected 

11 1 

the relation S,, = 1. 

i 

Moreover, the stationary values of tfi in these cases are pre¬ 
cisely the roots of the characteristic equation (43). 

The form 

^ = S,a,.A‘A> 

1 
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is an obvious generalization, for any value of n, of the expression 
(40') for K, which defines the local distribution of curvature in 
a F3. 

The above considerations manifestly apply also to the 
behaviour of the curvature K when the direction of the section 
is supposed to vary, a topic which has already been discussed in 
a more elementary way. 

13. Geodesics infinitely near a given geodesic. 

We shall conclude this chapter with a discussion of the 
extension to n dimensions of a classical formula due to Jacobi, 
which defines in a very simple way the aggregate of those geo¬ 
desics g of a surface which are infinitely near a given geodesic 
B, called the geodesic base. Jacobi gives the linear equation 

2+“• (j) 

where y denotes the distance (normal) of any point M ol g from 
the base, a the arc of the base measured from an arbitrary origin 
0 up to the projection P of M upon B, and K(a) the Gaussian 
curvature of the surface at P. 

(J) is simply, in Poincard’s phrase, the equation of vanatmis 
of geodesics starting from B. There can be deduced from it, as 
we know,^ some very remarkable consequences with respect to 
the behaviour of geodesics m the immediate neighbourhood of 
the base, the nature of the surface intervenmg only through its 
total curvature K. This is obviously an intrinsic question, 
depending entirely on the metric of the surface (as defined by 
its ds^), and not at all on the different configurations which the 
surface can present in space. 

It naturally suggests itself that we should try to extend the 
study of this subject of geodesic deviation to a Riemannian 
manifold F„ of any number of dimensions. We have long had, 
of course, the equations of Lagrange defining the geodesics of a 
F,„ in a form the convenience of which, whether from the point 
<rf view of theory or of notation, is all that could be desired. 

'See, for example, Dabbodx, Thiorit det turfaoen, Vol. Ill (Paris, Gauthier- 
Villars, 1894; new impreseion 19‘i^3), Chap. V; or Blaschkb, Vorlfiv/ngen iilttr 
Differetdinlgemnetru, Vol. I {2nd edition, Berlin, Sponger, 1924), §§ 83-88. 
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These equations we may therefore use for the purpose of forming 
the equations of variations. Then with the help of Bianchi’s idea 
(Chapter V, p. 139) of the derivative of a vector attached to 
the points of a line of F„, we reduce these equations to a condensed 
form, geometrically suggestive and of course invariant. The actual 
construction of the equations (linear of the second order, n in 
all, with the same number of unknowns) requires no further 
data than the base B and the metric of the manifold (especially 
Riemann’s symbols) along that curve. 

We find that this system of equations admits a linear first 
integral, which in its turn leads to a linear relation in finite terms 
among the unknowns. We are thus left with a system of n — 1 
equations or, in the special case of an ordinary surface, with a 
single equation, as in Jacobi’s clas.sical result. 

To bring the final system of equations to as simple a form 
as possible we have to make a suitable choice of variables. Now 
we have already seen (§ 11, p. 164) that it is possible, begin¬ 
ning with any co-ordinates x, to define new co-ordinates y in 
terms of which ds^ becomes locally Cartesian, in the sense that 
the derivatives of the coefficients ay, all vanish at an assigned 
point 0. We have also seen (Chapter VI, p. 167, footnote) that it 
is possible, any curve B being given, to choose co-ordinates y 
for which dv- has this locaUy Cartesian character at every point 
of B. When B is a geodesic, the system of co-ordinates y which 
(§ 17) will finally be used has the following properties, which we 
merely state here without proof.^ Let M be any point in the 
immediate neighbourhood of B, P the orthogonal projection of 
M upon B. Then y„ is the arc of the base B measured from an 
arbitrary origin 0 up to B; the yfa (a = 1, 2, ... w — 1) may 
be regardetl as components of the elementary vector PM in 
n — 1 directions mutually perpendicular and all perpendicular 
to B. chosen arbitrarily at 0 and carried by parallelism 
along B. 

14. 6eode$ic deviation in an n>dimensional manifold. 

Consider, along with the geodesic B, any other geodesic g 
(more precisely, an arc of g) belonging to the immediate neigh- 

’ For a complete development o£ this point, compare the paper “ Sur I’licart 
g&Kl^ique ” in Mathcniatiiclie Anivilm (Vol. 97). 

(S(»5) 


8 
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bourhood of B} Correspomling to every point M of g, take the 
point P of jB having the aame as M and the rest of its y’s =- 0. 
It is important for what follows to fix precisely the relation 
between an elementary arc ds of g and the corresponding arc 
da = dy„ of B. Throughout the neighbourhood of B we have, 
for the coefiicients 6,^. of ds^ in terms of the co-ordinates y, the 
Euclidean values 

= 0 (i + ^), K = 1 , 

neglecting quantities of the second order. 

It follows that for any curve whatever 

the quantity under the radical differing from its exact value only 
by terms of the second order. For g, both the and the 

may be regarded as infinitely small. It follows that 

ds _ 

rfy,. da 

to a second approximation—a, generalization of tlie elementary 
fact that a segment infinitely near (with res|)ect to direction) 
a given right line differs from its projection on the line by an 
i nfi nitesimal of the second order. 

15. Invariant form of the equations defining geodesic deviation. 

We have now to form the equations defining in general co¬ 
ordinates the behaviour of any geodesic g infinitely near B. 
Put 

= .... (50) 

where the f‘’s and their derivatives with respect to a are infinitely 
small. 

The ^**8 represent the increments of the co-ordinates of 
a point P of JB which passes to a corresponding point M of g: 
they can be regarded as the contravariant components of the 

'In the sir let sense, that is to say, with the understandinff that not only are 
changes of position of corresponding points on B and p to be small, but also 
changes of direction of corresponding tangents. 
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elementary vector PM — Adopting a more general point of 
view, we shall now regard this vector as not necessarily perpen¬ 
dicular to B, its orientation depending on the law of corre¬ 
spondence between the points P and M of our two geodesics. 
We can therefore no longer assume that the elementary arc 
ds of g is (as in § 14) equal to the corresponding arc da of B\ 
but, the displacement in question being always infinitely small, 
we can foresee all the same that, if we put 

f - 1 + A,.(51) 

da 


the vlmgation (or coefficient of dilatation) A remains infinitely 
small with the ^‘’s and their derivatives. This will be proved 
formally in a moment. Meantime, differentiate the formulae (50) 
with respect to a. We have 


ds 

da 



(50') 


where x-j is written for 


dx, 

ds’ 


and 4>i for 


da 


A second differentiation gives 
d^s . 


(dsy . 

\da) ''' 


da^ 


^i + 


dH' 

da^’ 


From (51), 


dh ^ d\ 
da^ da’ 


and (50') can be written 


— - Ax< + —; 

da 

all this holds without any assumption concerning the smallness 
of A. 

dX 

Considering now A and ^ as infinitesimal, and neglecting all 

terms of the second order, we may replace ^ * i,- = by i^,-, 

da^ da da 

and consequently take the equation for x. to be 
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Now (Chapter V, p. 134) for any geodesic g we have 

n 

Xi= — Sy, {jh, t) Xj acft (i = 1, 2, . . . n). 

/ds \ ^ 

Multiply these equations by ( - | , and make the following sub- 

stitutions; (50) in the [jh, f), (50') in the a,, (50") in the 
/ds\2 ^ 

\dj 

Remembering that 

<f>i — ^jh {jf<> 

1 

since R is a geodesic, and of course retaining terms of the first 
order only, we find 

dX: » ov II 


dx. 


da 


Next, for the sake of showing explicitly the contra variance of 
the <f>, (parameters of the direction tangential to B), put 

4,(a) 6* (1 1, 2, . . . n). . . (52) 


The equations just obtained (if we also change the indices i and 
j into r and i) become 


dH’ dXj, . 


= 'h-bU'- 


(53) 


We proceed to transform these equations for the salce of showing 
their invariant structure with reference to any change of co¬ 
ordinates. For this purpose we introduce Bianchi’s conception 
of the derivative vector of a vector ^ given as a fimction of the 
points of a line (Chapter V, p. 139) 

If B is the line, the contra variant components of the vector 
Dl, the derivative of 5, a.re given by the equations 

{J)%r = 1 ^' r) 6 ‘e (r - 1, 2, . . . n). (54) 

da 1 
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For co-ordinates which are Cartesian either rigorously, or ebe 
locally along the line B, we have simply 

da 

With the help of the vector 5, it is easy to give an explicit expres¬ 
sion for the elongation A, without making any h)q)othe8i8 as to 
its order of magnitude, the equations (50) and (50'), which we 
shall use, being exact. 

On g we have identically 


= 1- 

1 


/ds\^ 

If we multiply on both sides by (^) > '^ud replace (in the aj&) 

ds 

the cd/s by their values (50) and the ar/s by (50'), we find at 

do 

once (neglecting terms of the second order with respect to ^) 

\da/ i da 1 V x* 

We have, moreover, the well-known identities (Chapter V, p. Ill) 

OXi 1 

/ds V ^ 

If in the last sum of the expression for we replace the indices 

r, h by k, 1 and take account of the identity just written down, 
replacing also, as in (52), 

. n . n 

®ir 

1 1 1 

by b„ b,„ 6*, 


we find, on account of (54), 


/ds\® _ 
\da/ 


1 + 2S, (i)?)'&,. 
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The vector is infinitely small at the same time as the f* ’s 
and their derivatives. We have, therefore, by extracting the 
root, neglecting terms of the second order, and attending to the 
definition (51) of the elongation A, 

X=^i,{DliYb„ . . . . (51') 

1 

which shows its infinitesimal character. 

Naturally admits in its turn a derivative vector Its 
contravariant components are defined, from (54), by 

cUt 1 

Introducing on the right-hand side the expressions (51) for {Dl^Y 
and {D%Y (after making some hteral changes m the indices), we 
obtain 

+ +i^,,{kl,T){ih,l)bn^e, (55) 

1 aa 1 

the second members, like the first, constituting a contravariant 
system. Bringing out explicitly the diflerentiation with respect 
to a, and making some changes of indices, we can write 

{D%Y = S<^>. (55') 


where we put for brevity 

S<’-> = y?’"i h' 6* e + s,* {Ik, r] i 

\ dx^ 1 ' 


dtr 


+ l}b'b’'e. 


We may note in passing that, in the auxiliary quantities 
the index r is purely ordinal: we have placed it above, but in 
brackets, so as to avoid the suggestion that the S‘’''’s form 
a ^pemtravaxiant system, which they do not. 
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For our purpose it is sufficient to replace in the derivatives 


— = 4> by their values 
da ^ ^ 

b\ 

as given by the equations for geodesics (Chapter V, p. 134), so that 
we may write 

1 OXf, 

+ S,,, [{Ih, r} {ik, 1} - {Ik, r) {ih, l}]b' b^ e. (56) 
1 

If then we add H'''* to the two members of equations (53), attend¬ 
ing to (55') and to the definition of Riemann’s symbols (§ 2), 
the equations take the invariant form 

(Z)-§)^-26^== (r=l,2,...n). (57) 


16. Geodesic deviation. Specification of the differential system. 
First integral. Linear relation in finite terms. 

The system (57), taken along with the value of A given in 
(51'), contains n -f 1 equations, with the same number of un¬ 
knowns; but it is easy to foresee, from the method of obtaining 
il;, that it cannot by itself determine completely al! the unknowns; 
there ought to remain an element of indeterminateness arising 
from the arbitrary nature of the law' of correspondence between 
the points P of B and M of g. More definitely, we can prove 
that the definition (51') of A, or rather the relation derived from 
it by differentiation 

^|A-i(B?)’-6,|- 0 . . . (51") 


is a consequence of equations (57) themselves. To establish this, 
note first that, for any vector v whose contravariant components 
are o', we have 



, dv 
'' do 


+ Sr?/ 
1 


db, 

do 
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But the derivatives of the moments of a geodesic B satisfy 
du 

the equations (Chapter V, p. 134 and p. 139 (52')) 
dh ” 

2 = ^,H{ir,k)b'b„ 

which express, we may say, the autoparallelism of the geodesic 
B in terms of its moments b^. The preceding identity, after inter¬ 
change of the indices h and r in the last sum, therefore takes the 
form 

j-iv^b, = ^AI^yb,. . . . (58) 

do 1 1 

In virtue of this equation, the first member of (51") now becomes 
(if we replace the vector v by Z)^) 

A\ n 

y-i:,(D%YK. 

do 1 

That this expression vanishes we can easily prove from equation 
(57), making use of the properties of Riemann’s symbols, as 
follows. Multiply both sides of (57) by b, and sum with respect 

n 

to r, noting that 2^ b^ b' ~ 1. The right-hand member ran be 
1 

written » 

- '^Mrp [ir, AA-} 6*' b' 6" 

1 

We now sura with respect to r, thus changing the Riernaun 
symbol to the symbol of the first kind, and then make use of the 
anti.symmetry of (ip, lik) in i and p (p. 179), from which it follows 
that the sum is zero. 

Equation (51') is therefore simply a particular integral (or 
invariant relation) of the system (57); its role reduces to that 
of fixing one of the constants of integration. As the system (57) 
contains n -|- 1 unknowns, to make it determinate it is necessary 
to associate with it some other condition—a circumstance easy 
to understand from the geometrical point of view, since we have 
still to fix the law of punctual correspondence between g and the 
base. 
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From a formal point of view the easiest way to complete 
the system (67) is to cut out the unknown X by putting 

= 0 . 

da 

The equations (67) are thus reduced to the normal form (Chapter 
III, p. 36) 

{D%y = - S,,, {ir, hk) (r - 1, 2,. .. n); (I) 

1 

and we see that, on account of the identity (51"), the system (I) 
admits the first integral 

(i>?)' h, — A — constant, . . . (II) 

1 

expressing the fact that there Ls a constant linear dilatation 
when we pass from any arc of B to the corresponding arc of g. 
Since, on account of the identity (58), the first member of 

the integral (II) is simjfiy the derivative of S,. 6,, it follows that 

1 

eveiy solution of the difl'erential system (I) gives also 

iek -- Acr+ a, . . ; . (Ill) 

i 

where C is a second constant. 

If in particidar we take A —' 0, we see that we can associate 
with the differential system the relation 

i b, = C. 

1 

This gives the translation into analysis of the obvious geometrical 
fact that w’e can assign the correspondence betw'een the points 
M of g and P oi B in such a way that the (infinitely small) vector 
PM will have its orthogonal projection upon the tangent t to 
the base at the point P equal to a constant C. Such a law of 
correspondence implies, in virtue of (II), that there is no altera¬ 
tion of length (A == 0) as between the arcs of B and the corre¬ 
sponding arcs of g. To particularize still further, if C ~ 0, 
we arrive at the orthogonal law of correspondence {PM perpen¬ 
dicular to B) considered in § 13. 

ID 055) 
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It is scarcely necessary to add that, in order to substitute 
other geometrical laws of correspondence, we have only to 
associate with the system (57) the analytical translation of the 


law chosen, instead of the law = 0 . 

da 


For example, if we wish 


PM to be inebned to B at .m angle ip (constant or a given func¬ 
tion of a) the additional equation will be 


where 


- ^cos./-, 

1 


represents the length of the vector 

In a case like this, some slight supplementary discussion of 
the complete system will be needed~its reduction to the normal 
form, determination of the number of constants of integra¬ 
tion, &c. 


17. Reduced form of the differential system (I) in terms of 
the co-ordinates y. 

We now return to the co-ordinates y, and fix definitely on 
the orthogonal law of correspondence between the base B and 
any gemlesic in its neighbourhood. As we have just seen, s\ich 
a correspondence is expressed analytically by the differential 
system (I), with the specifications A = U 0 of the constants 
of integration connected with (II) and (III). 

As remarked in § 14, the co-ordinate of M is identical with 
that of P. Since the other co-ordinates (a = 1 , 2 , . . . n — 1 ) 
of P are 0, the variations tj‘ of the co-ordinates y are respectively 

(a = 1 , 2 , ... n — 1 ), 17 ” = 0 , 


thus justifying the name of Cartesian components of the normal 
displacement or deviation PM = »] which we give to the y^&. 

dy, 

da 


Moreover, the parameters 6 ' 


of the base B vanish 


for i = 1, 2, ... n — 1; and h" — 1. C^hristofEel’s s}Tnbol 8 also 
vanish along B, as well as their first derivatives with respect to 
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a (or, what comes to the same thing, to yj, and consequently 

{DnY = 

da 

Equations (I) thus become 

(a = 1, 2, . . . n - 1), (I') 

JI-1 

1 

where, in both sums, we have suppressed the term corresponding 
to the value n of the index, since every Biemann’s symbol 
which has its last indices equal vanishes (p. 177). 

The first yrovji (]') (comprising w — 1 linear equations of 
the second order) defines the n — 1 Cartesian components of the 
(normal) deviation PM. The last equation reduces to an identity, 
as may be seen as follows, Riemaim’s symbols of the second 
kind are in all cases connected to those of the first kind by the 
relations „ 

(y, M) ^,aj,{ir,hk]; 

we have, moreover, for the symbols of the first kind (§ 4), 

(y, hk) --- — (ji, hk). 

In our case the coefficients a^, of </.s“ reduce, on B, to 0 (for r ^ j) 
and to 1 (for r ~ j). We have therefore, on the base, equality 
between symbols of the two kinds whose indices are the same; 
and, in particular, 

[nn, «)3} = (nn, np) = 0 . Q.E.D, 

Of course, the integral relations (II) and (III) are of no further 
account, being now identities on account of the vanishing of the 
b‘’B (i — 1 , 2 , ... n — 1 ) and of the nth component $“ = rj" of 
the displacement PM. 


18. Case of n == 2 — formula of Jacobi. 

For n — 2, that is to say for an ordinary surface, if B is 
the geodesic base, y^ = the arc a, and y^ {= y) the normal 
distance from M to B, the sy-stem (P) reduces to the single 
equation 


d^y 

da^ 


= -{21,2l}y. 
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Now (§ 9) for any co-ordinates whatever, the Gaussian curvature 
K of a Fj is expressed by the ratio 

(12, 12) _ (21, 21) 

a a ’ 

a denoting the discriminant of the ds^ of Fg. 

For our co-ordinates, which are Cartesian along B, a = 1, 
and Riemaim’s symbols of the second kind arc (§ 17) the same as 
their homologues of the first kind. The equation defining y is 
therefore none other than the equation of Jacobi (§ 13) 

2 + = “■ 


CHAPTER Vni 

Relations between two Different Metrics referred to 
THE SAME Parameters; Manifolds of Constant Curvature 

1. Differences between Christoilers symbols relative to two 
different metrics assigned to the same analytical manifold. 

We introduced in Chapter IV notions of tensor, covariance, 
&c., relative to an analytical manifold F,„ i.e. to the aggregate 
of n variables x-^, Xg, . . . x„; we then, in the third part of the 
following chapter, considered the metrical manifolds obtained 
by associating with an analytical manifold F„ a specified (but 
arbitrary) positive and definite differential quadratic form. 

There is clearly no reason against assigning m turn to the 
same analytical manifold two distinct metrical determinations, 
defined by the two quadratic forms ^ 

n 

, ( 1 ) 

1 

= 2,4 a'j, dx, dx^ ... . (!') 

1 

* As a geometncal interpretation, we can think of tw’o distinct r„’a whose 
points are in one to-one corresjmndenoe, so that a set of n values assigned to 
ai, ®j,... Xn can be represented either by a point P of one, or by the corresponding 
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From each of these forms we can obtain a set of ChristofFel’s 
symbols, which we shall denote by 

r| and ^ih,r\' 

respectively, and from these we can construct Riemann’s symbob 
{ ir, hk I and { ir, hk}', 

and the analogous symbols of the first kind. In this chapter we 
propose to find the relations between the symbols relative to the 
two metrics, and then to apj)ly the results to geometrical con¬ 
siderations. 

We shall begin by forming the differences 

= p:,; ... (2) 

^ve shall justify the positions of the indices on the right by show’ing 
that the p’s constitute a tensor covariant with respect to i and 
h and contravariant with respect to r. 

To prove this, consider an arbitrary contravariant system 
whose elements are functions of position, and a system (also 
arbitrary) of increments dx/, of the independent variables. We 
know (cf. Chapter V, j). 138) that the expressions of the type 

t ’’ = d^' + r)^'dx^ 

1 

constitute a contravariant system. The same result is of course 
true for the analogous expressions corresponding to ds'^ 

r" dr + iu,{ih,r\Tdx, 

1 

and also for the differences 

1 

The fact that this expression is contravariant means that, 
denoting by u, an arbitrary covariant simple system, the expres¬ 
sion 

2, (r'" - t’) V, pj). ^' dx^ u, 

] 1 

jxiint F of the other. E.^. a map and the surface of the earth are two Ej’s with 
different metrics (one is Euclidean, the other not), and to every pair of values, ^ 
(for the latitude), X (for the longitude), correspond one point on the map and one 
point on the earth. 
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is an invariant; and if we examine the right-hand side of this 
equality we see that its invariance requires that should be 
a tensor of the kind stated. 

It will be convenient for subsequent purposes to introduce 
also the associated covariant system 

p,,, = .( 2 ') 


2. Differences between the oovariant derivatives. 

Given a generic tensor W'here as usual (/) and (h) denote 
the aggregates of m in<iice8 i^.. . and p indices /q . . . respec¬ 
tively, we can consider its covariant derivatives with reference 
to either the first or the second fundamental form, i.e. with 
respect to either ds^ or ds'^. A generic clement of the system 
obtained by dilferentiation relative to the first form will be 
denoted as usual by and the analogous expression relative 

to the second by We W'ish to evaluate the difference 


To find it wo can use the explicit expression (p. ]4(), 
formula (1)) for the covariant derivatives of a generic mixed 
system. These are linear in ('hristoffel’s .symbols, so that the 
differences in question will be linear in the p’s; the expression 
for them will be 



•V-ll'a+l ■ ■ 


+ 2,8 21 , A 

I \ 


hi. 

(*) 


• */5-W V+l 


( 3 ) 


These general formula) can also be obtained, without using 
any special memoria technica, from the original definition of 
covariant differentiation, with respect to a given fundamental 
form, of a generic tensor. It is therefore well to remind the reader 
that, for an arbitrary displacement dx^, we assigned to the 
symbol d, when prefixed to a function of position, the usual 
meaning of the infinitesimal increment (the differential) caused 
by the displacement (cf. Chapter VI, p. 145); while for a generic 
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vector 5 its contravariant components we assumed 

dr = -li,{ih,r)^^dx,-, ... (4) 

1 

i.e. we defined the expressions d^ as the increments dependent 
on parallelism. All of this referred to the metric (1), which was 
then supposed fixed once and for all. We can of course follow 
the same procedure taking (T) as the fundamental form; but to 
avoid ambiguity it will be well to denote by d' the increments 
of the due to the same displacement as before, so that we 
shall have „ 

d'r - -^„{ih,ry^'dx,, . . . ( 4 ') 

1 

It will also be useful to introduce the operator 
d* d'- d. 

Since for functions of position d' and d have the same meaning, 
we have 

d*/ 0 

for any function of position/; for the contravariant components 
of a generic vector ^ we have, subtracting (4) from (4'), 

d*r ^ (r-= l,2,...n). . (6) 

1 

Similarly, given the covariant components M/, of some other 
vector u, we find that 

== ^jipJ^^Ujdxi .( 6 ') 

Now, in order to prove (.^), we need only consider the invariant 
multilinear form F whose coefficients are the elements of the 
given tensor we know that the covariant derivatives . 

o ^ ti) (1)1* 

are merely the coefficients of dF and d'F respectively. 
If now we take the identity 

d'F -dF = d*F .(6) 

and apply the operator d* on the right, using the property 
d*/ = 0 for any function of position /, and (5), (S'), then 
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equating coefficients of like terms on each side we get 
formula (3). 

As a very simple application of this process, we shall deter¬ 
mine directly the values of the differences — A,i^. of 

the derivatives of a covariant simple system A^. We start 
from the invariant form 

iA,e .(7) 

and consider the usual generic displacement, determined by the 
increments dx^ of the independent variables. We shall have, 
with reference to ds^, 

dF - E,,A,„rdx,; ... (8) 

and with reference to ds'^, 

d'F .(8') 

1 

Further, appljung the operator d* to F, and remembering 
that d*A, is zero, and that is given by (5). we get 

dx,. 

1 

The identity (6) therefore takes tlie form 

[(A,),' - A, J f =:= - A, p\ dx,,. 

1 1 

Replacing on the right h hy h, and interchanging i and r, 
we get the typical term on the right also m a form involving 

dx^', hence, equating coefficients, we have 

(.4,); — A,|t ~ — L, ... (9) 

1 

This is the particular case of (3) which we shall require in 
the next section. 

3. Differences between Biemann’s symbols. 

We propose in this section to calculate the differences 

F'ihtt = . 
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which, being differences of two like tensors, are by definition 
tensors of the kind indicated. The calculations could be effected 
directly on the expressions defining Riemann’s symbols (Chapter 
VII, p. 175), but the long formal expansion can be avoided by 
the following method. 

Let be any covariant simple system, and any contra- 
variant simple system, and consider the invariant form (7). 
Applying to it the operator ^ A Sd — dS with reference to 
ds® (cf. Chapter VII, p. 173), and remembering the fundamental 
properties of this operator, we shall get 

AF =.- i A, Ar, 

1 

or, expanding A^'' by formula (4) of Chapter VII, 

AF ^ — i„,,4 {»>, Jik) f A, dx^ hxi,. 

I 

Similarly, with reference to ds'^, we can introduce the operator 
A' — 8'd' — d'5', and write 

A'F -- - {ir, hky^'A, dx,, Bx,/, 

1 

and subtracting the former equation from this we get 

(A' _ A)F = - R.’m r A, dx, 8x,. . (10) 

1 

We shall now obtain by another method the expression for 
the same quantity as a quadrilinear form in the quantities 
$' A^dXf,Bj^, and hence, equating corresponding coefficients of 
the two forms, we shall find the expression for 
Note first that 

A' - A = (8'd' - d'8') - (8d - d8) 

-= (S'd' - Sd) - (d'8' - d8). 

Since the second exj)rc.s8ion in brackets is obtained from the first 
by interchanging d and 8, we need only calculate the expression 

’To avoid ambiguity w« Imve Viere replaced tbc symlxils 8 and S', used in 
Chapter VII to denote two distinct systems of increments, by d and ? 
respectively. 
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for B'd' — Sd. Further, in making this calculation we can ignore 
all those terms which remain unchanged on interchanging d and 
8, since they will disappear when we take the difference; we shall 
denote them collectively by X(d, S). 

Introducing the notation 

d'- d = d* S'-S --- S* 

we have 

S'd' =: (8 4- 8*)d’ -- Sd’+ S*d' 

== S(d -f d») + S*d' 

= 8d + 8d.*-i- S*d’, 

so that 

8'd'~ Sd - + S*d'. 


We therefore get 

(A' - A)F 8d*F -f 8*d’F - {d8*F + d*S'F). 

To calculate the first term we first ap])ly the operator d* 
to the form F, remembering d*A^ — 0 and (5). We get 

d*F = 

1 

71 

= — ^,hrArP\uVA^h- 

1 

Applying the operator S to this form we get, from the definition 
of covariant differentiation, 

^ -Z,^,^{A,p\,,)^^^dxi,8x^ 

1 

71 n 

~ ^ihrk PIa I ^ ~ ^trhk ^^k- 

1 1 

Observing that the second sum can be written in the form 

7t n 

^rk ^r\k^^k^ih P’ih 
1 1 

we have, applying (5), 

8d*F ^ -i.,r,p:,ikrA,dx,8x, + i,,A,^,8x,d*$\ ( 11 ) 
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To calculate the second term 8*d'F, we apply the operator 
8* to (S'), and get 

h*d'F = i,(A,);r8*dx, + iuAXs*rdx,. 

1 1 

In the second sum, we can substitute for (Ar)i l-he expression 
given by (9), and we get 

8*d'F = i,,(AXe8*dx, 

1 

+ i, A, 1,8* edx,- E,,,p:,A,s*rdx,. ( 12 ) 

1 1 

We must now add (11) and (12). In doing this, we notice 
that the first sum in (12) is symmetrical in d and 8, since expanding 
8*dx^ by (0) it can be written as 

I 

while the second sum in (12) and the second in (11) change one 
into the other if we interchange d and 8, so that their sum is 
symmetrical. There remains therefore 

U*F + 8*d'F 

— X{d, 8) — S.Tirjj. I A^ dX), 8xi, — p'k A^ 8*^’’ dx^. 
1 1 


In the last term we substitute for '' its explicit expression, 
so that it becomes 

n 

~ '^irklh P'rk PUi A, 8x,^ dx^. 

1 

In order to be able to collect the terms in the two sums with 
the common factor A,.dx^8xi„ we apply the substitution for- 

, /r I i h k\ 
mula 


( r I ill k\ 
I i r k h/ 


\l i r kh, 

8d*F + 8*d'F - X{d, 8) 


to the indices in the last sum, so getting 


Sjftri [PiA|* “ p\h Prt] f‘■^r ^^k- 

1 1 


The expression obtained by interchanging d and 8 on the 
right (remembering the definition of X) is 

Xid, 8) - 2,,., [pt, I, _ 2, pl, pj*] ^ ‘ 8 t, dx,. 

1 1 
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Interchanging h and k in the second of these, and subtracting, 
we get finally 

(A' - ^)F 

n n 

~ ^thrk [PiA It “ Pik\h iPUi Pik Plk PthTl ^ 

1 1 

Comparing this with (10) we get the required formula: 

Rm = hk\' — {ir, hk\ 

= Pltu - PaiA - k {Pu, P\k - Pit pit). • (13) 

1 

which expresses the differences between Riemann’s symbols of 
the second kind in terms of the differences between Christoffel’s 
symbols. The analogy between this formula and that defining 
Riemann’s symbols (p. 175, formula (3)) should be noted. 

If we contract (13) by multiplying by a^, and summing with 
respect to r, and then use the formula 

71 . 

Pih)>k — pit It 
1 

obtained by covariant differentiation of (2') with respect to ds^ 
we get the covariant system 

n »i 

^r^ji ^Vi'c ~ Pili}\k Ptk}\h iPtlij Pik Plkj Pili)- ( 1 ^) 

1 I 

It is to be noted that this does not give the differences between 
Riemann’s symbols of the first kind. In fact, substituting on the 
left the expression for (14) becomes 

n 

hh}'— {ij, hk) 

1 n ^ ^ 

= PtJij\k ~ Pikj\h ~ iPUij Plk ~ Plk] Pia)j (l^') 

1 

and the first sum is not the same as [ij, hk)', which would be 

'L,a’r{ir, hk]'. 

4. Case ot two metrics in conformal representation. 

We shall now apply the formula (14) to the case in which the 
two fundamental forms (1) and (1') differ only by a factor. As 



CONFORMAL REPRESENTATION 


229 


both forms are positive, this factor must also be positive, so 
that we can denote it by we shall therefore suppose that 

ds'2 ^ e^^ds^, .(16) 

or ds' — ds. 

The geometrical interpretation of this condition is quite 
simple, namely, that the corresjwndence between the two mani¬ 
folds is such that infinitesimal segments are proportional, or 
there is similarity of infmitesinud parts. It follows that the 
angle between two curves (the angle between their tangents 
at the point of intersection of two infinitesimal elements) is equal 
to the angle between the corresponding curves; hence the name 
of cm formal representation. 

In order to calculate (14), we shall obtain in turn, first, 
Chnstoft'el’s symbols of the first kind for the two forms, then 
tliose of the second kind, from which we shall get the 
and lastly the and their derivatives. 

We start from the relations eqmvalent to (15) 

= (i,k--= 1,2, . . . n) . (160 


and shall calculate the symbol \th, Tf. We get 



= e®’- ( [ih, f] + a,i -f % t, — a,,, t,), 


where t,, stands for , &c. 

dx^ 

To construct the symbols of the second kind, or 

{ih, r}' - IJ, 

1 

we observe that the coefficients o"* are, by definition, expressible 
as the quotient of a determinant Afi of order w — 1 (the comple- 
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mentary minor of in the determinant || ||) by a determinant 

o' (namely, || o,., || ) of order n. Remembering (15'), we see that 
in these determinants we can take out a factor which is 
common to every element, so that we can write 

A'i = o' -= e-™a, 

where A^i and a denote the determinants corresponding to A^i 
and o', but relative to the coefficients o,;. We thus have 

o"' a'[ 

and therefore 

{i/i, rj' ^ ([{/>, /] + a,,n + o„,t, - aj,Ti) 

1 

= I r} + S; T,, 4- SJ T, - a,A r', 

where the S’s as usual denote a factor which is 0 or I according 
as the indices are the same or different. 

The difference {ih, rj' — {i/i, r} is therefore given by 

= 8 :ta+S;,t,- o,,r'. . . . (16) 

Multiplying this by o^, and summing with respect to r, we 
get (using (2')) 

P.icj = +a,,jT, —a^kTj. . . . (16') 

By covariant differentiation with respect to ds^ we get 

subtracting from this formula the analogous one obtained by 
interchanging h and k (so as to form the first part of (14)), and 
remembering that ta*. — t^a, w'e find that 

Pihjlk Pikj\h ”1~ (^'^) 

The second part of (14) can be constructed with the help of 
(16) and (16'). We shall first calculate 

n 71 

S; Pmj Pile = S, (aij T,, + a,y t, — a ,a t^) (8| t, — t') 

1 1 

— — a^rjT,, — t, t . + a^^T^T,,, 
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n 

where At = 2; tj t* (the first differential parameter). The third 

1 

term and the last term cancel out. Denoting by X the aggregate 
of the four terms underlined, which are unchanged if we inter¬ 
change the indices h and ]c, we can write 
n 

Pthj p\ = — O'A At -f a,,j Ti — a, I, TjTi,+ X. 

1 

We shall now subtract from this the formula obtained by 
interchanging h and k. We shall get 

il 

ipihj Pa — Pitj p\ii) “ (®tA Ojii ajj) At 
1 

+ n — flfr, T/. T, — a,,, Tj Tj + a,i Tj T„. 

Using this and (17), we get the right-hand side of (14') in the 
form 

- Oa (tji- — Tj Ti,) + a,j^ (T^ft — TjT,^) -f a,I, (t,^ — t, tJ 

- (t./, — T, T,,) — (a,,, aji, — Uji,) At. 

The left-hand side of (14'), using (15'), can be written as 

i a;{fr,(y, kk) 

1 

or c'-’' {ij, kk)' — (‘ij, hk). 

Finally, formula (14'), for two metrics in conformal repre¬ 
sentation, can be written in the form 

eM)'- (?j, AA) a,ft (T,jt -T^Tj-fa,ft(Ty,-T^Tft)| 

-i- Oji, {t,„ - t. tJ - ttji, (T,ft ~ T. Tft) — (fl,ft Oji, — a,I, a-j,,) At.J 

This formula was found by Finzi, by another method, as early 
as 1903.1 

‘Cf. "Tjc ii»ersuperficTU a tru dimt*nsioiii die si possono rapprewentare coTifoime- 
mentc sullo spazio tiudideo”, in Atii del H. hi. Vimto^ Vo]. LXII, pp. 1049 1062. 
The later researches of Fiiizi and Schoutru on the manifolds of any number of 
diniensiona which can Ixi couf<»rrnally l•epTt^sentcd in a Euclidean .sjHwe of the same 
numl>er of dirnensionSft should also bo mentioned. Cf. Rend, della R, Aee. dei 
Linceu Vol. XXX (first half-year, 1922), pp. 8-12, and Vol. XXXI (first half- 
year, 1928), pp. 21,5 218, and flehouten's book cited nt Chap. VII, p. 172, Cf. also 
l>. .T, SinriK; Oi'undzuye dcr mekrdivimiioiivxlen l)ifferentuil(jewncirie (Berlin, 
Springer, 1922), Ch. IV, § 13, p, 150, where Schouten's results are given with 
bibliographical notes. 
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This formula can be given a simpler form by putting 
« == c-'^, 

80 that (16) becomes ^ 

is'2 J- ds\ 


We then have 


«. = — e-^T„ 

from which we get 

u 


n u A 

At == T. T* = ea’- S,* o'* u, Am - 

1 1 

Thus (18) becomes 

u2(»j, hk)’ — {ij, hk) 

= a.A - a., V - ay, + a,* - (a„ a,, - a,* Uy,) ^ (18') 

« M M M M® 


At the end of this chapter we shall have occasion to point 
out an interesting geometrical application of this lesiilt. 

5. Isotropic manifolds. 

Leaving aside for a moment this order of ideas, we propose 
to study those F„’s in which the Riemannian curvature, as 
defined in Chapter VII, pp. 195-198, does not depend on the 
section, but only (if it is variable) on the point. This is expressed 
analytically by the fact that the expression for K given by (31) 
of tlie preceding chapter is independent of the m’s and the u’s. 
We shall see that these F„’s, which we shall call isotropic, i.e. 
with (locally) constant curvature, are characterized by a parti¬ 
cularly simple expression for Riemann’s symbols. 

We observe first that a fairly simple algebraic combination 
of the coefficients which possesses the fundamental properties 
of Riemann’s symbols, is the following: 

hk ~ Y (®ili ~ 

where y is a priori any function whatever of position. Everything 
reduces to proving that when these quantities are substituted 
for the symbols (y, hk) in (31) of the preceding chapter, the 
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resulting value of K is independent of u and v. In fact, Tnalfing 
the substitution, we have 

sm-a 1 

r ^ih O'ih m' u'‘ Ojk —^ilcaik M* / S A UjA m'‘ 
sm-a Li 1 1 1 

and since „ „ 

1 1 

?l W 

= I,j^a,yu’^ = COSO, 

1 1 

it follows that 

K . [1 — cos“a] ™ y. 

sm®a 

Hence tlie Hiemannian curvature of a V„ whose Eiemann’s 
symbols are the expressions h,, is y, and is therefore indepen¬ 
dent of the section. But we can also show that this is the most 
general expression of Rieniann’s symbols which will make K = y. 
In fact, if we put 

{'ijjlk) — hy,M, + B,J,hk! 

where b,i_ /,/, has the meaning assigned to it above, we shall show 
that B;j =-0. To do this, we insert this exj^ression for {ij, hk) 
in (31); the right-hand side can then be broken up into two parts, 
the first of which, containing the symbols is, as we have 

seen, equal to y, and the second, which is 

sm-a 1 ■ 

must vanish if we are to have K — y. 

The sum just written can be simplified if we observe that 
since Riemaim’s symbols are antisymmctrical, the two terms 

can be collected into a single term; putting 

U*'l^ — = fy,. 


this term becomes 
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Thus the sum for all the permiUations hk becomes merely a 
sum for all the simple comiyinations (k, k) of unlike indices, since 
it is useless to consider terms Avith a repeated index {k ~ h), 
because p|^|^ — 0. We shall denote the sum extended only to 

11 it 

simple combinations of the indices by Si^ instead of The 

1 1 

quadruple sum thus becomes 

/( H 

Sy U S/u(- hkVhk* 

1 1 

Proceeding in the same way for the indices i, j, we get ulti¬ 
mately 

n n 

^ij, hk Pij Phi > 

1 I 

i.e. an expression bilinear in the p’s. Each summation will extend 
to m — {n{n — 1) pairs; we shall number these (m any order) 
from 1 to m, and put 

Pt) Phk ■ *y> hk ~ if) 

{i,j, h, k = 1,2. . . . n; p,y — 1,2, . . . m), 

where ^ is the ordinal number of the pair and y that of hk, 
so that the sum can be written 

m 

(v) h ^r 

It will now bo clear that this expression cannot vanish for 
arbitrary values of the z’s, unless all the B’s are zero; which is 
precisely what we wished to prove. 

We may therefore conclude that for a Y„ whose curvature 
is Icjcally constant (i.e. independent of the section) and equal to 
a given function of }X)sition K, Riemann’s 83 Tnbols are neces¬ 
sarily given by the formula 

{ij,hk) = K{aj,a ,^-. . (19) 

Multiplying by and summing with respect to j, we get 
the expression for the symbols of the second land; 

{ir,hk} K(a,,Sl-a,,8l). . . (19') 

The function K, however, cannot be arbitrarily assigned; 
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we shall show in the following section that for n > 2 it must be 
a constant. 


6. Sohui’g theorem. 

This theorem states that if the curvature is locally constant, 
it is also the same at all points. The case n = 2 is not considered, 
as there is only one section at each point, so that we cannot 
properly speak of locally constant curvature. 

We shall therefore show that the K of formula (19) is constant, 

= 0 (f = 1, 2, . . . n). 


where Ki represents a generic covariant derivative, identical 
(cf. ('hapter VI, p. 147) with the ordinary derivative. 

To prove this, we take the covariant derivative of (19), 
remembering Ricci’s lemma. This gives 

(ij, hk)i Ki{a,,,aji, - 

Taking three distinct values for h, k. I (whicli is possible, 
since « > 2), the other two relations obtamcd from this one 
by cyclic permutation of h, k, I can be written in the form 

(y, ^0/. Khiaa-Ojt - n,7«>), 

{ij, lh)„ K^{a,ia,^ - a.,,a^()- 

Adding the terms on the left and on the right of these three 

equations, and reinend)ering Biauchi’s identity (Chapter VII, 
p. 183), we get 

0 — Ki (oj, Uj/j + A,, (a^j^ Oji a^ Ojj) 

+ K^{a,,a^,,~ a,,,a,i). ( 20 ) 

By varying i and we thus get ln{n — 1) relations, of which 
we shall now make a suitable linear combination. Multiplying 
(20) by a’’' and summing with respect to i, j, we find that the 
coefficients of Ki, K,„ K^, are all of the type 

1 

where a, )S denote two of the indices h, h, l\ or, making the two 
summations in turn, of the tyjic 

1 1 
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Thus the sum for all the permutations hlc becomes merely a 
sum for all the simple comhinations (h, k) of unlike indices, since 
it is useless to consider terms with a repeated index {k — h), 
because = 0. We shall denote the sum extended only to 

simple combinations of the indices by S;,,, instead of S;,,.. The 


quadruple sum thus becomes 




V 

1 


n 


^ ^lik hk Phk- 
1 


Proceeding in the same way for the indices i, j, we get ulti¬ 
mately 

?1 H 

®i/ ^hk ^ij, kkPijVhki 
1 1 


i.c. an expression bilinear in tlie p’s. Each summation will extend 
to m — \n{n — 1) pairs; we shall number these (in any order) 
from 1 to m, and put 

Py = Vhk — ^,j,hk — ^ifi),(y) 

{i,j, h,k ^ 1, 2, . . . n; )3, y = 1.2,... m), 


where ^ is the ordinal number of the pair ij and y that of hk, 
so that the sum can be written 

in 

^Sy (y) h ^y 


It will now be clear that this expression cannot vanish for 
arbitrary values of the z’h, unless all the B’b are zero; which is 
precisely what we wished to prove. 

We may therefore conclude that for a F„ whose curvature 
is locally constant (i.e. independent of the section) and equal to 
a given function of position K, Riemann’s symbols are neces¬ 
sarily given by the formula 

(tj,/ jA:) = £■(«,ft . . (19) 

Multiplying by a-'’’ and summing with respect to j, we get 
the expression f(« the symbols of the second kind: 

{ir,hk} = K(a,j,K-a,y,K). . . (19') 

The faaction K, however, cannot be arbitrarily assigned; 
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we shall show in the following section that for w > 2 it must be 
a constant. 


6. Schor’s theorem. 

This theorem states that if the ammture is locally constant, 
it is also the sante at all foints. Tlie case n ~ 2 is not considered, 
as there is only one section at each point, so that we cannot 
properly speak of locally constant curvature. 

We shall therefore show that the K of formula (19) is constant, 
or that Q (f = 1, 2, . . . n), 


where Ki represents a generic covariant derivative, identical 
(cf. Chapter VI, p. 147) with the ordinary derivative. 

To prove this, we take the covariant derivative of (19), 
remembering Ricci’s lemma. This gives 

{ij, hk)i = Ki{a,,,aj„ - a,i,aj,). 

Taking three distinct values for h, k, I (which is possible, 
since n > 2), the other two relations obtained from this one 
by cyclic permutation of h, k, I can be written in the form 

(ij, kl)„ = {a^a^i - a^aju), 

(ij, lh)i, = K^(<i,i<tjh - «./,«/)• 

Adding the terms on the left and on the right of these three 
equations, and remembering Bianclii’s identity (Chapter VII, 
p. 18.3), we get 

0 = Ki (a,), — a,j. a,/,) + K/, (a^ aji a,i aj^ 

+ K^(aaa,„-aj,aji). ( 20 ) 

By varying i andy, we thus get ln{n — 1) relations, of which 
we shall now make a suitable linear combination. Multiplying 
(20) by a'* a'* and summing with respect to i, j, we find that the 
coefficients of K^, K^, are all of the type 

1 

where a, )S denote two of the indices h, k, Z; or, mftluDg the two 
summations in turn, of the type 
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where the S’s as usual denote either 0 or 1. These quantities are 
therefore always zero, unless we have simultaneously a = h, 
^ ~ k (which happens in the coeffieient of the first term), in 
which case the value is 1. Otir linear combination of the equations 
(20) thus reduces to 

Ki = 0. Q.B.D. 


7. Canonical form of ds^ for a manifold of constant curvature. 


Given a Euclidean space S,„ w'e propose to find, if it exists, 
a manifold F„ uith constant curvature K, which can be con¬ 
formally represented on S,^, or in other words (cf. § 4) such that 
its linear element is given by 





where ds is the element of (Sf,,. We shall see that this is always 
possible, and tlie solution of the problem wfill lead us to assign 
two important forms for the ds^ of a manifold with constant 
curvature. 

Keeping the notation of § 4, we shall have for Rieiuann’s 
Bymlx)Ls for the the expression (cf. formula (1!))) 


(?j, hk)’ 
and for 


®iAr Uja) 

{ij, Jik) = 0, 


since for a Euclidean space all Riemann’s sjunbols are zero (cf. 
pp. 173-178). 

We must now sub.stitute these values in the equations (18'); 
these constitute a sy.stem of differential equations the integration 
of which will give the function u. Making the substitution, (18') 
becomes 




u 


u 


, Am + AT 

~ (®.ft «y.) - - 2“ ■ 

VV 

(i, j, h, k = 1, 2, ... n) 


( 21 ) 
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These — 1) equations can be satisfied by putting 

= cfflift {i, * = 1, 2, ... n), . . (22) 

where c is a constant; in fact, substituting these values, they 
take the form 

\ (o.k - a,kO,h) (2cm - A' - Am) -= 0 

{i, j, h, k 1,2,... m); 

and in order that they may all be satisfied, we need only make 
the common factor vanish, i.e. put 

2eM — A — Am = 0. (22') 

We have therefore .substituted for (21) the system composed 
of the equations (22) and (22'), which holds whatever may be 
the co-ordinates or. If then we .suppose, as w e always may, that 
the x's are orthogonal Cartesian co-ordinates of S„, so that 



our .system will take the simpler form 


. 

. . (23) 


■ (23') 

We shall examine separately the two cases c = 

0, c =1= 0. 

If c — 0, the system becomes 

--= 0 . . . . . 

• (24) 


A + 2 /^) = 0 , . . 

1 \d xj 

. (24') 


and from the second of these it follows that A < 0. Such a 
solution is therefore poiwible only for manifolds of constant 
negative curvature, since we do not consider the case A = 0, 
which has no special interest, i.e. the case when V'„ is itself Eucli- 
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where the S’s as usual denote either 0 or 1. These quantities are 
therefore always zero, unless we have simultaneously a = h, 
^ = k (which happens in the coefficient of the first term), in 
which case the value is 1. Our linear combination of the equations 
(20) thus reduces to 

Ki = 0. Q.E.D. 


7. Canonical form of ds^ for a manifold of constant curvature. 

Given a Euclidean space /S„, we propose to find, if it exists, 
a manifold F„ with constant curvature K, which can be con¬ 
formally represented on S„, or in other words (cf. § 4) such that 
its linear element is given by 


where ds is the element of S„. We shall see that this is always 
possible, and the solution of the problem will l(‘ad us to assign 
two important forms for the ds^ of a manifold with constant 
curvature. 

Keeping the notation of § 4, we shall have for Pdcinann’s 
symbols for the 1',* the expression (cf. formula (19)) 

ft ft K 

(ij, hky = K (a,I, - a'j, a',,) - ^ {a,,, o,^ - Qj,), 

1i> 

and for 

{ij, hk) 0 , 


since for a Euclidean space all Kiemann’s symbols are zero (cf. 
pp. 173-178). 

We must now substitute these values in the equations (18'); 
these constitute a system of differential equations the integration 
of which will give the function u. Making the substitution, (18') 
becomes 


u 


„ ’'jk „ '^jh „ 1 

— O'A— — ^jh- + — 

U U U U 


.Au-\-K 


{i, j, h,k=r 1, 2, ... n) 


• ( 21 ) 
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These — 1) equations can be satisfied by putting 

w«* = cotf: ih k = 1, 2, ... n), . . (22) 

where c is a constant; in fact, substituting these values, they 
take the form 

^^2 Ojic - a,k «ja) (2cm - K - Am) =.- 0 
(i, j, h, k — 1,2 ,... h); 

and in order that they may all be satisfied, we need only make 
the common factor vanish, i.e. put 

2cm - a; - Am = 0.(22') 


We have therefore substituted for (21) the system composed 
of the equations (22) and (22'), which holds whatever may be 
the co-ordinates sc. If then we suppose, as we always may, that 
tlie x’s are orthogonal Cartesian co-ordinates of S,„ so that 


«u- 


Sf, Am - i:, 
1 



««■ 


dx;’ 


our system will take the simpler form 


- c8* 

dx,dx^ 

• ■ (23) 

" /du\^ 

="• ■ 

■ (23') 

We shall examine separately the two cases c = 
If c = 0, the system becomes 

0, c = 4 = 0. 

- 0 , . . . . 

■ (24) 

•+!■©'-> ■ ■ 

• (24') 


and from the second of these it follow^s that K < 0. Such a 
solution is therefore possible only for manifolds of constant 
negative curvature, since w'e do not consider the case K — 0, 
which has no special interest, i.e. the case when F„ is itself Eucli- 
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dean. Equations (24) then give, by an immediate integration, 

M = + .... (26) 

1 

where the 6„’8, and h are constants and therefore, substituting 
in (24'), 

+E.,6,>^=:= 0.(25') 

1 

This shows that the 6,’s are not all zero, and that therefore, 
by applying an orthogonal substitution to the co-ordinates,^ 
(25) can be put in the form 

u — kx^ (k constant) 
so that (25') becomes 

if -f jt2 ^ 0, 


OT k = s/ ~ K. We therefore have 


and therefore 


u — s/— KXn, 


ds'^ - 


dx^+ dx,^-\- . . . -j- dx^f 
- A’x.2 


(26) 


This is the canonical form of the line element of a manifold 
of constant negative curvature. It was found by Beltrami^ in 1868 
by another method. 

Another type of solution which holds for any value of K 
whatever is obtained by supposing c 4= 0. (23) gives us the two 
groups of equations 


dx,dx^ 


- 0. 


i 4^ k. 


(27) 


dhi 



c. 


(27') 


n 

' The hypersurfaces u = constant, i.e. hy xv = constant, are a set of parallel 

hyperplanes; we need therefore only choose the axis Xn in the direction perpen- 
di^ar to them in order that their equations may take the form X)i = constant, 
and therefore that m = it xn- 

^Opere matematichr, Vol. T, p. 419. Milan, Hoepli, 1902. 
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The first group has for its general integral 

M = .(28) 

1 

where is a function of alone. 

The second group gives 

X': ^ c, 

where differentiation is denoted without ambiguity by dashes, 
since the argument of is x, only. 

From this, integrating once, we get 

X[ -= c(x, — x“), 

where the arbitrary constant of integration has been put in the 
form — ex',', using the hypothesis c =}= 0 ; and integrating a second 
time 

A ', - ^( x ,~ x ';)2 + 6 , 


where 6, is a constant. Substituting from this in (28) and putting 

n 

h ~ we get the following expression for w: 

I 

« = f S.(x,-xf)^+fc, . . ■ (29) 

Z 1 


containing n + 2 arbitrary constants. 

We still have to consider (21V); substituting in it this value 
of u, it becomes 


2ch 


0 


(23") 


and therefore merely establishes a relation between the two 
constants c and b. 

We liave therefore obtained a solution containing n 4 1 
arbitrary constants; we can choose these to satisfy specified 
conditions at a generic but fixed point 0 of S„. E.g. suppose we 
wish to take the x"’s in such a way that all the u’s are zero at 
the origin. We have from (29) 

x^); 


hence every x” must vanish, so that (29) becomes (substituting 
for b from (23")) 


. . ( 30 ) 
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Wo can then determine c so that at the origin u = 1; for 
this we must have c = - , and we thus get finally 


K 

u == 1 + ^2, a;.? 
4 1 


(30') 


This value of u makes ds"^ take the form given by Riemann: 

n 

dx^-j- dx^-\- . . . + dx^^ 


ds'2 ^ 




K 

4 


1 + 7 


(31) 


We shall show farther on (§ 2, p. 24 G) that the dsP' ot any 
F„ whatever of constant curvature K can be put in the form 
(31), and also if AT < 0, in the form (26); this will justify the 
choice of the term canonical forms for these expressions. 

Here we shall also prove the almost obvious property that a 
hypersphere of radius R in Euclidean space of w 4- 1 dimensions 


constitutes a F„ of constant positive curvature K — 


1 

R^- 


To 


do this we shall take Vi, y 2 , ■■ ■ to denote orthogonal 
Cartesian co-ordinates in so that 



0 


(32) 


Without loss of generality we can consider only the hyper¬ 
sphere which has its centre at the origin, and is therefore repre¬ 
sented by the equation 

R^. .(33) 

0 


We shall prove the assertion in the most direct way, by 
expressing the n \ co-ordinates y of the points of the hyper- 
sphere, connected by the relation (33), in terms of n suitable 
©orviliriear co-ordinates x, and showing that ds^ takes the required 
<^onical form (31) when these parametric expressions of the 
f’s in terms of the a;’s are substituted in (33). 

The parametric representation of the y’s referred to is an 
immediate generalization of that given for an ordinary spherical 
surface by stereographic projection. In this case (n = 2), if 
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we project from a point whose co-oiclinatcs are -- — R, 
= ^2 = 0 upon the tangent plane at the diametrically 
opposite point, every point (^q, y^, y^ of the sphere projects into 
a point on the plane whose co-ordinates 3\, Xo are connected 
with the y'B by tlie relations^ 

»" = jif = I' = 

where 

« 1 + fp^ p2= ia-/ . (35) 

4 K- 1 


Foi any value of n, we shall adopt the same formulae, with 
the obvious modification that i* is to vary from 1 to w. This does 
m fact give a parametric representation of our hypersphere; 
for squaring and adding the equations (34), and substituting 

for cr^^its expression in terms of u as given by (30'), namely, 
1 


{u — 1), we get back to equation (33). 


We have then, 


differentiating. 


- 1 

djL^ a", du 
u vr 


{v - 1,2 ,... n). 


Squaring and adding, and substituting 

n 11 


^,(« - 1) and 



for il„.r„^and 2'E^x^dj.^ respectively on the right-hand side, we 
1 ^ 

get finally 


ds^ 

which is the required result. 


1 


' These relations can easily lie shown to lx‘ the same as those ordinarily used if 
we replace p, the ladius \ettor of the projection, by the cohititude S of the point 

on the sphere. As by definition VA’ yo = oosa, it follows that - = cos-Ji, 
p = 2A tnnJS. 


(n 666) 


9 
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CHAPTER IX 

Diiterential Quadratic Forms of Class Zero 
AND Class One 

1. Forms of class zero (or Euclidean forms). 

In Chapter V, p. 123, we definwl the c/ms of a given (or 
of the quadratic form ds^ which characterizes it) as the number 
N — n, where N is the minimum number of dimensions of a 
Euclidean space in which the F,, can be immersed. 

We shall consequently say that a quadratic differential form 

ds^ = ^.ta^dx.dx/, .( 1 ) 

1 

is of class zero (or is Euclidean) if it is jiossible to substitute for 
the n variables x a set of n variables y (since N — n), connected 
with the x's by the relations 

y . --- y . (2-1, *2 -= 1.2,... n), (2) 

and such that ( 1 ) assumes the Cartesian form 

ds^-kdy,} .(1') 

1 

Given (1) we wi.sh to find a criterion wliich will enable us to 
recognize whether .such a transformation is possible. We shall 
show that it is sufficient to construct Riemann’s symbols relative 
to ( 1 ), and to determine whether they vanish identically or not. 
We have already seen (Chapter VII, p. 178) that this condition 
is necessary; we wish to prove that if, inversely, all Riemarm’s 
s 3 unbols relative to ( 1 ) are identically zero, then ( 1 ) can be trans¬ 
formed into ( 1 '); or in other words that the n functions ( 2 ) can 
be so determined as to satisfy the ln{n 1 ) equations 

n 

a^ = {i, k = 1, 2, . . . n), . (3) 

1 

where ,, _ By, 

dxt . 

(cf. Chapter V, p. 122, formula (3.5)). 
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By covariant differentiation of (3), we get 

n 

By cyclic permutation of the indices i, k, I, we get from this 
the two further equations 

V 

0 + yviky^ih)* 

] 

n 

0 ^f{y,'\ucyv\i + y^iiyyiik)- 
1 

Now add the last two of these equations and subtract the 
first. From tlie commutation rule (§ 6, p. 184), combined with 
the vanishing of Riemann’s symbols, it follows that the second 
derivatives are permutable, so that we get 

n 

^,yyUkyy\l = 0 . 


Keeping i and k fixed, and making I vary from 1 to n, this 
formula gives us n linear homogeneous equations in the n un¬ 
knowns (e =--- I, 2, . . . The determinant of the system 
is certainly not zero, since it is composed of the terms y, |;, 
i.e. is the functional determinant of the transformation (2); we 
therefore conclude that 


y^Uk =■- 0 (»”. h k ^ 1, 2, ... n). . . (5) 


These equations, which we have deduced from (3), can be 
put in the form 




dx/^ 


1 


y^in), ( 6 ') 


in which w^e are concerned only to the extent of observing that 
the right-hand side is a known function of position and of the 
terms y, |^. 

It is now easy to see that the problem is reduced to that of a 
mixed system of total differential equations and equations in 
finite terms which we have already considered in § 8, p. 29. 

In fact, considering as unknowns the n quantities y,., and the 
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n® quantities we can collect together the equations (4) and 
(5') into a system of total differential equations 


n 

^yv\. = '^kL\.k{^\y.[x> • • • y>\.)^^k 


(v, i= 1.2 ,... n), (S) 


while the group (3) constitutes \n{n + 1) relations in finite 
terms between the + w — w (n + 1) unknowns. 

The conditions for complete integrability, by the usual rule, 
are as follows: 


ip) 

(b) 


^J,.\k ^ 

^yy\k 

dx,, 

0 

li 



dx^ 


1, 2, . . . n); 


(c) the equations obtained by differentiating the equa¬ 
tions (3) must be identically satisfied in virtue of the 
equations (S). 

Introducing the covariant derivatives and once more apjily- 
ing the commutation rule for the second derivatives, the con¬ 
ditions (a) can be written in the form 

y^lkh — yy\hk ~ linear combination.s of Eiemann’s symbols, 

and it wdll then at once be seen that they are satisfied identically, 
since the left-hand side vanishes in virtue of (.’1), and the right- 
hand side also vanishes, sinct by hyqiothesis Eiemann’s symbols 
are zero. 

A similar argument holds for the conditions (6), which are 
equivalent to 

yi\ikk — yv\ihk — linear combinations of Eiemann’s symbols. 

Lastly, taking the covariant derivatives of (3), we find the 
conditions (c) in the form 

n 

ttii-ii '^yiyv\iiy^\k-\- yi.pi/i.in)- 
\ 

aatf it can at once be venhed that all theae arc satisGed, in virtue 
of Ricci’a lemma and the equations (5). 



EUCLIDEAN FORMS 


44S 


The mixed system is therefore cotnjileir, and it will be possible 
to find the functions (2), which will contain Jn(n + 1) arbitrary 
constants, this being the difference between the number of un¬ 
knowns and the number of equations in finite terms. In geo¬ 
metrical terms, if the manifold is Euclidean there are in it 
(orthogonal) Cartesian systems. If we can find a particular 
solution 7)1, rj 2 ^, . . . rj,i, w'e can get the most general solution by 
a substitution of the type 

c, -f- {i = 1, 2, . . . n), . (6) 

1 


where the a’s are the coefficients of an orthogonal substitution 
i.e. are connected by the -fi 1) equations 


(i,v- 1,2....«),. . (7) 


while the c’s are v completely aibitrary constants. 

This can be immediately proveii from the characteristic pro¬ 
perties of orthogonal substitutions. In fact, from equations (6), 
differentiating, squaring, and adding, we get 

n 

1 

n 

(dy,)^ =r-- 

I 

n ti 

1 I 


summing the last of theae with respect to i and using (7), we get 




.h'jdyj di]. 



The hypothesis that the ij’s are a particular solution of the 

n 

system is expressed algebraically by the equation 'L^dy^— ds^; 

1 

hence we can write 


n 



1 


which proves that the 2 /’s ;ilao constitute a solution. An easy 
calculation shows that the number of independent constants in 
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(6) is \n{n -(- 1), and hence the solution so obtained is the most 
general. 

It is obvious that the equations (6) are a generalization 
of the formulsB for changing the co-ordinate axes in ordinary 
analytical geometry. 


2. Conformal representation of a manifold of constant curvature 
on a Euclidean space. Mutual applicability of all F„’s with the 
same constant curvature. 

In the preceding chapter (p. 236) we solved the following prob¬ 
lem: given a Euclidean space S,„ to find a manifold V'„ of given 
constant curvature which can be conformally represented on S„. 
We now propose to prove that conversely, given a manifold 
of constant curvature, it is always po.saible to represent it con¬ 
formally on a Euclidean space In other words, if ds^ is the 
line element of a F,j of constant curvature K, we wish to prove 
that a suitable function U — e'"^ can be so chosen that 

ds'^ =_ 

is Euclidean. 

The necessary and sufficient comiition for this is that the 
equations (18') of Chapter VIII, p. 232, should all be satisfied 

(,J, «)■ = 0. 

hk) = K (o.,, — o,, uy,), 

and writing IJ instead of u. U mu.st therefore satisfy the 
— 1) equations 



Putting 

U,ic = + P), .... ( 8 ) 


where a and jS are two constants, and folloAving the same method 
as that used in § 7 of Chapter VIII, p. 236, we see that these 
equations are satisfied provided ultimately 


At/ 

t/* 


K+2a + 


2/3 

V ■ 


(9) 
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If we consider the equations ( 8 ) as defining all the derivatives 
of the n quantities C/„ then together with the identity 

dV = ivjx .( 8 ') 

I 

they constitute a total differential system in the n -f- 1 functions 
U„ U\ the equation in finite terms (9) is to be associated with 
it. It is easy to verify that we need only take a = —Kin order 
that this mixed system may be completely integrable (cf. Chapter 
11, p. 29). 

In fact, the Conditions of integrability of the equations (8) 
are expressed by the commutation formulae (§ 6, p. 184) 

V.\u - = - i {ir, kl) U„ . . iO 

1 

and those of the equations ( 8 ') by 

These latter conditions are at once satisfied, on account of 
equations ( 8 ). The left-hand side of (C), also by ( 8 ), reduces 
to 

Ui a,I Ui), 

and the right-hand side, using the expression (19') of the pre¬ 
ceding chapter for Riemann’s symbols for manifolds of constant 
curvature, becomes 

- /i(uji Ui - au Vt). 

The equations ( C) therefore reduce to identities provided, as 
stated above, we take a — — K. 

Lastly, there is the equation in finite terms (9); putting 
a — —K, this becomes 

- KV‘ -f 2pu. . . . (9') 

1 

Differentiating this, u.sing formula (16') of p. 152, and taking 
out the factor 2 , we get the conditions 

== -KVU, + ^V„ 

which are also identically satisfied in virtue of (8). 
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Remark. —Having thus seen that the system is completely 
integrable, we know (§ 8, pp. 29-33) that the solution contains 
n arbitrary constants which we can choose in such a way that 
at a specified (but perfectly general) point 0 of the manifold the 
n functions U, take values arbitrarily fixed in advance. Further, 
the constant ^ is still at our disposal. 

We get a first class of solutions if we take /d = 0, which 
makes (8) into 

== ~Ka,, V. 

The hypothesis /3 = 0 is therefore admissible in the real 
field only when K < in fact, for jS 0 the equation (9') 
reduces to 

AH - KV\ 


In the real field the left-hand side is alway.s essentially positive, 
excluding the case when the function U is a jmre constant, or 
in other words (on account of equations (8), which now 1 educe 
to [7,4- = —Ka^flJ) retaining the conditions K -h 9. Since 
the right-hand side has the opposite sign to K, it follows that 
the equality is possible only if K < 0. 

In order to have a generally valid solution, w(; must sujijwse 
=(= 0. Wc shall then choose and the n other constants so 
that 

V, 0 , ( 7-1 {i - ], 2 , . . . n) 


at the point 0, so that from (9') we see that /3 — , and V will 

be completely determined. “ 

With the notation of the present problem (i.e. using dashes to 
denote quantities relative to the Euclidean space) w'e proved in 
Chapter VIII, § 7, p. 236, that if a factor u exists sucli that the 
manifold for w'hicli 


ds^ 


ds’^ 


has constant curvature K, and if the conditions u — 1, w, = 0 
are satisfied at a specified point 0 (which may always be supposed 
taken as origin of Cartesian co-ordinates), then the expression 
for n 

i M = I -f 2, a;,.2 
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Further, we have now found that the quantity — satisfies 

all these conditions (in fact - = latO, i) = — —' = 0 

U \U/j 

at 0), and therefore we must have 

1 1 


V - 


K » 

4 1 


An extremely important corollary can be deduced from the 
foregoing results. Given two w-dimensional manifolds with the 
same constant curvature K, both their as we have seen, 
can be reduced by suitable changes of variables to the same 
canonical form 

2 . dxj^ 

1 

m2 ' 

\\liere 

V n 

M - 1 + i? 2, X,.2 

4 1 


It is therefore f)ossible by a change of variables to transform 
one form into the other; or in other words, if two manifolds of 
the same number of dimensions satisfy the single condition of 
having the same constant curvature, then either can be conform¬ 
ally represented on the other. 


3. General remarks on hypersurfaces in Euclidean space. 
Second fundamental form. 

Let be a Euclidean space and y 2 > ■ • ■ y,i + \ ^ system 
of Cartesian co-ordinates in it, so that 

«+i 

1 

Consider a hypersurface V„ (frequently called merely a 
“ surface ” when there is no danger of ambiguity) immersed in 
and defined by the parametric equations 

2/v = Vv i^v • • • a:,.) {v ^ l,2,...n+ 1). . (10) 

C 06 &S) 9* 
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As usual, the functional matrix of these equations must have 
n as its characteristic (cf. p. 87). 

As an obvious extension of the ordinary case (n — 2) we shall 
first define the direction of which is normal to F„ at any 
given point P. 

Let a„ (e = 1 , 2 , ... n 4 - 1 ) denote the cosines of the direc¬ 
tion we are in search of, relative to the axes y (i.e. the parameters 
or moments, which are indistinguishable in a Euclidean space). 
These cosines will be connected by the usual quadratic identity 

ii+i 

1 .( 11 ) 

1 

The geometrical property which we have to express is that 
the direction whose cosines are is perpendicular to any tangent 
to F„ at P, or, which is the same thing, to any elementary dis¬ 
placement dP which is a tangent to F„ and therefore (neglecting 
infinitesimals of higher order than the first) does not move out¬ 
side the surface. For every such displacement the equations 
(10) must still be satisfied, but the increments c/a", of the x’s 
will be otherwise arbitrary. If dy, denotes the corresponding 
increments of the Cartesian co-ordinates tj^, the a’s must satisfy 
the equation 

n+l 

^.%dy,=^0 .(ir) 

1 

for every system of dy's given by (10), i.e. by 

n 

dy. 'L,y,^idxi, .(12) 

1 

with the dxs arbitrary. 

Substituting in (11') we have 

n W +1 

0 ; 

and since the dx’s are arbitrary this means that the a’s must 
satisfy the n equations 

=0 {/== 1 , 2 ,...«). . ( 12 ') 

1 

These equations, together with (11), determine the a’s except 
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as to sign. The ambiguity of the sign is natural, as we are dealing 
with a direction and have made no hypothesis as to its sense. 
In what follows we shall suppose the sense fixed in advance as 
may be most convenient. 

We know that the metric of F„ is defined by the quadratic 
form 

n 

1 

In addition to this it is useful to consider a second differential 
quadratic form tp which dificis from the first in that it depends 
on the configuration of F„ in (or in other words is not an 
intrinsic element), or rather completely determines this con¬ 
figuration. 

To find this function we suppose an infinitesimal segment of 
constant length e measured off along the positive sense (as defined 
in advance) of the normal at every point of the given F„. The 
extremities of all these segments will lie on a hypersurface F,„ 
which is said to be parallel to F„; there is an obvious one-to-one 
corre.spondcnce between points on one and i)oints on the other. 
\^'e wish to consider two infinitely near points of F,„ and to com¬ 
pare their distance apart ds with the distance ds' of the two 
corresponding points of V',. 

If the co-or<linates of a generic point of F„ are (v — 1, 
2, . . . n -4- ]), those of the corresjKjnding point of F", will be 

>/. ^ y. + o., c- 

From this, differentiating and remembering that c is a con¬ 
stant, we get 

dyl dy^ cda.. 


Squaring and adding, we get ds'*; denoting it by 4>, we have 
cf>' =- "i\dyj‘+ 2edy, da.). 

i 

»t + l 

Now "L^dy^^— (f>, and since e is infinitesimal it follows that 
1 

e*da.,*is negligible compared with the other terms; hence 


f - .... (13) 
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where we have put 


n+l 

1 


(14) 


Formula (13) gives the increment of the first fundamental 
form <f> in passing from the given T'„ to an infinitely near parallel 
surface; this increment is expressed in terms of the quantity 
if), which, as wo shall now see, is a quadratic form in the dx’s. 
To show' this, we note that 

tl 

1 

n 

do.^ 

hence, substituting in (14), and putting 

»*+i 

K - K = - + y.M “►!-)> • (i®) 

n 

we get tp = I,,^h,i,dx,dXi .(14') 

1 

This is what is called the second fundamental form. Its coeffi¬ 
cients h,^, given by (15), can also be expressed in another w'ay, 
which will be useful farther on. Differentiating (12'), we get 

n-*-l 

^y{%\kyp\i + °-i.yi\u) - b, 

1 


or, interchanging the indices I and k, 


n-r 1 

+ ^.y.\u) = 0. 

1 


Taking the half sum of these two identities, and remembering 
the symmetry of the second derivatives, w e get 

11 + 1 71 + 1 

— -f a, j,y„ji.) = 2„a,, 

1 1 


Changing I into i, the left-hand side of this equality becomes 
tjie same as the right-hand side of (15), and therefore 

77+1 

^ik 2/j. ji/r* 


• (15') 
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4. Forms of class 1 (hjrpersurfaces in Euclidean space). 

We now wish to find a criterion to determine whether a given 
differential quadratic form 

n 

Y.^a,^dx^dxi, 


ia of class 1, i.e. whether we can find w 1 functions (10) W’hich 
wdl reduce it to the Cartesian type. We shall follow' a method 
similar to that used in § 1, taking as unknow'us the w -|- 1 functions 
and their n(n. -(- 1) derivatives y, |,, making (w + J f- unknowns 
in all. By definition these must reduce the given rf*® to the 

11 ' I 

Euclidean form dy^}; this is expressed by the \n{n -j- 1) con¬ 
ditions * 

Jl + 1 

^ '^.y.\>y.\k .(16) 

1 

From these by covariant differentiation we get the equations 
' 1+1 

0 - S. //„|.2/,|,,,). . . . (17) 

I 


AVc have also the condition that the principal unknowns 
and the auxiliary unknowns y, |, are not independent but are 
connected by the differential relations 


dy,, 

0X. 


y.\ 


(18) 


We have to determine the conditions of integrability of the 
system composed of (IG), (17), (18). 

First, suppose written down the two equations obtained from 
(17) by cyclic interchange of i, k, 1; from these three equations, 
by adding two of them and subtracting the third, we find, as 
in § 1, 

n+1 

^.yr\ucyyii= ^ (i,k, 1 = 1,2 - n). 

1 

Keeping i and k fixed, w’e have n linear homogeneous equations 
in the n 4- 1 unknowns The matrix of the coefficients 

y„li, as in the preceding section, has n for its characteristic; 
hence the equations have (n-j-l) — w= 1 independent solu- 
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tion; the others differ from it by a multijdier. Now we see from 


(12') that we get one solution by taking ~ a„; hence, intro¬ 
ducing a multiplier ii.j., we can write the most general solution 
in the form 

.(19) 


To find the significance of these 6’a, multiply (19) by a„ and 
sum with respect to e from 1 to w -f- 1, using (11); we get 

n+l 

1 

comparing this with (16'), we find that the b’s just introduced 
(which have the property are identical with the co¬ 

efficients of the second fundamental form. 

We have now to express the fact that the second covariant 
derivatives of the quantities satisfy the commutation formula 

yv\u%k ~ y^ikh— . . ( 20 ) 

which tiikes the place of the ordinary condition of symmetry of 
the second derivatives. To calculate the left-hand side w e must 
start from (19). By covariant differentiation we get 

y^\^kh ~ °-r^,kh "i" ^ik^v\hf • ■ ■ (21) 

and we have to calculate a„n. To do this, we note that on dif¬ 
ferentiating (11) we have 

n-^X 

= 0 .( 22 ) 

and also that the coefficients can also be expressed in the 
form „4,i 

~ (f, * = 1, 2, . . . w), . (23) 

1 

which is at once verified by covariant differentiation of the 
identity 

= 0 

1 

combined with the expression (15') for the h’s. If ^ is fijced, the 
formula (23) represents n linear equations in the w -f 1 unknowns 
0,,^; combined with (22) they form a system which can deter- 
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mine these unknowns. The determinant of this system is in 
fact 

®1 ®2 • • • ®n+l 

2 /i|i 2/211 • • • 2/11+111 


2 / 1 I /1 2/2i« • 2/«+]i»i 

squaring this, and remembering (II), (12'), and (16), we get the 
determinant || a,; Ij, winch is certainly not zero. 

It is easy to verify that the solution of the system (22), (23) is 

.... (24) 

1 

where we have put 

yi ^ .(25) 

Hence (21) becomes 

n 

y.\jch = Kh — ^ K bjh y]. 

1 

The expression for ly, is obtained from thi.s by interchanging 
the indices h and k. We can therefore vrite (20) in the form 

a, — ^m) - k iki bjk - 6 , 1 , V) yi - hk j (26) 

1 1 

In order to express the right-hand side too in terms of yi "sve 
apply Cramer’s usual rule to (25), which gives 

n 

y.]i ^ 

1 

and substitute this result in the sum; summing with respect to 
I we have 

^1 fik\ y,,, = S^(?j, hk)yi, 

1 1 

and therefore (26) becomes 

71. 

. (ftu-A - y! [(5,* + {ij, hk) ] = 0 

] 

(v — 1, 2, . . . w -f 1; i, A = 1, 2, . . n). 



— Cl, 
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These conditions can be expressed in a considerably simpler 
form. Multiply the equality just written by and sum with 
respect to v from 1 to n + 1; remembering (11) and obser\dng 
that from (25) and (12') 

f I n n+1 

--- 0 , 

1 11 

we get (fc,Ai - fej.*) = 0, 

or in other words the coefficients b must satisfy the condition 

.(28) 

The condition (26) can then be written in the form 

iyip,, AJt = 0 (v = 1,2, . . . n+ 1), (29) 

where we have put 

Ptj W- — {^ik^jh ~~ ^xh^jk) + U.h ^^)- 

Keeping ?, h, k fixed, the equations (29) constitute 
n + 1 linear homogeneous equations in the n unknowns 
px},hk (j = 1- 2, . . . «). The characteristic of the matrix of 
the coefficients y/ is n; in fact, taking any one of its deter¬ 
minants of order n, e.g. 



y\ • 

-• y: 

yl 

** 

• y\ 

yl 

f • 

• f 


it will easily be seen with the help of (25) that it is equal to the 
product of the two determinants 



2/i|2 • ■ 

' • yx\n ' 

,o‘> 

I 


, . a'" 

yi\\ 

2/212 • ■ 

■ • 2/2|n 

i 21 

: a ^ 

, . * 

. . 

1 

y«ii 

2/h|2 • ' 

■ • 2/»|n 

1 I 

1 Iff”' 


• • i 
, . a"" 
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the second of which is certainly not zero. It follows that the 
characteristic of the matrix ?/' is the same as that of the matrix 

which is n. From a well-knomi theorem on linear equations 
it follows that the system (29) has no solutions except 

Fy.wc 0 (i.J. A, i = 1, 2, . . . n), 

which is the same as 

(ij,hk) =- . . . (30) 

A more rigorous disciisvsion would show that the formulae 
(28) and (30) express all the conditions of integrahility of the 
system. We can therefore conclude that: 

The ncr-essary and sufficient conditions thai a given differential 
quadratic form may be of class 1 are that it shall be jiossible to 
determine a (real) symmetrical double system bui such that 
Riemann's sywMs for the given farm can he expressed hy 
formula (30), arul also such that the system (the exmariant 
derivative of b||( with respect to the gwen diffes'ential form) is 
symmetrical (fannula (28)). 

At the end of last chapter (§ 7, }>. 230) we found directly, 
by assigning suitable explicit expressions to the functions 
. . . x„), that every ds* of constant positive curvature 
is of class 1. The necessary and sufficient conditions just 
enumerated must of course be satisfied. 

To verify tliis, we need only take the auxiliary quantities 
in the form K a,*., and remember that, as the manifold in 
question by hypothesis is of constant curvature, Riemann’s 
symbols (ij, hk) take the form A'(o,;, o^, — a,* a^i,). The conditions 
(30) are therefore automatically satisfied. Finther, by Ricci’s 
lenuna, the covariant derivatives of the quantities b,*, i.e. of 
\/Ka^,, vanish, so that the conditions (28) are also satisfied. 

For K < 0, the hypothesis 6,* = •s/Ka,/^ is of no use, as 
it would take us out of the real field, so that we cannot assert 
that the analogous property holds. We can in fact prove that 
forn > 2 a ds^ of constant negative curvature is not of class 1.^ 
For n~ 2 we know already (§ 21, p. 123) that any ds®, and 
therefore in particular a ds" of constant curvature, is of class 1 

* Of. jn.Ofrui: Ledoni di ffcmnrtria difcrenzuile, 2nd edition (I’lea, Spoerri, 
1902), Vol, I, Oh. XIV, § 205, p. 471, 
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(at most), or in other words belongs certainly to some surface of 
ordinary space. There are an infinite number of surfaces of this 
kind (pseudospherical surfaces), with constant negative K, in¬ 
cluding surfaces of revolution of three types.^ 


5. Hyperspherioal representation and curvature of a hyper¬ 
surface. 


Take any hypersurface F,„ and consider it a.s immersed in a 
Euclidean space and consider also a liypersphere of unit 

radius and centre the origin.*^ 

We can make each point P of the V„ corres^wnd to a point 
P' of the hypersphere by drawing from the centre of the latter 
the parallel t<^ the normal to the F„ at P. and taking the inter¬ 
section of this parallel with the hypersphere as P'; V„ is then 
said to be re])resonte<l on the hyp(T.sp]iere. 

The chief interest of this representation is as follows. Let 
F denote the extension (Chapter VI, [>. 1^0) of a region (j> of F„, 
and F' the extension of the corresponding hyperspherical region 


Then the ratio ^ is closely related to the curvature projiorties 


of F„, and is called the mean enreature of V,, in the region <f>. If 
this region reduces to the infinitesimal region round a jioint 
P—or in other words if the maximum dimension of (f tends to 


zero—then (if P is not a singular piint) the ratio 


F' 

^ tends to a 


positive limit F, which is called the hypersphnical (if n — 2, 
the spherical) curvature of the F„ at P. 

To find an expression for this quantity, we shall first establish 
a system of intrinsic co-ordinates on the hypersphere. The most 
obvioiLs way of doing this is to assign to each point P' of the 
hypersphere the co-ordinates r,, x.^, . . . x„ of the correspond¬ 
ing point P of F„. We shall call the line element of the 
hypersphere da, and shall try to find an expression for it in 
terms of the dx’&. 


Ibid., Cli. VII, § 103, p, 22.3; or 3r(l edition (Bologna, Zniiichelli, 1922). 
Vol. I, Ch. VII, § 127, p. 338. 

*Th»t is to say, as explained in g 7, Chapter VIII, p. 240, a hypersurface 
0,1 whose equation in Cartesian co-ordinates is 
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If we denote tlic direction cosines of the normal to F„ at a 
generic point P by (v - 1,2,... n + 1), as in preceding 

sections, then the direction cosines of the parallel through the 
origin (the centre of the hypersphere) to this normal will also 
be a^. The point P' lies on this line, at unit distance from the 
origin; its Cartesian co-ordinates are therefore a^. 

We then have at once 

«+l 

1 

n-f 1 

and putting 2, a, .... (31) 

n 

it follows that da^ =- 'Li^^e,,^dx^dxi^ .(32) 


This is the first fundamental form relative t(^ the hypersphere; 
it is sometimes called the third fundamental form of the given 
By means of it we can at once calculate the extension V 
of a hyperspherical region (f>': 

V' - 

where e represents the di'terminant of the cpiantities e,,j. Analog¬ 
ously, for the corresjiondmg field of K,„ we have the extension 
V of <f>: 

V — dx ^. .. dx„. 


If the regions considered are infinitesimal, each integral 
reduces to a single element; taking the ratio of these, we get 


r = 




(33) 


where in every case the radicals are of course supposed to have 
their absolute values. 

The coefficients e|^i. can be expressed in terms of the derivatives 
of the ijB by means of (31), which on substituting for the 
values given by (24) becomes 

n «+l 

^jk yli 

I 1 
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and by (%5) and (16) 

n n + 1 

2/p|u yK|l) 

1 1 
n 

= duv 

I 

= ^.jKbjKa'K 
1 

From this expression of the e,j.’s in terms of the and the 
a'^’s it is easy to obtain an cxpre&sion for the determinant c m 
terms of the determinants a and h. To find it, put 

.(34) 

so that the last of the formula; just given for e;,^ may be \Aritten 
as 

^hk ~ .(' 34 ') 

1 

Comparing (34) and (34') with the formulae for the general 
term in the product of two determinants, we see that from them 
follow the two equations 

(3 - (35) 

a 

.(35') 

where — II o'* II and we have put ^ ||)Si||, as can easily be 

Cl 

verified. Multiplying together (35) and (35') term by term we 
have 

52 

e -- -.(36) 

a 

Hence (33) becomes 

r --- -.(33') 

a 

a formula expressing the byperspherical curvature F in terms of 
the discriminants of the two fundamental forms. 

It will be seen that the curvature defined here is not an 
intrinsic property, as it depends on the coefficients b,^. 
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Let us apply these remarks to an ordinary surface V 2 iiu- 
mersed in a three-dimensional Euclidean space. In this case, 
as we know, there is one distmct Eiemann’s symbol (12, 12), 
and (30) gives 

(12,12) =- bj =. h. 

Hence (33') can be written in the form 

(12, !2) 

o j‘ 

Comparing this with formula (28) on p. 194, we sec that 
for n — 2, the curvature F coincides in ab,wlute value with the 
Gaussian curvature K. 

CHArTER X 

Some Applications of Intrinsic Geometry 

1. General remarks on congruences. Geodesic and normal 
congruences. 

Consider a metric manifold V,„ and suppose that at every 
point of F„ (or of a region of V„) there is fixed a direction X, 
defined e.g. by its parameters A‘, i.e. that there is given a contra- 
variant system of regular functions . . . xj, connected 

only by the usual cpiadratic identity and othermse arbitrary. 
On account of this identity one at least of the parameters A* is 
certainly not zero. 

If then we consider the following system of n —- 1 differential 
equations 

dri dj2 _ ^ . 

Ai A2 ■ ■ ■ A’* • • • ^ ^ 

(considering e.g. one of the t’s a.s the independent variable and 
the other w — 1 as unknown functions of tire fiist), w’e see at 
once that the integrals of this system represent lines of which 
at every point are in the previously fixed direction X; in fact, for 
an infinitesimal displacement along one of these lines, the dx’s 
are proportional to the parameters of X. Through every point 
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of the region considered there passes one (and only one) of these 
lines; this follows from the fact that the general integral of 
(1) contains n — 1 arbitrary constants, which can be so deter¬ 
mined that for an arbitrarily assigned value of the independent 
variable the other n — 1 variables have values which are also 
arbitrarily assigned. To fix the ideas suppose that in the field 
considered A'* is not zero; then (1) can be written 


dx. _ A* 
A" 


(/ 1 . 2 , ... « - 1 ), 


considering as tlie independent variable 

It follows from the existence theorem that the integral 
equations 

^ (i -= 1, 2, . . . ~ 1) 

of the line can be satisfied by an arbitrary set of values of the 
n variables, which is equivalent to saying that the line can be 
made to pass through a point arbitrarily fixed in advance.^ 

Such a system of lines is called a congruence. The quantities 

=: where ds denotes the element of arc of the line passing 

as 

through the generic point (Xj. Xg, . . . x„), are called the para- 
ineters of the congruence, and the elements A, of the reciprocal 
system are its moments. 

If all the lines of a congnience are geodesics, the congruence 
is said to be gef)desic; e.g. congruences of straight lines in ordinary 
space. It is easy to determine the analytical condition which 
expre^es this property. We know that the charactixistic equa¬ 
tions of a geodesic can be put in the following form (cf. Chapter 
V, formula (53), p. IIP 

n 

-f = 0 , 

where A^ = 

ds 

' The ar){iimetit may be made clearer by considering the example of a field 
of force in ordinary pliymcs. In this oaae, when a direction ^ (that of the force) 
is physically defined at every point of the space considered, then a system of lines 
(the lines of force) is determined which have at every isvmt the direction of the 
force at that jioint and which, so to speak, fill all sjiace, as through every point 
there passes one (and only one) line of the system. 
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w u « 8A‘ 

Now we have - — S. xi, 

ds 1 0 x 1 

substituting in the previous equation and writing everywhere A* 
instead of x^, we get 

11 n\i n \ 

from which, by (S'), p. 147, we get 

y = S;(A’);A' = 0 (f =- 1, 2, . . .n). . (2) 

1 

These are the required conditions. We can expre.s& them partly 
in terms of the momotts by multiplying by a,*, and summing with 
respect to ?, which gives 

Pk ~ S,,a,^(A‘),A' = 0; 

1 

and as by Ricci’s lemma 

»Mi = («,iA')„ 

we get finally 

p, = i:;A,,A'-0 (X-= . (2') 

1 

Another important special property which a congruence may 
have is that of being normal, i.e. that of being composed of the 
orthogonal trajectories of a family of surfaces. It should be noted 
here that, given a family of surfacas, there alw'ays exists a congru¬ 
ence of curves which cut all the surfaces of the family at right 
angles and are called orthogonal trajectories', w'hile there does not 
always exist a family of surfaces which cut at right angles all the 
curves of a congruence. This can be .shown as follow's.^ 

First, let there be given a generic family of surfaces whose 
equation Ls 

f{x) — constant. 


^ It iniiy l>e ntited iiiouleiitally that in chapter V, p. 127, wo have already recog¬ 
nized the existence of the dircctitms normal to the families of co oulniate surfaces 
Xi = constant, and determined their moments. These lesults could have been 
used here, as any family of surhiocs f =r constant can always be turned into co¬ 
ordinate surfaces by a chany;e of variables. Tiie line of argument followed in the 
text has the advantage of directly the explicit expression for the moments 

of the normal directions when the equation of the family of surfaces is general. 
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Consider the surface which passc-s through a specified point 
P whose co-ordinate^s are sr^, . . . 3„; it is undeistood that P 

is regular, i.e. that the first derivatives are finite and con- 

oar, 

tinuous at P and are not all zero. We wish to show that a direc¬ 
tion perpendicular to the surface, i.e. to every displacement Sr, 
belonging to the surface, is uniquely associated with P. 

We first note that for every such displacement 8x, wc have 

f(x + Sr) = f{x) 

or S. Sr, = 0.(3) 

1 e'r. 


If we denote by A, the moments of the hypothetical perpendi¬ 
cular direction, then the condition of perpendicularity to every 
displacement in the surface is expressed by the relation 

2. A. Sr, - 0,.(4) 

1 

which must hold for all values of the Sr,’s which satisfy (3). The 
coefficients m (;5) and (1) of each Sr, must theiefore he f)roi»or- 
tional (cf. § 3, p. 250). In \artue of the quadratic identity 

- 1 


the moments cannot all be zero, .so that we can suppose* that one 

1 Sf 

of them, say A,„ is not zero, and put ■’ = p. Writing J, 

d.Sr„ 

instead of ■' for shortness, the explicit relations equivalent to 

Cl 

(4) take the form 


p\ == 1,2,... n). 


(5) 


The /’s being known, these equations determine the A,’s, 
except for a factor, which in turn is determined (except in 
sign^ by the above-mentioned quadratic identity, which gives 

%ik%tftfk — P^- left-hand side Cannot vanish, as by hy- 

* pothesis one at least of the f^s is not zero; we are therefore sure 
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that p =t= 0. Thus given the family of surfaces / = constant, 
the orthogonal direction at each point is uniquely determined; 
the positive sense on this direction can be chosen at will (cor¬ 
responding to the double sign of p). The A/s being known as 
functions of position, the reciprocal elements A' can be obtained 
from them, and thence, by (1), we get a congruence of lines 
which cut orthogonally the surfaces of the given family. 

Vice versa, given a piori a congruence of lines by means of 
their moments A^ (to be considered as given functions of position), 
then in order that the lines of the congruence may be considered 
as orthogonal trajectories of a family of surfaces / = constant 
the nect'ssary condition is that the derivatives of the function 
a' 2 , . . . a;,,) (which is a priori unknown) should satisfy (5), in 
which p denoti's a factor which is not zero, but is a priori un¬ 
determined. iSucIi an / does not always exist; w’e have indeed 
already seen that the nece.ssary and sufficient conditions for its 
existence arc ((hapter 11, p. 29, formula (2.‘5)) 



where we must now take A', = A,, Xj — A^, Xj, — Only 
some of these conditions are distinct, e.g. those in which the index 
k has the fix'ed value n (the conditions (20) of p. 27), the others 
being deducible from them. 

2. Sets of n congruences. Determination of a vector by n 
invariants. 

We shall now' consider n congruences of lines in a generic 
F„; thus « directions Xj, X 2 , . . . X„ will be fixed at each point. 
We shall further sujijiose that every tw'o of these directions are 
orthogonal, and we shall then say that we have fixed in F„ 
a set of n orthogonal congruences. 

The parameters and moments of these congruences will of 
course have two indices, the first of which represents the ordinal 
number of the congruence. We shall use the term the congruence 
(h) to denote the congruence whose parameters are A^, A/„ . . . A)(, 
and whose moments are therefore the reciprocal elements A^jj, 
^A|a> • • • K\n (with respect to the ds^ of the manifold). 
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In addition to the usual quadratic identities we shall here 
have the. conditions of orthogonality of the congruences. Both 
sets are included in the formula 

= l,2,...n); . . (7) 

1 

if A = k, this is the usual relation between parameters 
and moments, and ii h 4= k it expresses the fact that the 
directions X* and Xj., i.e. the congruences (h) and (k), are 
orthogonal. 

The equations (7) also express the essential fact that the 
parameters A|i. of a set of n orthogonal congruences are the recip¬ 
rocal elements (in the algebraic sense) of the moments A,, 
of the same set of congruences, and vice versa (cf. (liaptiT IV, 
p. 74; Chapter VII, p. 206). In addition to (7) the equivalent 
formulae 

kKi.K=^K (i.i= 1,2, ...n) . (7') 

1 

therefore hold. Multiplying these by and summing with respect 
to j we get the important formula 

— i,ftA;,|,A^H {i,k — 1, 2, ... n) . (7") 

1 

giving the coefficients of in terms of the moments of any set 
of n orthogonal congruences. Analogously, multipljdng (T) by 
o**, summing with respect to i, and then putting i instead of j, 
we get 

],2,...n). . (7"') 

1 

A vector B of our F„ is determined, as we know, by its co- 
variant components i?, or its contravariant components R\ 
Hence when a set of n congruences is fixed in 7,„ the vector can 
also be determined by its n projections on the directions belonging 
to these congnicnces at the point where the vector is considered. 
By definition (Chapter V, p. 126), the projection of B on the 
direction X* is the invariant 

C/, = B X X/,, 
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which can be expressed in either of the two equivalent forms 

Ca ~ .(8) 

c, = iR,xi .( 9 ) 

1 

Thus the vector R is determined by the n invariants C;,. If 
we wish to deduce from these, in a given system of reference, the 
covariant or contravariant components, we need only solve the 
equations ( 8 ) or (9), whicli, together with (7'), give 


.( 8 ') 

1 

■Kt = 21* Ca A/, I,.(9 ) 


If in particular the vector R is the gradient of an invariant 
f (i.e. if the components /?, are the derivativesof / with respect 
to the variables j,), then the invariant c* represents the intrinsic 
derivative of / in the direction of the congruence (//). In fact, 
if ,v* denotes tlie length of the arc of one of the lines of the con¬ 
gruence (/i), measured from an arbitrary origin, then for a dis¬ 
placement ds* along this direction the increment of / will be 

^ 2 ,/da;., 

1 

where the dr’s are the differentials corresponding to this dis¬ 
placement. 

Divdding this quantity by ds,. w'e get by definition the deri¬ 
vative of/in the direction of the congruence (h); remembering 

as* 

rffZ’ 

that ^ ‘ — Aj„ we therefore have 

= .( 10 ) 

as,. 1 

a formula corresponding to (9). Solving it, we get the formula 

/. i ^-^A,.,. . .... (10') 

1 Ssfc 
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corresponding to (9'); and lastly, changing to the reciprocal 
elements, we get also 

= .( 10 ") 

1 

which corresponds to (S'). 

In general, it would be easy to show that when a set of n 
congruences is fixed a tensor of rank m can be determined by 
w’" invariants, instead of by that number of components, co variant, 
contravariant, or mixed, the proof being completely analogous 
to that given above for deb'rnuning a vector by means of n 
invariants. Thi.s result simplifies the study of certain questions, 
so that we shall find it useful to carry somewhat further our 
investigations on sets of n congruences. 


3. Oeometrical definition o! Ricci’s coefficients of rotation. 


We must now introduce a system of differential invariants 
which are closely connected with the set of n congruences. We 
shall reach the required result quickly by the following 
method. 

Consider two very near points P and P' of F„. At each of 
them the lipes of the « congruences determine a pyramid (a genera¬ 
lization of the notion of the trihedron) whose directions are 
mutually orthogonal. If X^, . . . X,i are the n directions at P, 
those at P’ will be Xi = Aj -(- S'Xj, . . . X’, -- X„ -f 8'X,„ and 
we shall say that we pass from the first to the second by heal 
dispheement, i.e. by the law previously fixed which legulates the 
behaviour of the lines of the set of n congruences. But 

the pyramid of directions can also be moved from P to P' by 
parallel displacement; we shall then get at P' n mutually ortho¬ 
gonal directions X{ = + S'X^, . . . X* = X„ -|- S*X,i, which 

will not in general coincide with those obtained by local dis¬ 
placement. We shall thus have at P’ two pyramids infinitely 
near one another, since each Ls infinitely near the jiyramid 

X^, . . • X,(. This means in particular that the ith. direction of 
one makes an infinitesimal angle with the ith direction of the 


other, and an angle very nearly equal to - with the remaining 

2 

n — 1 directions of the other. We propose to examine these 
infinitesimal differences. 
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Consider two directions X,„ of the pyramid at P; these 
either coincide (h — k) or are orthogonal, so that we have 

A 

C08Xy,Xt = 8*. 

Let them be displaced to P', the first by local and the second 
by parallel displacement, so that the first will coincide with 
Xa and the second with X,'. We shall calculate the resulting change 
in the cosine of the angle between them, i.e. the quantity 

AAA 

8cosX,,X„ — cosX/,Xv — COSX/.X,,. 

This is an infinitesimal of the same order as the distance ds 
between P and P', and w'c shall therefore write it in the fonn 
Pl^lf ds; thus pi^i^ will give us a kind of measure of the rate at which 
the cosine in question changes for a displacement in the direction 
PP'. To calculate it, we start from the formula 

A 

cosX/jX/j. = A;,|,AJ 


and differentiate it, remembering that w'e have to operate on 
A/,|, with the symbol 8' (local displacement) and on Ai with the 
symbol 8" (parallel displacement). We shall get 

Pu^dfi ^ 8cosX;,X,, -- Al, (S'.A/,|,-A; + Ay,|,-8‘A'). . (11) 

1 


AVe have also from the ordinary rule of the differential cal¬ 
culus 


5' A 


7,|> 


1 dx, 


where denotes the increment of the co-ordinate Xj in passing 
from P to P', and from the law of jiarallclism 

S'A^ Al-Sa:^. 

1 


Substituting in (]1) we get 


Phkds = SyAj 


3A, 




'^iji ^A|i \flf ^ 
1 
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In the second sum interchange the indices i and I, so as to 
get the same factor AJ. Sa:^ as in the first. We can then write 



or, remembering formula (5) of p. 147, 

fl 

Thk^ = ^ijKuiK^^r ■ ■ ■ ( 11 ') 

1 

Denoting the parameters of the direction PP' by 

pi ^ ^ 

^ ds' 

we have the formula 

.... ( 11 ") 

which holds for any direction whatever. 

It is to be noted that as given by the original definition 
(11), changes sign when the two indices are interchanged. This 
can be proved without difficulty, either from the final expression 
(11"), by going back to (7) and taking its covariant derivative; 

A 

or more geometrically, by using the property that any cosX/,Xj 
is imchanged by cither local or parallel displacement, so that the 
formulae 

8.(X,A.,A..) = 0, S'(X,A,„A.) = 0 

both hold. 

Carrying out both differentiations and using the results to 
transform (11), we get 

Putds — — S,-(A^jpS'AJ. + A),-S Aa|,). 

1 

A 

Further since cosW can also be expressed in the form 

n 

Si (11) is equivalent to 

1 


— 2]/(S'AJi’A^ji-J-A^’8 A^|i). 
1 
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Interchanging h and k, and adding to the previous equation, 
we get the required identity 

Tu< + Pkh = 0 (A, A; =: 1, 2, . . . w). . (12) 

We shall now examine the case when the direction of dis¬ 
placement coincides with one of the directions belonging to the 
set of congruences, say the Zth. We shall then have 


and, denoting by the value of in this particular case 

A 

(i.e. the rate of variation of cosX/,Xj, for a displacement in the 
direction of X;, in whicli X,, is moved by local, and X;, by parallel, 
displacement), we shall have from (IT) 

Vaai ~ ^ 1) 2, . . . n). . (13) 

1 

The quantities y were introduced by Ricci, and named by 
him the coefficients of rolaliott of the set of congruences. They 
have various important propertie.s. 

In the first jilace, tluy are inmnant, as follows from (13) by 
the law of contraction. We have farther, as a particular case of 
( 12 ), 

y/j,i + Ykiu ~~ 11 — 1, 2 , ... n), . (14) 

which for k = h reduces to 

Y 1 . 1 ., - 0.(15) 

'vve can also give a direct formal jiroof of (14), on the lines 
already suggested for the more general case of the p’s. Starting 
from the identity (7), and taking the covariant derivative, we 
shall get (remembering ('hapter VI, p. 152) 

S, S, A), = 0. 

1 1 

Multiplying by A[, and summing with respect to j from 1 
to n, we get „ „ 

Sy Kiy XI + Sy Ai |„ A^ A^ = 0 

Yhkt + Ym = 0 - 


or 
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The number of these invariants y, which depend on three 
indices, is a priori n®; but they are connected by the + 1) 
relations (14) of antisymmetry. Hence the number which are 
algebraically distinct is at most 

3 n\n + 1 ) _ n%n — 1 ) 

” “ 2' ■ “ 2 ■ 


The minuend n® is equal to the number of the derivatives 
of the quantities A,,n, and the subtrahend -f 1) to 

the number of the relations given above as resulting from the 
differentiation of the equations (7) and connecting the w® deriva¬ 
tives. We can accordingly ex[)ress the derivatives as func¬ 
tions of the quantities A,,!*, and y, by solving the equations (LS). 
To do this, multiply (13) by Aj|,/A;|y, and sum with respect to 
k and 1. We get 

11 n n , n 

Aj,A^ij»S( Aj A(|y 



\lv 


8's^; 




or finally, replacing i' and/ by i and/ 

n 

^/i|v “ '^kiYhnK\%\\j- • 


( 10 ) 


This result shows that in order to study the differential pro¬ 
perties (i.e. the properties depending on the way in wliich the 
A’s vary) of the lines of the given congruences we. need only 
consider the invariants y, in terms of which all the derivatives 
of the A’s can be expressed. 

The geometrical significance of the y’s, which we have already 
illustrated, is particularly expressive in the case of ordinary space. 
In this case the three congruences define at every point a triplet 
of orthogonal directions, and P 3 i> Tn ll*® components of 
a vector oj such that wds is the elementary rotation of the triplet 
in the local displacement from P to P'.* 

^See e.tf. Levi Civita wid Awaldi: di Mcooaiiica Razionah, Vol. I, 

p, 178; Boloj^Tia, Zanicbelli, ]92iJ. For the general case, the reader may be refiTred 
further to a paper by Signorina Cakpankhk; “PftTallelismo e curvatura in una 
varieU quahinquo ”, in Amuxli di Mat., Vol. XXVIII, 1919, pp. 147-169. 
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4. Commutation loimula for the second derivatives along the 
arcs. 

The invariants y occur in another important formula, which 
we shall now establish. 

We wish to compare the two second derivatives 

' and ll; 

0s* as* 0s* 0s* 

we shall find that they are not equal, but are connected by 
a more complicated relation mvolvmg also the first derivatives 
and the y’s. 

AVe have in the first place from (10), diSerentiating the 

invariant with respect to x, and applying to the right-hand 
06* 

side the rule for diflerentiation given in Chapter VI. p. 152, 

0 0 /■ " ” 

f = sj‘A*„+s.a;,/,. 

dXj 0S/, 1 j 

We next replace/' in the first term on the right by the expres¬ 
sion given for it by (10") (putting I instead of h for the index of 
summation), multiply both sides by Aj^, and sum with respect 
to j. We thus get 


By the definition (10) of the intrinsic derivative, the left-hand 
side of this equation is precisely ^ ; the first term on the 


right, from the definition (13) of the invariants y, reduces to 


V - y 3/ 

A-i Yiuk a - — ~ Yiiik 
1 0Sj 1 05j 


We therefore have 


0 3/ V I V r y 

5— +^v/vW- 

0s* 0s* 1 0Si J * 
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To get the other second derivative, we interchange ^ and A:, 
which gives 


e) 3/ 
Ssj, ds/^ 


/ X A^. 

1 h 


‘^I'Ylkh ^ 

1 VSi 


Now take the difference of these two expressions. The second 
terms on the right cancel out, as on interchanging i and j they 
become identical. Hence 


3 3 / _ 8 3 / 

05* 3sfc 3s* 3s* 


y 3/, 
1 ^ 




(17) 


This is the commutation formula required. 


5. Case in which one of the congruences of the set is geodesic. 

Suppose that one of the congraences of the set is geodesic 
(cf. § 1); without loss of generality we can always suppose that 
it is the nth. We propose to investigate the special characteristics 
of the coefficients of rotation y in this case. 

From formula (2') we get the following relations for the 
elements of the direction A„: 

= 0 (f- l,2,...n). . (18) 

1 

We now multiply by A* and .sum with respect to i; remember¬ 
ing the formula (13) defining the y’s, we get 

y«„« =0 (/t = 1, 2, . . . n); . . (18') 

this is equivalent to (18), as can be shown by multiplying by 
A*|„ summing with respect to h, and using (16). 

The n equations (18') are invariant not only for all possible 
changes of co-ordinates, but also for any change whatever of 
the n — 1 congruences (1), (2), . . . (n — 1), which together with 
(n) form an orthogonal set; in fact, to establish the equations 
(18) we made no special hypothesis as to the choice of these 
n — 1 congruences. 

In particular, if the space is Euclidean, the equations (18') 
are the intrinsic equations of a rectilinear congruence. 
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6. Oeodesic onrTatnre ot one of the congruences of the set. 

Returning to the case where the congruence (n) is general, 
we wish to show that the n invariants (A — 1, 2, ... n) 
have a simple geometrical interpretation. It will be remembered 
that the left-hand side of (2'), which we denoted by is a co¬ 
variant component of the geodesic curvature p (cf. Chapter V, 
p. 135). If the congruence considered is (n), we can therefore write 

tl 

Pk — A^. 

1 

Now in accordance with § 2 the vector p can be represented 
by the n invariants 

t* 

Pk 

1 

which give its orthogonal projections on the lines of the n con¬ 
gruences. 

('arrying out this operation on the expression just given for 
p,^, we find, by (13), 


this shows that the invariants (A = 1, 2, . n) represent 
the orthogonal projections on the lines of the set of congruences 
of the vector which is the geodesic curvature of the congruence 
(«)• 


7. Case in which one of the congruences of the set is normal. 
Complete normality. Differential relations satisfied in every case 
by the y’s. 


Suppose that (n) is a normal congruence. We know that the 
equivalent analytical condition is given by (6) where we take 
= A„|i. We thus have 


(i,j, k = 1, 2, ... w). 


= 0 


(19) 


We now multiply this equation by A*n./A;,|,», where k' and 
i' axe two new indices chosen among 1, 2, . . w — 1, and sum 
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with respect to i and k from 1 to n; remembering (13), we get 


^«|y Ytu'k') 0- 


(19') 


As j may have any value, we can always choose it so that 


A„|j #= 0; thus we have 


Ynhi Yntk (^> k 1, 2, ... 71 1), 


( 20 ) 


where we have written i, k instead of i', k'. Reciprocally, if the 
equations (20) are satisfied, the equations (19') follow from them, 
and therefore also (19) as a necessary consequence. The equations 
(20) therefore constitute the required condition. 

It is not without interest to find this condition by another 
method, starting from the remark that if the quantities A„|, are 

to be proportional to the derivatives -i. of a single function /, 

these derivatives can be substituted for them in the conditions 
of orthogonality 

iA,.|.Ai = 0 (A= l,2,...n-l), 


so that the hypothetical function / must satisfy the linear system 
of partial differential equations 

‘ dx, 


2,Ai:^ = 0 


(A = 1, 2,... n - 1). 


Reciprocally, if there exists a function / which satisfies these 
w — 1 equations, its derivatives must be proportional to the 
quantities A„|,, 

Hence the conditions in question are the necessary and suffi¬ 
cient conditions that the given n — 1 equations may constitute 
a complete system (cf. Chapter III, § 9, p. 52). 

To make the notation agree with that in Chapter III, we mtro- 
duce the linear operators 

(A = 1,2,... 71- 1), 

1 ox^ 

noting that (10) shows that these operators are identical with the 

g 

derivatives — with respect to the arcs. We thus have the system 
0 (A = 1, 2.... n - 1), 
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and we have to express the condition that, for h, k = 1, 2, . . . 
w — 1, Poisson’s parentheses 

{X„X,)f=X,XJ-X,XJ 


are linear combinations of the terms Xif. 

Now, repeating the steps of the calculation in § 4, or better, 

d df 

borrowing from it the value akeady found for ■' we have 


X,XJ = 


8 8/ 

dsi, 36V 




Interchanging h and k, and subtracting, the second sum dis¬ 
appears. In the first, we must separate out the term correspond¬ 
ing to the value n of the index I, and put Xif again instead of 

We thus get 

OSj 

(X/„ X^)f — S; {yihic — yjw.) Xif -f- — y„j.j) . 

1 3s„ 


Tills must reduce to a linear combination of the quantities 
XJ {1= 1). 

As is independent of the Xh, its coefficient in each of 
8s „ 


the parentheses included in the above expression (i.e. for 
h, k ~ 1, 2, ... w ~ 1) must vahish; this brings us back to (20). 

It may be noted that if all the n congruences of the set are 
normal, the y’s with three distinct indices are all zero, In fact, 
choosing three distinct indices i, h, k, we have the following 
identities: 


y%hk y-Uchy 


yhJcx yhikf 

ykiii ykhi7 


adding the first two and subtracting the third, and remembering 
that the y’s are antisyrametrical in the first two indices, we get 


Yiftk YthScy 

or Ym = 0 (i,h,k = 1,2, .. .n) 
for every triplet of three distinct indices. 
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If we put 

Yij, ~ ^ ~ g j ~ ”1” yy* ~ y*** } I 

we get at once, by definition and the antisymmetry of the co¬ 
efficients of rotation y with respect to the first two indices, 

Yij,hk yijfkhy yi),hk yji^hk' 

I add, but without giving a proof, that the cyclic identities 

YijM + Yth.kj + y>Jc.3h = 0 

also hold; and from these it follows ultimately that 

y„,hk == yhK,j {i>j, h,k = 1 , 2, ... n). 

Ricci discovered all these results as far back as 1895, basing 
his researchers with regard to the four-index y’s on the analogous 
properties of Riemann’s symbols of the first kind (cf. Chapter 
VII, p. 179). A particularly simple aiid direct proof hat, recently 
been given by Dei.^ 

8. Canonical system with respect to a given congruence. 

In many questions a congruence of lines is either among the 
data of the problem, or is closely connected with them. In order 
to deal with these problems it is often useful vo associate with 
the given congruence n — 1 others, forming with the given one 
a set of n mutually orthogonal congruences, so that the given 
congruence can be considered as the nth of this set. The choice 
of the n — 1 auxiliary congruences is a •priori arbitrary; in many 
cases this arbitrariness may be taken advantage of to introfluce 
some simplification. This is possible, as we shall now see; and 
the conclusion we shall reach is that given any congruence what¬ 
ever, there is always at least one way of choosing the other w — 1 
so that the relations 

ynki + ytOi — 0 {k ^ 1; k, I = 1, 2, . . . n 1) (21) 
may be satisfied. 

The system (or any one of the systems) of w — 1 congruences 

’ “ Sulle relazioni differenziali ohe legiuio i coefBoienti di rotazione del Ricci", 
in Rend, ddltt R. Aec. dei Lineei, VoL XXXII (first half-year, 1923), pp. 474-479. 
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which possesses this characteristic is called a canonical system 
with respect to the given congruence. 

To prove that such a system exists, we associate with the 
given congruence a system—for the moment any whatever— 
of n — 1 other orthogonal congruences, and fix our attention on 
a generic point P of the manifold; for shortness we shall denote 
by TO the pyramid of the w — 1 directions Xj, Xj, . . . drawn 
from P, orthogonal to X„ and to one another. Suppose this 
pyramid rotated round the direction X„, by which we mean that 
we pass from the pyramid cj to another id' formed by w — 1 
other directions Xj, X_„ ... X",_i, also drawn from P, and ortho¬ 
gonal to X„ and to one another. We wish, if possible, to 
determine the rotation so that after it has been effected the 
relations (21) may hold. For this we shall start from the relations 
connecting the Xj/s with the X^’s, which express analytically 
the rotation described. 

Let aijc{h, ic = 1, 2, . . . n) be the cosine of the angle be¬ 
tween the directions X^, and X^.. Naturally, if only one of the two 
indices h, k coincides with n, the corresponding a is zero 

^X„ - X'„ and the corresponding angle is while a„„ = 1. 

The formal® for this are 

~ ®ii* ~ ^ h — , n 1), 

f • 

We have in any case by definition 

n 

Ay, A/,j^ ■ Ot^y. (/^, h 1, 2,.. . w), 

1 

and thence, multiplying by A,,|, and summing with respect to h, 

^ n 

1 

Limiting k to the values 1, 2, ... w — 1, for all of which 
a„j. = 0, we can take the siun on the right only to n — 1, so 
that we have 

~ ^h°-uc^h\i {k = 1 ); . ( 22 ) 
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i.e. the moments of to' are connected with those of to by a linear 
substitution, as could have been anticipated, and the are 
the coefficients of this substitution. It is also to be anticipated 
that the substitution is orthogonal. To prove this, we take the 
equations (7"); putting k = i, they give 

Sa(Aa|,)- == (i - 1,2, ...«). 

1 

The coefficients a„ on the right depend on the co-ordinates of 
reference, but not on the choice of the congruences associated 
with (n). 

Since Aa|„ = 0 for h ^ n, it follows that for any value of 
i (=1= n) the expression 

1 


is invariant for rotations of the pyramid to, and therefore the 
substitution dcfmed by the a’s is orthogonal. We have now to 
arrange this orthogonal substitution of order w — 1 in such a 
way that the relations (21) may be satisfied. 

To do this we start from (1(1), from which we get as a parti 
cular case 

n 

3 1, 2, , . . W 1). 


The terms of this sum in which k = n vanish, by (15); those 
in which I “ n can be separated out by writing 

n-1 n 

ynjfci ^*■|^ 

1 1 


The last sum can be suitably transformed by replacing 
by the expression given by (13); we then get successively 

n » 


— A„|pj A^Sf 
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We can therefore write 

rt-l n 

VntJ ] u/ 

Now in this formula it is to be remarked that the left-hand 
side and the last term on the right depeud on the parameters 
and moments of the direction X„ alone, and do not depend on the 
other n — I associated directions; the same must therefore be 
true of the remaining part, i.e. of the sum 

(b J 1. 2, . . . n — 1). . (23) 

We can therefore conclude that these expressions are invariant 
lor any rotation whatever of the pyramid m. 

Of the (« — 1)^ quadratic forms included in formula (23), 
which are obtained by choosing the indices i, j in every possible 
way, we are interested in any one in which i = j. Fixing the 
index i once for all, and putting for shortness 

A,|, =- 2, (f -= 1, 2, . . . n - 1), 

the corresponding quadratic form is 

H - 1 U -1 

"Ynkl “ 2 (YM 4" Ynlk) h • (23') 

1 1 

In this the coefficient of the product 2 ( is y,,/*, i.e. 

the left-hand side ot (21). If we Wl^h to satisfy (21), we must 
make all the coefficients of the terms in Z/, 2 ,, for which k ^ I, 
vanish by means of the orthogonal substitution (22), which we 
shall write in the form 

? 1 - 1 

~ “A* • • • (22 ) 

1 

this is equivalent to reducing the invariant quadratic form (23') 
to the canonical form 

^kPk^k .(23") 

1 

by an orthogonal substitution. This algebraic problem is always 
soluble. In the cases n — 1 = 2 or 3, it corresponds to the pro- 
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blem of finding the axes of a conic or a quadric, and is discussed 
m ordinary analytical geometry. In the general case the theory 
leads to the following result. 

Consider the equation 

II Uyitki + ymir) — P II — 0, . . . (24) 

which is of degree n — 1 in the unknown p, and is called a 
secular equation. Its n — 1 roots are always real (it is understood 
that we suppose the quantities real), and give the n — 1 
coefficients of the canonical form (23").^ 

We can therefore always choose, at any point P, the pyramid 
TD and therefore the system of the n — 1 congruences (1), (2), . . . 
{n — 1) so as to satisfy (21); i.e. there always exists at least one 
canonical system with resiK*ct to a given congruence. If the 
n ~ \ roots of (24) are all different, the canonical system is 
uniquely determined; if they are all equal, any system of n — 1 
congruences which are orthogonal to one another and to (w) 
satisfies (21) and may therefore be called canonical. In the 
general case where the number of different roots is p (1 < p < 
n — 1), then a — 1 — p coefficients of the orthogonal solution 
are arbitrary, and there are therefore oo canonical .systems. 

9. Congruences of straight lines in Euclidean space. Geo¬ 
metrical significance of the canonical system. 

In ordinary (i.e. Euclidean three-dimensional) space parti¬ 
cular importance attaches to congruences of straight hues, which 
present themselves for con-sideration in various questions of geo¬ 
metrical optics; since the rays of a light pencil (in a homogeneous 
medium) form a rectilinear congruence. 

We shall now discuss a geometrical property of these con¬ 
gruences, which will be seen to be connected with the discus,sion 
in the preceding section; or rather—since it involves no greater 
complication—we shall discuss congruences of lines in a Euclidean 
space of any number n of dimensions. 

Consider a generic point P, and let r be the ray through P 
of the given rectilinear congruence; let X be the hyperplane 
(in ordinary space the plane) perpendicular to r at P. Take a 
displacement in X represented by the infinitesimal segment 

’ Compare Chapter VII, p. 205, where leferencew are given. 
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PP' = e in any direction; through P' will pass another ray 
t' of the congruence. In general, the two rays r, r' are skew; 
if for a particular direction of the displacement PP' it happens 
that they both lie in the same plane, i.e. that they meet or are 
parallel (more precisely, that the minimum distance between 
them is an infinitesimal of higher order than e), this is called a 
focal direction. We shall now show that in general there exist 
n — 1 focal directions, all or some of which may be imaginary, 
coincident, or indeterminate; we shall then point out an impor¬ 
tant particular case in which these directions coincide with those 
of the canonical system. 

Let PP' then be a focal direction; there will be a point C 
(which may be at an infinite distance) common to r and r'. 


Denote the length CP by 


1 


(so that we shall have the particular 


CO 

case of the rays being parallel at the limit when co -= 0), and 
let us take as axes of reference n orthogonal Cartesian axes 
y„ {v 1,2,... n). Let be the cosines of the direction n (i.e. 
its parameters or moments, since in Euclidean space A„|,, - A;,). 
The projection on the axis y, of the segment CP will then be 


given by - 

CO 


A„|,,, and that of CP' will be 


1 

CO 





wdiile the projection of PP' is dy„. If then we express this last 
term as the difference of the other two (PP' being the third side 
of the triangle CPP'), we have 

dy. = <i(L,„.), 

CO CO 


We now wish to use the methods of the absolute calculus. 
We shall therefore associate with the given congruence n — 1 
other congruences, orthogonal to it and to each other, which we 
shall distinguish by the indices 1, 2, ... n — 1. In addition to 
the projections of PP' on the axes we require also its projections 
on the set of n congruences so defined; for this we must multiply 
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tlie last equation by X* (K — I, 2, ... n) and sum with respect 
to V. First, let h — n-, the projection of PP' on the direction 
n is zero, as PP' by hypothesis belongs to the hyperplane X; 
hence the left-hand side is zero. Further, in consequence of the 
identity 


n 



— 1, 

1 

it follows that 

1 

hence finally we get 

~ 0, 


O) 


which expresses the a priori evident fact that CP ~ CP’ 
(of course neglecting infinitesimals of higher order tlian the first), 
putting h in turn equal to 1, 2, ... w — 1, and denoting by 
the projection of PP' on the direction h, we find 

H Qi ~ 1, 2, ... n — 1). 

<0 1 

We shall now expand dX„|,, remembering that since Chris- 
toffel’s symbols are all zero, ive can replace the ordinary by the 
covariant derivatives, and also that since ej, cg, . . . are the 
projections of PP' on the directions of the set of congruences, 
and (i = 1, 2, . . . «) its projections on the axes, we there¬ 
fore have 

n-l 

1 

The last formula thus becomes 

» y k 

“ ^vk I vk ? 

1 1 

n-l n ^ 

or ^rt| I A: ^/i * 

1 1 

Remembering the definition of the we have the system 
of n — 1 equations 

n-l 
I 


(A - 1, 2, ... - 1). . (25) 
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which we can also write 

= 0 (A = 1 , 2 , ... n - 1 ). (26') 

1 

This linear homogeneous system must determine the focal 
directions PP' (if they exist) in the hyperplane X, by giving 
their projections Cj, eg, . . . e„_, on the orthogonal directions 
1, 3, ... n — 1 which we have associated with the ray r. 

The necessary and sufficient condition that the system (25') 
may have solutions e which are not all zero, is that the deter¬ 
minant of the coefficients should vanish, i.e. thatw should satisfy 
the equation of degree n — 1 

= 0 (A,i l,2,...w - 1). (26) 

To every root w corresponds at least one set of values of the 
e’s, i.e. at least one focal direction PP'. Hence in general there 
are n — 1 of these directions, which, however, like the correspond¬ 
ing roots of ( 2 (!), may be real or imaginary, distinct or coincident, 
or (in the case of multiple roots) may be capable of having an 
infinite number of deferrninations. 

In fact, the properties of the secular equation, as noted in the 
preceding section, hold for si/mmetrical determinants of the type 
( 21 ), while the left-hand side of ( 2 (>) is not in general of this 
form. There is, however, an important category of congruences 
with this characteristic, which we shall now consider. 

Normal congruences of rays.- If our congruence (n) is normal, 
then by ( 20 ) 

Ynhj = 7,i,h (h’j = I, 2, . . . n — 1). 

We can therefore substitute ^(y„),j-i-y,„/,) for y,,,^, so that (26) 
at once becomes identical with (24), which defines the canonical 
directions. It follows that the canonical and focal directions 
coincide. Hence on the one hand we have the geometrical inter¬ 
pretation of the canonical directions; and on the other, from 
the properties noted at the end of the preceding section, we have 
the property that the focal directions are always real, and are 
in general determinate and mutually orthogonal; and further, 
that in the case of indeterminateness, when there is an infinite 
number of them, it is always possible (and in an infinite number 
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of ways) to choose n — 1 of them which shall be mutually ortho¬ 
gonal. 

As we are dealing with a normal congruence, there exists 
(by definition) a family of surfaces 

/(a^, x^, . . . x„) = constant, 

which are cut orthogonally by the straight lines of the con¬ 
gruence; these lines therefore constitute the common normals 
to all the surfaces of the family. If we fix one of these surfaces, 
and associate with every point on it the w — 1 focal directions, 
we shall get n — 1 mutually orthogonal congruences of lines on 
the surface. These lines are called lines of curmture, by an obvious 
generalization from the lines so determined in the case of sur¬ 
faces in ordinary space (n — 3). In fact, given such a surface, 
say a, the normals to it form a normal congruence (since they cut 
a and the surfaces parallel to a orthogonally); and if we consider 
the two focal directions at every point of a we arrive at precisely 
the ordinary definition of the lines of curvature as tho.se lines of 
a along which the normals to a generate a developable ruled 
surface. 

General Case.—\i the congruence («) under consideration is 
not normal, then in general, as we have seen, the focal and 
canonical directions at a generic point P of a ray r do not coincide. 
In order to find an interpretation of the canonical directions in 
this case, we should therefore have to examine in grervter detail 
the behaviour of the rays of the congruence which are infinitely 
near r. 

For M = 3 there is a classical discussion by Kummer,^ fiiving 
a very illuminating interpretation of the canonical directions, 
and pointing out in particular that the directions which bisect 
the angles between the canonical directions also bisect the angles 
between the focal directions (when the latter are real). 

We shaU leave the question at this point, merely pointing 
out to the reader the possibility of analogous interpretations for 
w>3. 

'See e.^. Btakchi: Leiiom di Qeometria Differeminle, Vol. I (tVnrd edition; 

ZanioheUi, 1922), Ch. X. 

T. Levi-Civita : “ Sulle contrruenze di curve ”, in Rend, della R. A re. dci 
^eoei, Vol. VIII (first lialf-yeiir, 1899), pp. 239-46. 



PART III 


Physical Applications 


CHAPTER XI 

Evolittion op Mpx'hanics and Gkometrical Optics; 
Their Relation to a Eour-dimbnsional World 
ACCORDING to EiNSTEIN 


1. Hamilton’s principle for a free particle. 

We start from the equations of motion of a material particle 
in a conservative field. Let U be the potential for unit mass. 
The equations of motion, in Cartesian co-ordmates (referred 
to fixed axes) yi, y^, are 

2/. - - {i = 1. 2.3), . . . (1) 


where as usual dots represent differentiation with respect to the 
time t. If we denote the square of the line element described by 
the moving particle in the small interval of time dt by 

= kdy:- 

1 


and if i; is the velocity of the particle (in absolute value), then 


dll 

dt^ 


s 

1 


Putting 
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it is known that the equations (1) can be summed up in the 
equation of variation , 

SJLdt = 0 .(2) 

which expresses Hamilton’s principle. 

Let us fix our attention for a moment on (2). It implies an 
interval of integration ((q, fixed arbitrarily in advance; and 
the vanishing of the left-hand side of (2) for variations hy^ of 
the y’s, zero at the extremities but otherwise arbitrary, is equiva¬ 
lent to the equations (1) being satisfied in the same interval. 

This case, in which t does not vary (i.e. U — 0), is the 
simplest application of Hamilton’s principle. Various generaliza¬ 
tions, however, in which t also varies, either freely or subject to 
certain conditions, have become classical. We shall shortly have 
occasion to discuss one of these generalizations which concern 
the equivalence between the equations (1) and (2). Meanwhile 
we may note that if the co-ordinates are changed in any 
way, so that the Cartesians y^, y.^, y.^ are rejilaced by any 
set of three curvilinear co-ordinates, or more generally by three 
Lagrangian parameters X 2 , coimected with t/j, y,^, by 
relations which may involve the time and which are regular and 
reversible in the field considered, namely, 

(Tz)- H = Xh (yi. Vv ya- {''* = 1. 2, 3), 

or, solving with respect to y^ (*' = 1, 2, 3), 

y, -= y.{a-i, Xjj, X 3 , t) {i = 1, 2, 3); 

then if we insert these expressions in L, it becorae.8 a function 
L{x 1 * 1 0 of the arguments x,, {h — 1,2, 3), f, quadratic 
(in general not homogeneous) in the x’s. 

As we propose to consider L as an invariant, it follows that 
(2) will hold for the Lagranfpan parameters x, and we have only 
to find its explicit form. Calculating the variation and integrating 
by parts in the usual way, we easily find 

t 

SjLdt — — jS/, .(3) 

where for shortness we have put 
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(Lagrangian binomials). The dynamical equations then take the 
form 


r* = 0 (A = 1, 2, 3) ... (4) 


(known as Lagrange’s form); and it is to be noted that, in virtue 
of the invariance of the left-hand side of (3), the quantities 
constitute a co-variant tensor, as pointed out in a similar case 
in Chapter V, p. 110. It follows that the equations ^4), i.e. 


d dL dL 
dt dxj^ d X/, 


- 1. 2, 3), 


• (4') 


are invariant (of. Chapter V, p. 110) with respect to the transfor¬ 
mations (Tj) which leave L invariant. 


2. Time as a fourth co-ordinate. Spaoe-time. World lines. 

An obvious consequence of Lagrange’s equations (4') is the 
identity 





1 



0L 

dt 


= 0 . 


Now suppose that in the interval {i^, tj) the independent 
variable i is also made to undergo a variation ht which is zero 
at the extremities and is otherwise arbitrary. Since the x’a are 

unchanged by this, while the derivatives x, = undergo the 
increments 

5 . dM 


it will at once be seen that, by an obvious integration by parts, 
the contribution of the variation oi t tv SILdt, namely, 


f''LSdt + f‘‘ 

Jto Jt, 


dL.. \ 


can be put in the form 



which, as we have just pointed out, is zero in consequence of 



ago ABSOLUTE DIFFERENTIAL CALCULUS 


It is therefore possible, in dealing with the Hamiltonian 
equation ( 2 ), to apply exactly the same treatment to the space- 
co-ordinates x^, Xg and the time t. 

To simplify the argument, consider the four-dimensional 
manifold F 4 corresponding to four parameters x,, i; the mani¬ 
fold, in which space and time are simultaneously represented, 
may be called space-time. 

A set of three equations 

3'. == “T.W (i = 1. 2, 3), 

or, in terms of Idnematics, a motion, corresponds to a curve 
belonging to V^, and reciprocally. Such a curve is called a world 
line, it is an obvious generalization of the plane diagram (in 
which the abscissa is the time and the ordinate the space de^scribed) 
used to represent the circurn.stance.s of motion in a given trajectory. 
Adopting this expression, we can say that the integral curves of 
the equations (4') are all those world lines of F 4 , and only those, 

for which the variation of the integral jLdt vanishes, the ex¬ 
tremities being fixed. 


3. General transformations of co-ordinates in space-time. 
Simultaneity. 


The most general transformation of parameters in F 4 ob¬ 
viously includes three equations of the type ( Tg), which substitute 
for the Cartesian co-ordinates three independent com¬ 

binations of them, Xi, Xg, Xg, also mvolvmg t; and a fourth 
equation which substitutes for the time t a further combination 
^o(yi> l/ 2 > ^ 3 ' (independent of the three preceding equations). 
This new parameter x^ is sometimes called the local time, as it 
depends not only on the original time, but also on the point in 
question. A transformation (T 4 ) is thus represented by the 
formula: 




j ^0 = ®o(yi. yz’ Vz’ 
{{Tz)- 


An obvious but important property of such a transformation 
is the following. If two events are characterized by different 
values of 7 /j, y^, y^, but the same value of t, it will in general 
happen that after the transformation is effected, not only the 
space co-ordinates x^,Xg,Xg of the two events will be different, but 
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2gt 

also the time co-ordinates Tq. This implies that two events which 
appear simultaneous with reference to the system 2 / 3 , i 

are not in general simultaneous with reference to the system 
of the jc’s; simultaneity is therefore relative to the system of 
reference. This evidently does not happen when the first of the 
relations ( 2 ’ 4 ) is of the type Xq — Tg(i), or in particular Xg — t, 
so that the {T^) reduces to a (T3). And it is precisely in order 
to avoid any conflict with the intuitive concept of (absolute) 
simultaneity that only transformations of the type (T^) are 
considered in the classical physics. But a more acute criticism 
of this intuitive concept shows that, far from being a logical 
necessity, it has an empirical origin based on experimental 
results which can only be taken as a first approximation; it is 
therefore rea.soriable, in view of the speculative nature of our 
considerations, to admit the possibdity of a more general con¬ 
ception of simultaneity. 

4. Einstein’s form for Hamilton’s principle. Its invariant 
character under any transformation of co-ordinates. 

So long as i is taken to be invariant, the form of the integral 
J Ldi is evidently not invariant for a transformation { T^), since 
in general dl is replaced by an expression linear in all four 
variables x. We might try to replace the base L by something 
more general; it would then be-possible to reach the required 
result, but the method would be compbcated and infertile, and 
the loss in simplicity both of concept and of form would be 
much greater than the gain in generality. 

But it is not difficult to arrive at a significant form which 
shall be invariant for every ( 2 ’ 4 ) if we regard Hamilton’s principle 
as an approximate result, the degree of approximation being of 
course sc high that in ordinary applications, astronomical as 
well as technical, the difference between it and the rigorous 
hypothetical principle shall be imperceptible. This will evidently 
be the case if the order of magnitude of the difference between 
the two, with respect to the values given by the ordinary theory, 
is not higher than the hundred-millionth ( 10 “**). 

A concrete application of this criterion is as follows. Let c 
denote a constant velocity, large in comparison with the greatest 
velocity attained in the motions we propose to discuss. We 
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V 

shall consider quantities comparable with jS = - as small quan- 

c 

titles of the first order, and we shall consider quantities of the 
second and higher orders as negligible in comparison with unity; 

we shall also suppose that the ratio is similarly negligible. 

c* 

We note that this will in fact be the case if c is comparable 
with the velocity of light, not only for ordinary problems of 
terrestrial motion, but also in celestial mechanics. In order to 
see this, we need only suppose that n is a planetary velocity and 
V the Newtonian potential which determines it, so that by a 
well-known result U (m the field of motion of the planet) is of 
the same order of magnitude as u®. 

We may take 30 kilometres per second, corresponding to the 
earth’s motion in its orbit, as the order of magmtude of v. In 

round numbers, c — 300,000 km./sec., so that we have - — 10"‘ 
(approx.), and therefore ® 

^ and ^ = 10“'' (approx.), 
c* c* 


We shall see farther on, in §§ 8, 9, and 16, that physical con* 
siderations lead us to take for c precisely the velocity of light. 
Smee 8 t must vanish at the limits of integration, w'e have 

dj''dt = 0, 


so that L can be replaced, as the integrand of (2), by 

The terms — though negligible in comparison with 

unity, are essential m order to prevent the equation of variation 
from reducing to an identity. Terms of higher order may however 
be neglected. We may therefore write 

c® - L = c2^1 - ^ 
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. . dl^. 

80 that, omitting the constant factor c and writing - ^ instead of 

ctt 


the equation of Hamilton’s principle (which, as just pointed 
out, is equivalent to S / (c^ — L)dl = 0) can be replaced by 


= 0 , 


or, putting ds^ = — 2f7) dfi — dl^. ... (5) 

by Sfds ^ 0 .(6) 


Since the value ox dig referred to Cartesian co-ordinates is 
s 

X, dy,°, the ds^ just introduced is a quaternary differential 
1 

quadratic form; it is indefinite, since for real and infinitesimal 
values of dt, dy^, dy^, dy^ it can have both positive and negative 
values. At the same time it is to be remembered that, for the 
pfkenormna of rtiotion at present under considcratron, we have ahmys 
ds^ > 0 . 

To show that this is so, note that, taking out the common 



ds’^ = (^dt^ 


(‘ 


2U 



this proves the assertion, since the quantity in brackets is cer¬ 
tainly positive when the quantitative relations stipulated at the 
beginning of our argument hold. 

We may now note that if the ds^ expressed by (5) is con¬ 
sidered as the square of the line element of the manifold 
(which contains both space and time), then (6) represents the 
characteristic equation of geodesics of (cf. Chapter V, p. 130). 
It is true that the metric of this manifold is characterized by an 
indefimte quadratic form, but, as was pointed out on p. 142 of 
Chapter V, this does not introduce any real complication so long 
as we limit our considerations to lines wholly constituted of 
elements for which ds^ > 0, as it is in the present case. We can 
therefore say that the proposed modification of Hamilton’s 
principle imposes a metric limitation on the space-time manifold 
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Vi, and that the mechanical problem of the motion of a free 
particle under the action of forces derived from a potential has 
been transformed—with an alteration of the laws of dynamics 
which is quantitatively very small—into the purely geometrical 
problem of the determination of the geodesics of a certain four- 
dimensional metric manifold. 

If for the arguments t, y-^, y^, y^ we substitute any four inde¬ 
pendent combinations of them whatever, Xq, x^, x^, x^, by means 
of a substitution (Tj), dls^ will lose the special form (5) and assume 
the general type of a quaternary quadratic, 

3 

ds^ = Y.^gj,dx,dx^ .(5') 

0 

whose ten co-efficients will naturally be, in general, 

functions of the a’s. 

The essential point is that, ds- being invariant, (6) is also 
invariant for any choice w'hatcver of co-ordinates in V^. This 
constitutes a marked superiority of (6) over the original form of 
Hamilton’s principle. From the conceptional point of view it is 
also to be noted that this change realizes Einstein’s fundamental 
concept of general relativity, which requires that it shall be possible 
to express the laws of any physical phenomenon whatever in 
a form which is invariant for every possible choice of co-ordinates, 
both of space and of time, without the time having to hold the 
privileged position assigned to it in the classical theories. 

5. Mass and energy: views suggested by the modification of 
the dynamical law. 

We shall examine in detail the form taken by the dynamical 
equations of the free material particle when the classical Lagran- 
gian function L is replaced by the function 

L* -cs/<^-v‘-2U, 

which we shall write briefly in the form 
L* = -c^K, 


putting 


2U 
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Substituting — cHi for L in Lagrange’s equations, they 


become 



d dK 





dt 


or since 



dK _ 






c^K 

we have also 

d 

y. 

1 dV 

(^ == 


dt 

K 

” K dy. 



Rememi)ering that K differs by very little from 1, we see 
that quantitatively these equations differ by very little from 
the equations (1). Considering them from the point of view of 
form, and comparing them with the cardmal equation of classical 
dynamics , 


(where Q is the momentum and F the force), we see that the 
momentum per unit mass of the old theory is replaced in the 

new by the vector whose components are For a particle of 

A 

mass m,) and velocity V the vectorial expression for the momentum 
will therefore be 

^ ■ A 

If we wish to retain the formal property that the momentum 
is the product of the mass by the velocity, we must take as the 
mass not the constant an intrinsic property of the body in 
motion, but the quantity 


which will be seen to depend on the velocity and the field of 
force. Neglecting the latter so as to fix the attention in the first 
place on the motion as it depends on the velocity, we reach the 
expression 


m = - 


V-S’ 
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from which it appears that m increases as the velocity increases 
and would tend to infinity if the velocity could reach the value 
c. In this sense we say that the typical velocity c, introduced 
to give an invariant form to Hamilton’s principle, is a limiting 
vdocity. 

We now proceed to examine the concept of energy in the 
light of relatmty mechanics. 

In the classical mechanics, given a generic Lagrangian func¬ 
tion L{y\y) (where L does not explicitly contain the time t), 
the corresponding expression for the energy is 

. . . . (8j 

in the case where L can be broken up into a part T{y\y) homo¬ 
geneous of the second degree in the y'e, and a part U independent 
of them, this becomes, by Euler’s theorem, 

H = T{y\y)-V{y). 

It is known that T can be interpreted as the kinetic and 
— U as the potential energy. Since we have replaced the classical 
L by the expression 

L* = = - c^K, 


we must now determine the new expression H* for the energy 
per unit mass. 

Applying (8) we get 


H* - S.2/,- L* 




= — c‘ 




y. 



substituting from equations (7) and using the expression for 
we get finally 


H* = 


c^-2U 

K 


c^-2U 




(9) 


K 


We see therefore that the energy cannot be divided into a 
pstrt due to motion and a part due to position. Further, for 
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<D = U — 0, the energy does not vanish, but remains equal 
to c*; a remarkable fact, the interpretation of which will be 
seen in a moment. 

Expanding the radical in series we can write 




and therefore, retaining only terms of the second order, 


H* 


= c2^1 


U 


+ 



^ c^-U+I 


To this degree of approximation, therefore, the energy is 
composed of a kinetic jjart expn.ssed ns u‘ual by Iv", a })art due 
to position which is still given by — U, and in addition a con¬ 
stant part (i.e. a part itidcpcndent of both jiosition and velocity) 
equal to c^, this last pari is called the ndtinm- erwrgy of unit 
mass. A material particle of mass (at rest or moving under 
no forces) will thus have intrin.sic energy ?a„c-. Now considera¬ 
tions of a different nature lead us to assign to this intrinsic 
energy a much more profound significance than that of a mere 
additive constant of conventional value, it is in fact taken to 
represent the effective atomic and moleculai energy stored up 
in the body to the extent of 25 million kilowatt-hours for every 
gramme of matter. The possibility of the existence of this enor¬ 
mous quantity of latent energy is sliown by phenomena of 
radioactivity; a sufficient example is the fact that any small 
mas.s of radium is capable of giving off for years and years, 
without perceptible modification, enough heat to raise an equal 
mass of water from 0" C. to boiling-point in every hour. The 
supply of heat would last for a very long time; more than 2500 
years for radium, and for other radioactive elements a period 
comparable with geological epochs. While radioactivity is not 
a general property of all bodies, yet it demonstrates the fact that 
(at least in certain cases) matter contains an enormous store of 
energy, and in thus form the assertion can be generalized so as 
to extend to every atom of ponderable matter. 

Admitting the possibility of the existence of this intrinsic 
energy, the foregoing considerations result in our assigning 
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to it the value If instead we return to the expression (9) 
for the total energy, and suppose that the potential V is zero, 
we find for the total energy {kinetic and intrinsic) localized in 
a body whose mass when at rest is the expression 



and remembering the expression for the mass wi as a function 
of the velocity we can also write this as 

E rm? .(10) 

This result shows us that there is a proportional relation not 
only between the mass of the body when at rest and the intrinsic 
energy, but, more generally, between the mass and the total 
energy localized in the body. It also suggests the hypothesis that 
to any form of energy there must be assigned a mass connected 
with it by the relation (10); and, vice versa, that every mass m 
corresponds to a quantity of energy mc^. This hypothesis is 
supported by other considerations, and leads to the view, of 
primary philosophical importance, that energy and matter may 
be considered as different manifestations of one single entity, 
which appears as ordinary matter when it is, so to speak, suffi¬ 
ciently concentrated, while it appears as energy in widely different 
forms when there are no condensation nuclei present. 

6. Einstein’s form for the principle of inertia. Restricted 
relativity. 

The equations of motion in the original Newtonian form (1) 
imply, as is well known, a state of uniform motion when the forces 
are zero or, which comes to the same thing (except for a non- 
e^ential constant), for U ^ 0. Equation (2), which is rigorously 
equivalent to (1), therefore defines states of uniform motion for 
U = 0. This property also holds for the new Einsteinian form 
(6) of Hamilton’s principle, though it is not rigorously equivalent 
to equations (2). Before proving this we may point out that, for 
U = 0, (6) gives 

ds^ == .( 11 ) 
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By a mere change of the unit of measurement of time (the 
advantage of which will be seen shortly), i.e. by putting ct = y^, 
this quadratic form becomes 

ds^- = dy^ — dl„\ 

and referring the space to orthogonal Cartesian co-ordinates, 

ds^ = dy^ - dy^^ — dy^ — dyi. . . ( 11 ') 

This is analogous to the ordinary expression for the ds- of 
a Euclidean in orthogonal Cartesian co-ordinates, except for 
the signs of the co-efficients, which make it indefinite; in this 
case the index of inertia^ is 3. Hence the w’ith a metric of 
this kind is called pseudo-Euclidean; the system of co-ordinates 
2/o> 2/1 > Ih' 2 / 3 ' ’'''i'ich gives this form to ds^, is called pseudo- 
Cartesian or Galilean. 

It will sometimes be convenient to put the expression for a 
pseudo-Euclidean ds- back into the general form (5'); for this 
purpose we introduce the symbols 

( 1 for f == ^ = 0, 

j - 1 for i 0, 

i 0 for « 4 = ^ 

(the notation being similar to that introduced in the note on 
p. 55 of Chapter III). Wc can then say that in pseudo-Cartesian 
co-ordinates the co-efficients of ds^ are 



We then have also, as is easily verified, 

9 '” = 27 ^ - .( 12 ) 

Returning to the property enunciated at the beginning of 
this section, we note that, for IJ = 0, the expression for L* 
becomes 

'The index of inertia is the number of negative coefficients of a quadratic 
form when expressed (in any way) in the canonical form (i.e. so that it contains no 
product terms). 
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and that (6), which becomes 

- 0.(6') 

can be written 

SjL*di = 0. 

The corresponding Lagrangian equations, from the fact that 
Lq does not depend explicitly on the y’s, at once give the three 
first integrals 

dL* 

^ — constant {i — 1, 2, 3), 

OJ/i 

whence there follows the constancy of all the y, 's (the principle 
of inertia). Now consider a particular, but very important, 
category of tianaformations {T^) specified as follows. From 
the set of four co-ordinates (/, y^, y^, y^) we pass to a new sot 
(t, y^, ^jj, y.^) for which the form (11) of ds/remains unchanged, 
this being understood in the sense that the transformation 
iormulaj are to give identically 

== c2 d/- - :S, dy,- c2 2. 

] 1 

The equation (G^) then ensures that in the neio co-ordinates 
also, interpreting t as the time and y^, as Cartesian co-ordinates 
the motion will appear uniform {restricted relativity). 

Transformations of this kind were effectively constructed by 
Loreiite, so that they may be called Lorentz transformations; 
we shall denote them shortly by (A) and discuss them fully 
in Section 8. Meanwhile we may indicate the characteristic 
property, pointed out by Professor Marcolongo, that, if wc put 

_ 4 

ij — 1 c« = SO that dsf takes the Euclidean form — E, dy^^, 

4 1 

a Lorentz transformation leaves unchanged the form S, dy,^, and 

1 

thus (here too apart from any question of imaginaries) is sub¬ 
stantially identical with motion in a four-dimensional Euclidean 
space. 

To close these remarks on the effective existence of these 
special transformations (A) we may note an important corollary. 
Every (A), as we have said, transforms a generic uniform motion 
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into a new motion which is also uniform; but it is not possible 
to assert that the velocity is unaltered by the transformation. 
There is, however, at least one case in which this happens, namely, 
motion in which the velocity is that very large constant velocity 
c which we origmally introduced m order to modify Hamilton’s 
formula in a way which should be quantitatively imperceptible, 
but fertile in its results. 

In fact, for a motion in which the velocity is c (with respect 

dl 

to the parameters t, J/aii we have obvuously = J', and 

therefore ,2 ■. J 7 2 a 

dsn -= c-dl~ — dlJ ~ 0. 


In view of the invariance, not only of dsff, but also of the 

special form c~ dl- — which w'c have given it, wc have, on 

1 

passing to the new variables i, jj-^, §^, by a Lorentz transfor¬ 
mation, 

c^dP-idyr = 0 

1 

for the transformed motion as well as for the original one, and 
therefore the velocity is c. 


7. The kinematics of rigid systems. Ordinary method of 
approach and possible variants. 

In the foregoing sections we have been led to modify (very 
slightly in ordinary conditions) the dynamics of a material 
particle P, i.e. the ielation between the motion and the disturbing 
force. Nothing however has been, or need be, modified as regards 
the kinematics, i.e. the description of the phenomenon of the 
change of position of a point P with respect to an assigned 
observer S, or in other terms with respect to a Cartesian system, 
in a certain interval of time. For convenience (the reason for 
this choice will be clear m a moment) we shall denote these axes 
of reference by 0 y^ y^ y^, and the time by t. 

The equations of motion of P, 

y.^yAi) (* = 1,2, 3 ), . . . ( 13 ) 


the velocity V as a vector of components 


^y, 

dt 


(i = 


1, 2, 3), the 
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acceleration, &c., will all be as in the ordinary case. In particular, 
there is uniform motion when V is constant, i.e. the y-a are 
linear functions of i. In this case, taking one of the axes, say 
that of the yj’s, parallel to V, the equations (13) can be put in the 
simplified form 

yi ^ + vt, y.^ = yl, y^ ^ yl, . . (M) 

where v obviously denotes the velocity in the scalar sense (the 
component of V along ^j), and y”, yl, yl are the initial values 
of the co-ordinates y^, y.^, y^ of the moving point. 

As is well known, there are in ordinary kinematics two ways 
of defining rigid motion and of investigating its problems; these 
are briefly as follows: 

(1) A rigid system is defined as a system consisting of any 
number of points P, P', . . . of co-ordinates y„ y\, . . . 
(i = 1, 2, 3), which move in such a way that their mutual 
distances apart remain unchanged; i.e. .ho tliat for any two points 
whatever of the system, P and P', and for any movement of 
these points, the relation 

S, (% - y.f = 

1 


holds, the quantity on the right being constant (geometrical 
characteristics of the moving system). 

In these relations and in their differential consequences 
are summed up all the properties concerning simultaneous 
positions, velocities, &c., of the various points of the 
system. 

(2) The ground covered by the equations just given for the 
relations between pairs of points is, so to speak, divided into 
two parts, the first expressing the intrinsic circumstance (i.e. 
independent of the .system of reference 2) that when the 
moving system changes its position with respect to 2 it keeps 
its configuration unchanged. This is equivalent to the pos¬ 
sibility of placing at the points P, P', . . . an observer 2 
rigidly attached to the body, who can be represented as usual 
by an orthogonal trihedron Oy^y^y^ with respect to which 
ti« iKJsition of each separate point of the moving system remains 
TOphauged. In other words, the co-ordinates «/;, y[, . . . of 
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these points with respect to these axes attached to the body do 
not vary with the time. 

At this stage the argument usually is as follows. In order 
to determine the position, with respect to the original system of 
reference of the whole moving system at a generic instant, it 
is only necessary to place the trihedron Oy^y^y^ (attached to 
the bpdy) in its proper position with respect to Oy-^y^y^. 
Thus we ayain have in de/il with transformation formula: (variable 
from moment to moment) between two systems of orthogonal Car¬ 
tesian axes, and therefore of the type 

y, --k<^jry, + <l>At) (*=1,2,3). . (15) 

1 

where aj, denotes the cosine (variable with the time, if the motion 
is not one of puie tninslation) of the angle betwoim the fixed axis 
Oy, and the moving axis and <f>,{t) is a function of the time 
(linear if the moticjn reduces to a uniform translation). 

The proposition in italics, or the equivalent group of formulae 
(15), con.stitutes the complement of what may be called the 
intrinsic rigidity of the body (the existence of the trihedron 
attached to the body); the combination of the two gives us once 
again the kinematics of a solid body in its classical form. 

But if we analyse this complement a little further, we find 
that Ave can modify to some extent the ordinary idea of the 
motion of a solid body without giving up either intrinsic rigidity 
or the validity of Euclidean geometry. 

We need only introduce the hypothe.sis (independent of b(jth 
the geometry and the kinematics of the point) that the measures 
of the distances between the points P, P', . . . (and therefore also 
of angles) of our solid may differ according as they are made 
by an observer attached to P, P', . . . or by the fixed observer S. 
While granting that the two ob-servers may disagree as to the 
measures, it is to be borne in mind that, by hypothesis, the 
measurements are made by each of them in accordance with a 
Euclidean metric, and that (as in the classical scheme of things) 
the rigidity of the motion must always be respected, from the 
point of view of the fixed observer S as well as of the other. 
This requires that every distance apart of two points P, P', 
... of our system must remain unchanged in time, whether the 
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distance is calculated by S or by the other. For this it is neces¬ 
sary and sufficient that the transformation formulae between the 
y’a and the y\ 

Vi = fi iVi, ^2. t) (i = 1, 2, 3), . . (16) 

where the /,’s are a priori unknown functions, should be such as 
to make 

dP i dy,^ = i dy, + dy, + dyX (17) 

1 1 \dyj^ dy^ dy^ / 

independent of t at every instant, whatever may be the differen¬ 
tials dyi. 

We get an obvious case in which this condition is satisfied if 
we suppose that the transformation formul® are linear in the 
y,’s (though not necessarily with respect to t), and in particular 
that they are of the form 

yi=^ '^k<^xkyk + ^Xf)> • ■ . . ( 18 ) 

1 

where the c’s are completely arbitrary constants, subject only 
to the qualitative condition that their determinant || c,*. || does 
not vanish. It .should be remembered that in the equations (15) 
the coefficients a,^ were in addition direction cosines (in some 
cases variable with the time) for two sets of orthogonal 
axes. 

A transformation of the type (18) between the y’s and the 
y’s is, at every instant (i.e. for any assigned value of t), linear, 
and therefore homographic, or rather affine, so that straight lines 
are transformed by it into straight lines. From our point of view, 
this means that curves which appear to the observer S to be 
straight lines are so also for the observer 2, and inversely. 

It would not be hard to show that, if we impose on a trans¬ 
formation (16) the double condition of making dl’ or the right- 
hand side of (17) independent of t, and also of keeping geodesics 
unchanged, we necessarily reach, if not an affine transformation 
(18), at least the product (in the sen.se of a product of operators) 
of an affine transformation by a rigid motion in the ordinary 
sense of the term. By a suitable choice of the trihedra of reference, 
ti^e passage between the y’s and the y's can thus be effected by 
applying in succession the two following transformations; 
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(1) An affine transformation given in its canonical form, 
i.e. by means of equations of tbe type 

y'l^hyi^ yi = hy2> ys = hya, • (i9) 

where the k’s are positive constants; 

(2) a transformation (15) between the y’u and the y' ’s. 

We shall not spend time on the elementary considerations 
which lead to this conclusion, and shall merely point out that the 
coefficients k of the equations (19) determine the deformation 
consequent on the affine correspondence betwetm the i/’s and 
the y' ’s, while in the second change, from the y' ’s to the y’s, there 
is no further deformation. 

It follows from this, taking (19) into account, and considering 
the two observers S and S, that a segment having the same direction 
as the axis Oy„ and of length 1 roith rejs'pect to the observe)' S attached 
to the body, will appear to the observer 5 as having the length k,I; 
hence the factor k, is called the coefficient of elongation. The 
“ elongation ” of unit length is accordingly — 1; this repre.sents 
an expansion or contraction according as k^ > ot < 1. The 
formula) (19) of course i)rovide, more generally, information as 
to the alteration in length of vsegments (and therefore of vectors) 
in any direction whatever. If the coefficients a, (? - 1, 2, 3) 

are the direction cosines with respect to the axes Oy^ y^, y^ of a 
generic segment and I the length as it aj)j)ears to the observer 
S, we obviomsly get, for the length I as estimated by S, 

1 ~ l>Jkfa{ + kfa.f -j- kf of. 

Returning for a moment to the ordinary equations (15) of 
rigid motion, we shall fix our attention in particular on the most 
elementary case (which will serve as a guide and a basis of com¬ 
parison in the argument of the next section), that of uniform 
translatory motion. We can then take the trihedron of reference 
0.^1 y^ j/s with one of its axes, say y^, parallel to the direction 
(by hypothesis constant) of the velocity, and we shall take the 
trihedron Oy^ y^ y^ attached to the body as coinciding with the 
fixed trihedron at the initial instant f = 0. 

The motion being translatory, the axes attached to the body 
remain parallel to the corresponding fixed axes throughout; and 
(1)666) H 
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if V is the velocity of translation, the formulse determining the 
motion evidently reduce to 

Vi = yz, Vz ^ Vz- ■ ■ ( 15 ') 

We have thus again reached the typical equations (14) for 
each point (y-^, y^, constant) of the body. 

8. Rdmerian units. Study ot Lorentz transtormations. 

The equations (15'), which define in the simplest form an 
ordinary uniform translation, can obviously be associated with 
the identity 

i = t. 

We thus get a quaternary transformation between (y^, y.^, y^, t) 
and (yi, y^, y^, i), which we shall denote by T. 

We next observe that the most general representation of a 
uniform translation, with arbitrary choice of the two trihedra 
(one fixed, the other attached to the body), subject to the sole 
condition that the origins coincide initially, can be reduced to T 
together with two rotations independent of t. In fact, denoting 
as before the two trihedra of reference (fixed and moving with 
the body) by X and S, we shall denote by i? a rigid rotation of S 
(round the origin 0) which brings its axis Oy, into the direction 
parallel to the velocity of translation. Let R' be an analogous 
rotation (round 0) of the trihedron S; and R the inverse rotation. 
Then the transformation formula? between (y^, y.^, y^, t) and 
(yv y^’ yz> 0 represented by the symbohc product 

RTR. 

Now consider the well-known kinematical deduction from the 
dassical method of representing rigid motion, namely, that if 
we consider any velocity cu whatever with respect to S (c being 
the modulus and u the versor), this becomes cu -)- v with resjject 
to S, if V is the vector representing the velocity of translation of 
E with respect to E. This, as has been observed, is in contra¬ 
diction with the results of experiment, at least as regards the 
velocity of light, for which c in cm. per second has the par¬ 
ticular value 3'10*®, which remains unaltered, even when com¬ 
pounded with a uniform translation (Michelson-Morley experi- 
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ment). The wish to restore concord between theory and experi¬ 
ment leads us to modify the equations (15'), and with them, if 
necessary, the equation i = <, in such a way that the relation 
= dsj (not merely dP = dl^) shall be rigorously satisfied; 
i.e. so that there shall be an identity between two quadratic 
forms involving not only the space co-ordinates but also the 
time. 

Special transformations. We propose to try to modify these 
transformation formulas (as usual very slightly, at least for small 
values of v) so as to make dsf invariant. For this purpose we 
shall have to replace t sometimes by the variable 

2/0 = ct 

and sometimes by the imaginary variable 

y^ - tct (i ^ V — 1). 

With this change, putting also -- jS, the equations (15') and 
i ~ t become either ^ 

Vi ^ 2/1 + ^2/0. y-i ^ Vv Vz = 2/3. 2/0 - 2/0 • ( 20 ) 
or 

2/1 = Vi- ‘^ 2 / 4 - Vi -- 2 / 2 . Vz -= Vz^ Vi =" 2 / 4 - ( 20 ') 

The real variable introduced here is only the time measured 
by choosing as unit the time taken by light to traverse unit 
space. Thus the velocity of light is 1 and the dimensions of time 
become the same as those of length. The character of a primary 
magnitude ordinarily assigned to the time thus disappears, the 
unit of time being linked up with the unit of length by means of 
the phenomenon of the propagation of light. It will be convenient 
to apply the term “ Romerian ” ' to measurements of time 
made in this way; we shall .similarly use the term “ Romerian 
velocities ” (which are pure numbers) for velocities referred to 
the Romerian time y^. It obviously follows from the equation 

= ct that a Romerian velocity is only the corresponding 
ordinary velocity divided by c; in particular, the quantity 

'From O. RfiMKR (1644-1710), who was the first to discover and determine 
the velocity of lutht. Hia method was based on observation of the eclipses of 
Jvpiter's satellites. 
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P — - just introduced is only the Romerian velocity of trans- 
c 

lation. 

In accordance with Marcolongo’s remark quoted on p. 300, 
the transformations we are in search of must leave invariant the 
differential quadratic form ds^, which we can write (introducing 
the imaginary vanable y^) in the form 

— dso" =• fit/i + dy-i + dy^' + dyi\ 

In order to obtain particular transformations satisfying this 
condition, we shall first consider linear homogeneous trans¬ 
formations. These will at once result, as we have already pointed 
out in the preceding section, in the condition (17) being satisfied, 
which interprets the transformation as equivalent to a iigid 
motion (if not in the ordinary sense, at least in the intrinsic sense 
there s}x-cified). As we are dealing with linear (and homogeneous) 
transformations, the invariance of the differential form — ds^ 
implies that of the algebraic quadratic form 

- ? = yx-\- yf + ?/./ + Vi, 

and reciprocally. 

Starting from the equations (20') we shall examine whether 
we can reach the required result if we keep the co-ordinates 
yj, invariant, i.e. if we suppose 

^2 ~ ^3 ~ yz' 


We have thus to find a linear transformation between the 
variables (j/i, y^) and (y^, y^) which will leave invariant the expres¬ 


sion 


yi' + yi'- 


Hence (apart from the question of imaginarics) we have to 
discuss a rigid rotation, round the origin of co-ordinates, in the 
plane y^, and therefore of the form 

Vi = yj cos(^ - Vi 
yt yi siu^ + ^4 


If we introduce the real variables instead of y^, y^, it 
will be seen that the necessary and sufficient condition for the 
disappearance of imaginaries from the ultimate formulae is that 
the coefficient of should be real and that of y^ imaginary in 
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the first equation, and mce versa in the second. To obtain this 
result, <f> must be a pure imaginary; in fact, putting 

<f) = n{i (with ifi real), 

we get 

cos^ = cosctft — cosh^, 
sirujj — sint^ — tsinhi/<, 

where cosh^i and sinlut as usual denote the hyperbolic cosine and 
sine. 

Hence our transformation formulae take the form 

y \ - 2/1 cosh^ + 2/0 

Vi ^ y-i .... ( 21 ) 

ys = 2/3 

Ha - Vx «inW< + % coshi/( 

If we remember that in the e({uations (20) the pure number 
)3 is in ordinary casci. fairly small, we cce that in these cases the 
equations (21) differ quantitatively by very httle from the 
equations (20), provided we suppose xji sufficiently small for coshi/) 
and sinh^ not to differ by very much from 1 and 0 respectively. 

But we get a precise kiiieraatical interpretation of the para¬ 
meter ifj on which the transformation (21) depends if for instance 
mi fix our attention on the origin 0 of the moving axes, i.e. on 
the point whose co-ordinates are = y.^ — .Vj = 0 , for a 
generic value of this last parameter denoting the time 
(Romerian time) as it appears to the observer S. For the fixed 
observer H, with respect to whom represents the, time (likewise 
Romerian) and yi, y^, §■.} the position, we have, corresponding to 
0 and a generic value of y^, 

yi 2/0 sinh.^> Vo ^ 2 /o 

while §2 and y^ vanish. Hence the motion of 0 is rectilinear, and 
the ratio 

— = tanlii/f, 

Vo 

which is obviously constant, is the (Romerian) velocity. Denoting 
this ratio by )3, we have in the equation 

tanh^& = jS 
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the required kinematical significance of the parameter ifi. More 
generally, the same quantity ^ stands for the Romerian velocity 
of any other point P rigidly attached to S. In fact, if y^, y^, y^ 
are constants and y^ a generic value, the result of differentiating 
the equations (21) is to give 

dy^ ^ sinhi/r drj^, dy^ = dy^ = 0, dy^^ ^ cosh^ dy^. 


whence it follows that 


— tanh^ = j3. 
dyo 

Q.E.D. 


Applying the ordinary fonnulse 

cosh x= ^ j sinh 
s/l — tanh® 


tanh 

v/f — tanh® 


we can put the equations (21) in the form commonly used (the 
special Lorentz transformation) 


Vi + ^Vo '1 

>/l- 


h = Vi 
Vz 


% 


.% + 


(21') 


or, using the ordinary instead of the Romerian unit of time 
(i.e. i and t instead of y^ and y,„ with y^ — d, y^ — ct), 


Vi =- 


Vi + vt ] 



c® 


Vz = Vz 
^3 = Vz 


I 


< + 



( 21 '’) 


It will be seen that the necessary condition for these formulas 
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to be real is < 1, or ?; < r; which once more demonstrates 
that the velocity of light c is a limiting velocity. 

It can be easily verified that the formulae obtained from 
(21') or the equivalent (21") by solving these equations with 
respect to y^, y^, y^, and j/q or t differ from the first set only by 
the change of u into — v (and therefore of ^ into — ^), and of 
course of the two sets of variables; preci.sely as happens for the 
equations (15') and (20) which refer to an ordinary translation. 

If in particular we suppose i.e. , (but not necessarily )S), 

negligible in comparison with unity, the first three of the equations 
(21") reduce to the formul® (16') of the ordinary translation, 
while the fourth gives rise to an additive term denoting the 
difference of time between the two ob.server8 S and S, expressed 
by the equation 

V 

It will be seen that the additional tenn y, depends on the 

position of the point at w'hich 21 has to apply his own measure¬ 
ments of the time; for this re.ason I is called the local time. It 
was associated by Lorentz with the ordinary uniform translations 
(15') with the intention of explaining to a first approximation 
(i.e. neglecting the character of electromagnetic phenomena 
for bodies in motion; this requires explicitly that the relation 
ds,® ~ d,s^ should hold to the same order of approximation. 
Later on Lorentz himself discovered the equations (21"), which 
result in the rigorous invariance of ds/. Einstein rediscovered 
them from the point of \’iew of this invariance, which is the 
mathematical expres.sion of his principle of relativity in its most 
elementary form. 

Let us examine the formul® (21"). They contain the best- 
known results (to some of which eminent students of relativity 
have assigned paradoxical consequences) of the kinematics of 
relativity. In the first place, the non-invariance of t, as noted 
above in § 3 in general for any points to the necessity of 
abandoning the ordinary concept of simultaneity in the absolute 
sense. In fact, two instantaneous events, taking place at two 
different points of space, may correspond to the same value of 
t but not of I (a sufficient condition is that the y^’s should be 



3 ia ABSOLUTE DIFFERENTIAL CALCULUS 


different), and may therefore be simultaneous for one observer 
who uses S as his system of reference and not for another who 
uses S. Hence the time ceases to be an absolute quantity and 
becomes relative to the system of reference and connected up 
with the space co-ordinates; it is in fact local time, to use the 
term already referred to as having been introduced by Lorentz 
in bis re^searches on the electrodynamics of bodies in motion. 

Suppose that two events take place at the same jKimt P of 
the body (and therefore with the same j/j, ygi ^s)) but not at the 
same instant, being separated by an interval of time At (measured 
in the system S): for the observer S the interval will be Af, and 
the relation between the two is given at once by the fourth of 
the equations ( 21 "), noting that is constant, so that 




Hence for the observer who accompanies the point P where 
the phenomena take place, the interval of time At is shorter 
tlian for the fixed observer 2 ; i.e. we have a slowing down of 
the time with respect to E’s measure, as if tlie unit of measure¬ 
ment had become — 7 — - times that used by i]. 

Vl - ^ _ 

Similarly two events which happen at what is for S the same 
point (i.e. with the same y^, y^) but separated by an interval 
of time At, will appear to 2 to be separated by a longer interval. 
This follows at once from the fact pointed out above that the 
inverse formulae of ( 21 ') and ( 21 ") are found by changing v into 
— V and therefore )3 into — /3. 

We shall now try to determine the difference, if any, in the 
estimates of lengths made by two observers 2 and 2 , each at a 
specified instant of his own time. Suppose, for instance, we wish 
to carry over to the observer 2 measurements made by 2 - 
Substituting in the first three transformation formulae of (21") 
the value of < in terms of I given by the fourth, we get 

^2 “ 2/2 
Vs = 
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which may be conaidered as resulting from the product of the 
affine transformation 

2 /i = "" y^’ y^ == 2/3 

by the ordinary translation 

Hi ^ y\ + Si ^ Vi, Us -- Vz- 

In this form of the equations the change in length is at once 
obvious. We need only refer to the conclusions of the preceding 
section, noting that the elongation coefficients /c^, of the 
formula) (19) are in this case represented by <i/l — 1, 1. 

Hence if the fixed observer estimates distances at a generic 
instant 1, and if his results are compared with those of the observer 
attached to the moving body, who is also estimating the same 
distances at any instant whatever of his own time, tlien the former 
observes a contraction, in the ratio s/l — )3*; 1, for km^fitudinal 
segments, i.e. in the direction of motion, while there is no change 
for transverse segments, i.e. perpendicular to the velocity of 
translation. 

The invi'rsc formula), for the change from S to S, differ, as 
we have already said, only by the change of v into — v. Hence 
the same rules hold good; e.g. fixed segments in the direction of 
motion will appear to the moving observer us contracted in the 
ratio ^ ; 1 m comparison with the measurement of them 

made by the observer 11; and so on. 

General transformations. We propose lastly to prove a result 
analogous to one showm above to hold for the translations of 
classical kinematics, namely, that the most general Lorentz 
transformation (A) (i.e. a linear transformation between two 
sets of four variables y, and {i = ], 2, 3, 4) for which the 
quadric q remains invariant) can be represented in the symbolic 
form 

RjCR, 

where R and R are ordinary orthogonal transformations (rota¬ 
tions) between (i/^, y^, yf) and {y^, y^, y^), and is a special 
Lorentz transformation of the type studied above. 

(D «66) 


ti • 
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The transformation (A) will be a quaternary orthogonal 
transformation of the type 

4 

Vh ~ ^k^hkVt .( 22 ) 

1 

whose coefficients a/^/. constitute an orthogonal matrix, i.e. such 
that 4 

^kO-hkO-jk = K . 

1 

S* tty, a*j — S'.(23') 

(h,j = 1, 2, 3, 4). 

In order that the variables y^, y^, y^s t/i. y^, may be 
real, and y^, y^ pure imaginarics, we must evidently have 
{h, ^; < 4) real, a ;,4 and Uj,, (A < 4) pure imaguiarics, and a 44 real. 

We shall of course interpret t/j, i/j* J/s as Cartesian co-ordinates 
with respect to a trihedron K rigidly attached to S, and y^ as 
the time variable; and similarly for the y’s. 

The directions of the trihedra K and K are a priori arbitrary; 
we shall now determine a rotation R for K and a rotation R 
for K such that we shall have 

A - RjC'R. 

To do this, we consider, with reference to K, the vector whose 
components are 034 ; let i denote the relative versor. If 

we turn the trihedron K round in such a way that its axis y^ 
takes the direction of i, we shall have 

®24 ®34 ~ 

we shall take this as the rotation R. 

Now from the identities (23) and the values just given it 
follows that 3 s 

1 1 
3 

= 0 , 

1 

so that the two vectors determined (with respect to K) by the 
components a^, {k = 1, 2, 3) are of unit length and ortho¬ 
gonal. We shall call them j, k, and shall take as the rotation B 
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the rotation which turns the trihedron K so that its axes y^, 
coincide in direction with the vectors j, k, so that we get 

a^i = 023 = Ogi = 032 = 0 . 

As a result of the two rotations R and R the form of the 
matrix of the a’s comes to be 


ttll 

0-n 

®13 

“14 

0 

1 

0 

0 

0 

0 

1 

0 ’ 

“41 

“42 

®43 

“44 


and, from the group properties of orthogonal substitutions, this 

matrix must also correspond to a substitution of this kind (since 

it is the result of the product of the original substitution by two 

rotations). A consequence of this is the vanishing of four other 

elements of the matrix: in fact, the conditions that the first line 

of the matrix shall be orthogonal with the .second and third lines 

respectively are „ 

ai2 == ai3 ■- O, 


and similarly, taking the fourth line with the second and third, 


^42 


^43 


Thus we finally get the matrix in the form 


ail 

0 

0 

Ol4 

0 

1 

0 

0 

0 

0 

1 

0 

0-41 

0 

0 

044 ‘ 


which corresponds to a transformation of the type (21), i.e. to 
a special Lorentz transformation X,'. We have thus shown 
that, through the two rotations R (for the trihedron K) and 
R (for K), the general transformation (A) reduces to a special 
transformation jC. 

So far we have considered only linear transformations. The 
question may be raised whether we should not get greater 
generality if this restriction were removed. In this connexion 
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we shall merely say ^ that the linear transformations studied 
here are the only ones which, in addition to retaining the 
invariance of ds,,', make finite values of the y’s correspond to 
finite values of the y'a, and vice ^'ersa. 


9. Relative motion. Composition of velocities. Kinematical 
justification of a formula of Fresnel’s. 

In order to .show the relation between the various aspects of 
a single motion—let us say specifically the motion of an assigned 
point P—vath reference to two different observers S and E, it 
is only nece.ssary tf) use the transformation formuUc between 
the corresponding co-ordinates. This holds both in ordinary 
kinematics and in relativity kinematics, with the reminder that 
for the latter the time is among the co-ordinates affected by 
the transformation. 

Consider in particular a Lorentz translation, which, as we 
have seen in the preceding section, is defined by the formulae 
(21”), suitable choice being made in advance of the two trihedra 
which represent the observers and are denoted by S and S. 

Now suppose that the motion (which we can call relative) 
of the point P in relation to E is given; i.e. that the expressions 
ViiVo) ~ three space co-ordinates are known 

formally as functions of y,, (the Romerian time). To obtain a 
representation of the absolute motion, i.e. the motion with 
reference to E, it is obviously sufficient to find the expressions 
for the co-ordinates y, (i = 1, 2, 3) of the point P as functions 
of the new time variable y^. The transformation formulae (21') 
give the required re,sult at once; in fact, if we in.serfc in them for 
the y/s the expressions y, (y^) belonging to the moving point P, 
all the y’s become known functions of y^; and it we suppose this 
parameter found from the fourth equation 


% ^ 


yo f fyi 


and substituted in the first three, we get the equations of absolute 
motion in their explicit form. 

’For the proof, pf. C. McvaRI; “Sopra una espres-siva interpretiuione cino- 
matiea del Prmcipio dl Belativito”, m Jtend. della li. Aw. det iincci, Vol. XXIII 
(1014), p. 781, 
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The resulting relation between the absolute and relative 
velocities is especially interesting. The vector rule no longer 
holds that the absolute velocity — the relative velocity + the 
velocity of the moving origin (the latter, in the case of trans¬ 
lations, of course reduces to the velocity of translation, whatever 
may be the instantaneous position of P). The relativity com¬ 
position of velocities is a little more complicated. In order to 
see what happens in the clearest case, we shall consider a relative 
motion parallel to the translation v. With this hypothesis the 
co-ordinates j/j and y.^ of the point P are constant, and, from 
(21'), ^2 ‘iJid are also constant, or, in other words, the motion 
with respect to £ is also in the direction of the translation. 
Difierentiatiiig the first and fourth equations of (21'), we get 

%o-+ 

Putting for the sake of shortness 


80 that /3„ and are the velocities (scalar and Romerian) of the 
point P wjth reapect to S and £ resj>ectively (absolute velocity 
and relative vekwity), the foregoing formulae, on dividing the 
fiivst by the second, give 


( 3 . = 


1 + m’ 


(24) 


this is what is called Einstein’s law for the composition of 
velocities. Multiplying by c and remembering that j/q = ct, 
y^ — d, we can evidently replace the Romerian velocities 

jS, by the corresponding ordinary velocities 

Va === 'fh and write 

at cU 

Vj.-^V 

“ i+fSis; 


(24') 
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If both the velocity v, of P (with respect to S) and the velocity 
of translation v are small in comparison with c, the denominator 
differs from unity by a term of the second order; if we neglect 
this difierenoe we get back to the fundamental relation of ordinary 
kinematics (which may be called Galilean) 

== V, + v; 

in view of the criterion we are appl}Tng, this result was of course 
to be expected. In general the equation (24) shows that, for | ;9 | 
and I )3, | less than unity, | )9„ [ also < 1; while, for | )3 | or 
I jS, I equal to unity, | /3, | also = 1. To prove this, note that, 
whenever | )S | < 1 and \ ^r\ < 

(1 + - ()3 + = (1 _ ^) (1 _ ^;-) 

is always positive, so that ~ ^ oo^ while for 

\1 "b pPi ’ 

I )3 I = 1, or I )Sr i == 1. ~ 1‘. which proves the required 

result. We thus find once more the limiting character of the 
velocity c of light: however near v, may be to c, provided it is 
less than c ()9, < 1), if it is compounded with another velocity of 
translation v, less than c, but as nearly equal to c as we please 
(1^1 < 1), the result will always be less than c, or in other 
words I )S„ I always <1. Mice versa, the velocity c for E remains 
c for any S, whatever may be the velocity of the (Lorentz) 
translation with which the two observers are moving with respect 
to one another. 

Within the scale of velocities of ponderable bodies (velocities 
small compared with c), the relation (24') reduces sensibly to the 
Galilean formula as we have already said. But 

when the phenomenon of motion under consideration is the 
propagation of light in a transparent medium, so that the velocity 
has an order of magnitude comparable with that of c, then the 
divergence between the Einsteinian and the Galilean kinematics 
becomes striking, and lends itself to experimental verification. 

Einstein has in fact drawn from this a magnificent argument 
in support of the theory of relativity. He deduced logically (by 
a purely kinematical proof ^) from (24') a formula of Fresnel’s 

’ Even before Emetein, Lorentz had given a theoretical justihcation of Fresnel's 
formula, based on his celebrated electron theory of the electromagnetic phenomena 
of bodies in motion. Einstein’s explanation is plainly more attractive. 
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concerning the movement of light waves through transparent 
media in translatory motion; a formula which was experimentally 
confirmed for the first time by Fizeau (1851), whose experiments 
were repeated with improved methods by Michelson and Morley 
and by Zeeman. 

The argument is briefly as follows. In a medium of refractive 


0 

mdex /X, it is known that light is propagated with velocity if 

the medium is at rest. Suppose instead that the medium has a 
velocity c in the direction of propagation of light (in the same 
or the opposite sense). Ordinary kinematics would lead us to 
expect that the velocity of propagation (with respect to the 
c 

observer) would become + v, Fizeau and the others, however, 

by delicate experiments on interference phenomena, found that 

c 

the amount to be added to - (or subtracted from it) is not the 

■ . 1 
whole of V, but v multiplied by the coefficient (< 1) J — 

so that the velocity of propagation is M 


. 

The factor 1 — ^ is known as Fresnel's cmvectim coefficient. 

The expressions (25) are evidently not in agreement with the 
Galilean kinematics. But they are in excellent agreement with 
the Einsteinian kinematics. In fact, let us consider, to fix 
ideas, the case in which the motion of the medium is in the same 
sense as the propagation of light, so that we take the 4 - sign in 

C 1 

(25). Then (24') holds when we put - for v, and therefore - for 
jS,. Hence it gives ^ ^ 


+ V 


v„ = 


1 + 


P’ 


or, neglecting terms of the second order in 


ft’ 
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The last term is also of the second order with respect to the 
first, so that we are left finally with Fresnel’s formula 



10. Farther generalization of the metric of F 4 , still coinciding 
to a first approximation with ordinary dynamics. 

We now propose to see whether it is possible to assign to the 
F 4 other metrics slightly different from that characterized by 
(5), but such that the dynamical principle underl)dng them is 
still equivalent, to a first approximation, to Hamilton’s principle. 

We return to the general form (S') of ds~, and observe first 
that the particular form (5) just considered is a case of (S') 
obtained by identifying the time co-ordinate with ct and tlie 
space co-ordinates x^, x^, with the Cartesian co-ordinates 
Uv Vi’ ^ 3 . and putting 
^>TJ 

^00 = 1 - 9o. = 0, 9^ - - 8 f (f, k - 1, 2, 3). (26) 

If now we wish to consider a metric whose coefficients g 
differ by very little from the values (26), w'e can put 

go^ ^ - y,, g,i - - - y,:, (26') 

where <f> — ^ 


with the understanding that the quantities y (which as regards 

dimensions are pure numbers) are of the second order ^like 

or higher order with respect to while ^ (which also has the 

c 


dimensions of a number) is to be considered as of at least the 
third order. 

With these values for the coefficients, and taking the variables 
.Vi’ Vz ^ co-ordinates differing very little from Cartesians, 
we can write ds^ in the form 
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If we denote derivation with respect to by a dash, and put 


_ — y 1/2 
1 


Tt = 


^2 = i'^u.y.ky.y'k 


.... ( 28 ) 


we shall have 


= l-2<f>~2Ti- 2^2 - 

«2/o“ 

It is to be noted that since is of the first order, 

c at 

it follow.s that Tj is of the third and T.^ of the fourth order at 
least. 

To shorten the work, we shall introduce the quadtinomial 

r - <f,+ T, + T,+ m 


observing that it is composed of terms of the second order, 

whicdi can be written + V), plus terms of higher order. 

We then have * 


df,- 

dyi 


1 - 2r, 


and we can extract the square root, neglecting powers of F 
higher than the second (i.e. terms of order higher than the fourth). 
To tins degree of approximation we get 


ds 

dyo 


1-r- 


i.e. rewriting c dt for dy^, and multiplying by c®dt, 
cds ~ <^dt — c*<fo(r + jr^). 


Substituting this expression in the variational equation of 
dynamics 

Sjcds = 0, 
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and remembering that vanishes at the limits of integration we 
see that this equation reduces to 

8/>(r+|P)* = 0, 

and that the corresponding Lagrangian function is therefore 
L = c2(r+ |P), 


or expanding, and neglecting terms of order higher than the 
fourth (in the sense just defined, i.e. ignoring the presence of the 
factor c*), 

+ + cV + (29) 

The first two terms of the expression on the right (reduced 
to zero dimensions, i.e. divided by c-) are of the second order, 
they constitute the Lagrangian function of the classical mechanics, 
from which we began our investigations. 

The successive terms of (29) (reduced to zero dimensions in 
the same way) are of higher order; hence they will represent 
small corrections to be applied to the equations of motion. The 
metric (27) which we have here assumed still gives, therefore, 
to a first approximation, the same laws as are deduced from 
Hamilton’s classical principle. Besides the potential U, it 
contains the ten functions Y,ir nf the four variables y (position 
and time); these are small, as we agreed, and as we have repeatedly 
had to remember in making the various transformations, but 
are a priori arbitrary. We shall see farther on how the law of 
universal gravitation and a criterion provided by the tensor 
calculus lead to the determination of these ten functions (from 
ten differential equations), and so to an explanation of some 
alight divergences which have been observed between the results 
predicted by the Newtonian mechanics and the true motion of 
the heavenly bodies. This more exact correspondence between 
theory and observation provides a physical justification of 
Einstein’s new method of approach, which further incontestably 
represents an enormous speculative advance through its charac¬ 
teristic of securing invariance for all transformations of the 
©O-ordinates, not only of space, but also of time. 
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11 . An important particular case. Corresponding trajectories 
and their identity with those of an ordinary mechanical problem. 


We shall now apply the expression (29) for L to a special case, 
the interest of which will be seen in next chapter (§ 8, p. 394). 
Suppose that we have 



(either exactly, or neglecting terms of order higher than the third 
and fourth respectively), where x function of the y's of at 
least the second order. Suppose further that i/r and x, like U, do 
not explicitly depend on the time. We shall meet later on a 
characteristic example in which this condition is satisfied. 

The expression (29) can now be written 


I - + x) + Z7 + cV + (30) 

/J„2 _f/\ 2 , 

It is to be noted that (* ., ) iii tke last term is of the 

fourth order, while the principal part of L is of the second order; 

1^2 — U 

hence, in this last term, we may calculate ® ^ only to a first 

C"* 

approximation. But we know that to a first approximation the 
classical mechanics holds, and that therefore the integral of vis 
viva exists in the form 


— U — Eg = constant; 

hence the last terra on the right of (30) can be replaced by the 
constant lEg’/c^, or even suppresseti, since a constant contributes 
nothing to the variational equation. 

The remaining terms of L can be separated into two groups, 
according as they do or do not depend on the velocity, by putting 

u= £7 + c^ 


and therefore 


T+U. 
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This form of the Lagrangian function corresponds exactly 
to the form found in the classical mechanics (for a system with 
three degrees of freedom, if not for a material particle), if we 
consider T as corresponding to the ms viva and U to the potential. 
Further, it is known ^ that, whenever (as in this case) T' is a 


quadratic form in the quantities y^ 


dt’ 


not explicitly con¬ 


taining t, and i7is a function only of the Lagrangian co-ordinates 
y, then the differential equations arising from 

sf(T+ U)(U - 0 

admit of the integral (of vis vim) 

T~U=- B, 

where £ is a constant (the total energy), and the trajectories 
corresponding to a given value of A' are identical with the gi'odesics 
of a manifold such that the square of its line clement is dehned by 

*2 = 2{l/+E)Tdl-. 

(Principle of Stationary Action.) Applying all this to our case 
we shall have the integral of m vtva in the form 


and, for any value of E fixed in advance, we can assert that the 
trajectories coincide with the geodesics of the manifold 

^ (u + ci^ + E'^ (l + -f xj K, 

where dl^ — 'L^dy^, 

1 

or with the trajectories of the motion, in ordinary space, of a 
material particle with total energy zero, and acted on by forces 
derived from the potential 

v, = (v+cs.+E^ 

’Of. for example Levi-Civita and Amaliii: Leztoni di meccanira razionalc, 
yd. II, Chapter XI, No 16 (Bologna, Zanichellii m the press); or WhiiTAKKR; 
knalytiealDi/namiios, 2nd edition, Chapter IX (Cambridge University Press, 1917). 
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which can also be written (neglecting constant terms and terms 
of higher order) as 

fJ, = U+AI> + ^^+Ux + e(^^ + x)- (31) 

12. Qualitative characteristics of relativity metrics. Geodesic 
principle tor the dynamics of a material particle. Stationary and, 
in particular, statical line elements. 

In accordance with the remarks at the end of § 10 , the 
metric of the space-time manifold in the region round a generic 
point must be regarded in concrete cases in close connexion with 
the physical phenomena wliich take place in space and time, 
particularly in the neighbourhood of the point and instant con¬ 
sidered. The quantitative dependence will be duly established 
in next chapter. At any rate, in ordinary cases, as has been 
seen, wo can never go far from a pseudo-Euclidean metric. This 
leads to the condition that in the real world of physics the metric 
of F 4 is to have the same qualitative properties as those belong¬ 
ing to the pseudo-Euel ideal! metrics. In particular, the index of 
inertia must be 3, which implies (as could be proved) that in every 
set of four orthogonal directions drawn from a generic point, 
three are spacelike {ds^ < 0 ) and one is timelike (ds- > 0 ). 

By “ relativity metric ” we shall from now onwards mean an 
indefinite metric subject to these qualitative restrictions. 

In a F 4 witli a definite metric there is no qualitative distinc¬ 
tion to be made between the various lines in it, W'hilc in a relativity 
F 4 , as we have already pointed out, we have at every point 
three kinds of direction, according as ds^ < or > or — 0 , and, 
corresponding to these, three kinds of line—spacelike, timelike, 
and lines of zero length. Naturally the classification is much 
more complicated for manifolds of tw'o or three dimensions 
immersed in a F 4 with an indefinite metric: and the same choice 
of the variables of reference (which is geometrically equivalent 
to the choice of co-ordinate hypersurfaces) would in general 
require preliminary close study of the local behaviour from this 
point of view. 

We shall avoid any discussion of this kind, and shall impose 
some limite on the arbitrariness of the choice of co-ordinates 
by taking as a model what happens in the case of a pseudo- 
Euclidean ds^ referred to ordinary time t (or a linear function 
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of t) and three space co-ordinates a^, ig, x^, which are entirely 
arbitrary. Of the four co-ordinate lines one will then be 
timelike and the others spacelike; further, on any hypersurface 
= constant we have 

= const. — 

where dl^ is a positive definite differential quadric, so that we can 
say that a purely spacelike metric, like that of ordinary geometry, 
holds in every timelike section of the s|)ace-time. We shall 
constantly refer the relativity manifold to co-ordinates Zq, 
Zj, Xg, X 3 for which this qualitative property holds. 

Granting these various preliminaries we reach the following 
geodesic prmeipie—denved from the particular cases in sections 
4 and 10 by an obvious generalization—which, in Einstein’s work, 
appears as a fundamental law of the dynamics of a material particle 
in clearly specified physical conditions (i.e. for an assigned ds^); 

The world lines of a generic free material particle are identical 
with the geodesics of the corresponding ds^, and more precisely 
with the timelike geodesics. In other words, these world lines 
satisfy the variational equation 

Sjds = 0, 

making at the same time ds^ > 0 . 

Among the relativity metrics special interest attaches to those 
in which it is possible to choose a .system of reference such that 
the ten coefficients g^ shall all be independent of the timelike 
parameter x„; metrics of this kind are called stationary (in 
relation to the particular system of reference chosen). The 
justification for this name is obvious if it is remembered that in 
physics a phenomenon which takes place in a continuous medium, 
and is determined by a certain number of parameters which are 
fimctions of position and of the time (e.g. the motion of a fluid) 
is called stationary if these parameters do not depend explicitly 
on the time. 

In particular, a stationary metric will be called statical when 
the coefficients g^, {i = 1, 2, 3) of the three product terms in 
dXff vanish, i.e. when in the expression 

3 3 

, "1 ^ik9ik^i^k • • (32) 

1 1 
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(in which dashes denote differentiation with respect to x^) the 
terms of the first degree in a-, are missing. The justification for 
the name is somewhat more indirect, and will appear from the 
following considerations. 

It is known, and can in any case be vcrihed at once, that when 
L is an even function of the ar'’8 (as in the case we are considering) 
the Lagrangian equations (4') define a reversible motion, i.e. such 
that if P = P(t) repre-sents the motion starting from a certain 
initial position Pq with an initial velocity n,,, then on changing t 
into — t (i.e. considering the motion defined by P P( — t)) 
we have the solution corresponding to the same initial position 
and the same initial velocity but in the reverse direction. Further, 
in the classical mechanics it is known that the motion of a particle 
is reversible whenever the field of force is invariable with respect 
to the time, i.e. when the field is statical (in the ordinary sense of 
the word). Hence the application of the term statical to a relativity 
metric whose geodesics are reversible with respect to the timelike 
variable Xq. 

In the .statical case it is usual to put 
9w ~~ ^*> 9ik ~ 

so that (32) becomes 

D - .... (32') 

I 

this coefficient V" has an important mechanical meaning, which 
we shall now explain. 

If at a given instant the velocity of the moving point vanishes, 
i.e. if each a:* = 0 (case of initial motion starting from rest), 
we have in particular from (4') and (32') 

1 OXi 

(the two dashes of course denoting double differentiation with 
respect to Xg); these define the quantities x" as functions of 
position. The terms on the right. 
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being derivatives of a single function — evidently constitute 
a covariant system (for any transformations whatever of the 
space co-ordinates). Hence the X,’s constitute the covariant 
components of a spacelike vector F — grad (— The 

contravariant components 

X' -- 

1 

of this vector, from the preceding formulae, are identical with the 
initial accelerations. Hence the vector F obviously provides the 
statical measure of the force (per unit mass) of the field (the 
initial acceleration of a free material particle, or, if preferred, 
the force per unit mass which must be overcome to maintain the 
particle at rest). 

Consider, beside the point P of co-ordinates a neighbouring 
point P' of co-ordinates a:, dx^ and the (invariant) trinomial 

i XJz, - - idV\ 

1 

Defining, as is natural, the virtual woi’k of F for the displace¬ 
ment PP' as the product of the displacement by the ortho 
gonal projection of the force (ju.st as m ordinary Eucli(iean 
space), the preceding identity shows that — JK" constitutes 
the potential function of the force acting in the field m statical 
conditions. 

As has been seen just above, in the statical case the force in 
the field can be very simply expressed by means of the single 
coefficient = F“. In more general conditions, the whole of 
the mechanics of the point is summed up in Einstein’s geodesic 
principle, or, as an alternative form, in the consequent Lagrangian 
equations (4'); an analogous argument can also be developed for 
the initial motion, and the expression for the force in the field 
(at a generic point and instant) as a function of the g’s, deduced 
from it, but the results are by no means so simple and expressive 
as in the statical case. To put it briefly, the concepts of mass, 
force, and energy are all contained in the four-dimensional metric, 
but, at least in general, the task of distinguishing between them 
and associating them with the coefficients of da* seems to be neither 
e^y nor fruitful of further results. 
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13. V«norg in a with pseado-Enclidean metric. 

An important fact in connexion with a versor (unit vector) 
in the space-time manifold F 4 is that it can always be made to 
correspond to a vector in three dimensions. This follows from the 
fact that it has four parameters (or moments), only three of which 
are independent, in virtue of the quadratic identity expressing 
that the length of the vector is unity (cf. Chap. V, p. 91). The 
interpretation of a vector of this kind as a velocity gives par¬ 
ticularly interesting results. 

Let us consider—limiting the case to a pseudo-Eiiclidean 
F 4 —a generic motion defining yj, y^, functions of y^, and 
giving rise to a world line in F 4 . If, as we shall first suppose, 
the velocity of the motion < c, we shall get a timelike line, in 
which the corre.sponding 

ds^ dy^ — = dy^^ (1 — ^) 


is positive. If, on the other hand, the velocity > c (i.e. )3 > 1 ), 
is negative, and we .shall have a spacehke versor (cf. Chap. V, 

p. 142. In either ca.se, denoting as usual the components of 

the Romerian velocity by and the direction cosines of this 

Q 

velocity by a. = we obviously get the expressions 
P 


£0 = 

1 dsfl I 4/1 _ ^ 

^ Ayr Ayg ^ _ 

Ayo |<^Sol x/l —jS® 


- L- 

Vi -> 


a^ {i — 1, 2, 3), 


for the parameters of the world line (i.e. of the versor ^ tangential 
to it). 

Given the three components of an ordinary vector (3, these 
formulse determine the four parameters of a four-dimensional 
imit vector (versor) and vice versa. Given )S, the versor (in 
the ordinary sense) a belonging to it is of course fixed without 
ambiguity (provided )3 =j= 0 ). It will sometimes be convenient 
to describe a as the versor reduced from the four-dimensional 
versor |. For /8 = 0 the versor ^ has its components 
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all zero, and is accordingly called purely timdike. If instead we 
consider the case of a very large velocity in a direction a (i.e. 
if we make P tend to infinity, while the ratios between the p”s 
remain determinate), then we have = 0 , while the other 
components reduce to the direction cosines a' of the reduced 
versor. In this case the four-dimensional versor 5 is called purely 
spacelike] it is tangential to the three-dimensional manifold 
(space) Xq = constant, or rather coincides with the versor a 
belonging to this manifold. 

All this can easily be extended to the case of a F 4 of any 
metric whatever, referred to any co-ordinates Xq, Xj, X 2 , Xg, the 
first timelike and the other three spacclike, and characterized 
by the form 

3 

0 

where I? denotes, as in § 12 , the expression 

0 

and, as usual, fi = f^. 

dxo 

Given a generic versor of parameters 

I' = (i - 0, 1, 2, 3) 

we shall have 

^0 _ _ 1 

^ I ds 1 £’ 

_ dx^ _ dj^ dxp ^ x' _ P dxi 
I ds I dxo I ds I L L dl 

14. Digression on geodesics o! zero length. 

Let T denote a parameter of any kind such that the co-ordinates 
X can be considered functions of it, and put 

(dots denoting differentiation with respect to t). Consider the 
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equations of motion of a material system as summed up in the 
variational equation 

8j2TdT = 0 .(33) 


We know from ordinary mechanics that if t denotes the time 
and T the vis viva of a material system, then the Lagrangian 
equations implicit in (33), i.e. 


d dT 

dr dXi 



(i=0, 1,2,3), . (34) 


define the spontaneous motion of the system and have as a first 
integral the equation 

T = E = constant. 


Whenever the value of the constant E is different from zero, 
then by using the equation T = E iX, m easy to eliminate the 
parameter t from (33) and obtain from it a variational equation 
capable of defining the trajectories. We have in fact, from the 
definition of T, 

•J2T dr = ds, 

so that the expression for the adim, i.e. the integral j2TdT 
which occurs in (33), can be w'ritten 

fv'2E \^2Tdr = y/2E]\i'2Tdr = V2E[ds. 

Hence, for E =)= 0, the variational equation (33), by elimination 
of the parameter t, gives the equation 

sfds^O, .(35) 

which is the characteristic equation of the geodesics in the 
whose line element is ds. From this equation we can deduce, as 
in § 24, p. 131, the differential equations 

+ ^ji {jl dy = 0 .... (36) 

0 

of the geodesics, where dots denote differentiation with respect 
to s. The same equations would also be obtained, but with r 
mstead of s, by writing out (34) in full and solving for the x’s. 
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To sum up, for E 4 = 0 , it is a matter of indifference whether we 
define the geodesics of F 4 as trajectories derived from the varia¬ 
tional equation (33), or by means of the typical property (35). 

We now propose to examine separately the case E — 0; 
since T = E and ds^ — 2Tdr^, this is equivalent to = 0 
along the whole of the line in question, which therefore in this 
case takes the name of geodesic of zero length. (Such lines are of 
course real only if is an indefinite form.) In this case (35) 
is no longer suitable for defining geodesics; the method just 
referred to and used in § 24, p. 131, to obtain the differential 
equations also breaks down, since it assumes s as the independent 
variable, and therefore excludes the possibility of ds being identi¬ 
cally = 0. The equations (34), however, keep then significance, 
and therefore offer a means of defining geodesics of zero length 
by a process of passing to the limit (in conditions of complete 
analytical regularity) from ordinary geodesics. We .shall thus 
apply the term “ geodesics of zero length ” to the lines represented 
by solutions of the Lagrangian system (S-i) for the value zero of 
the constant E. 

The differential equations (30) of ordinary geodesics give 
ig, Zjj, Tj directly as functions of a parameter r (or in particular 
of s). We can suppose the parameter eliminated after integration, 
giving, for example, x^, .r^, as functions of t„. But it is also 
possible to eliminate the parameter beforehand, by obtaining 
from (35) three differential equations which define x^, x^, % 
as functions of Xg. To do this, we introduce Xg as the independent 
variable in (35), so that it takes the form 

SfLdxg =0,.(35') 

where, as in § 12 , we have put 

^ = <7oo + 2S.go. ^'i x[ x\. 

J 1 


From (35') we deduce, by the ordinary method, the three 
required Lagrangian equations, which are 


d dL _dL 
dxg dx\ dxt 


(i 1, 2, 3). 


These are completely equivalent to (35'), since, as was seen 
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in § 2, the fourth equation (to be obtained by making Tq vary 
and equating to zero the coefficient of Stq) is a necessary conse¬ 
quence of these three. 

These equations, like (35) above, lose their significance in 
the case of geodesics of zero length {E — 0). An analogous 
reduction can be found in this case too, but it is preferable to 
follow another method and leave the pure Lagrangian form. 
This method is as follows. 

We start from (33) instead of (35), and note that from the 
definition of T and L we have obviously 

2 

'IT “ . 

dr* 


Suppose that Xg is not constant along the geodesic (or arc of 
geodesic) of zero length under consideration.^ In the integral 
(33) (corresponding to a generic geodesic of the kind in question) 
we can then assume Xq instead of t as the independent variable, 
so that 

= 0 . 

dr 


The parameter r is a function, a 'priori unknown, of such 

that remains finite and not zero. We can therefore put 
dr 

dxo A(xo) 

where A and A are also finite and not zero. Then the preceding 
variational formula becomes 


sjL^Adxg = 0 , 


from which we get for the geodesics the equations 

d_ d(L^A) _ 9(i^A) ^ Q (* -= 1, 2, 3); 

dxg dx[ Sx, 

•From the hmitation'i iiitrodHreft in § 12, this condition can always be satisfied 
in the real field In fact, if we put d*, = 0 in ds-, there remains a definite 
negative form, which cannot vanish along nn actual line, i.e. when oix,, dr* dx^ 
da not vanish simultaneously. 
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expanding and dividing by A, these can be written in the form 

dL^ _dl? _ 
dxQ dx'i dxi dx\ 

The parameter A can be at once eliminated from these. 
Denoting for shortness the Lagrangian binomial on the left-hand 
side by we get finally the two equations 

IL = Ji. =r 

012 dj? 012 

0,ri dx'a dx'^ 

which are to be taken together with the equation 

D == 0 . 

15. Some elementary theorems of geometrical optics. 

It is known that in a transparent homogeneous medium light 
is propagated in a straight line with constant velocity if no dis¬ 
turbing influence is at work. In the case of an isotropic medium 
—the only one we shall consider—the velocity is always the same 
in all directions and therefore is a constant characteristic of the 
medium. In vacuo (cf. § 4) the velocity is, in round numbers, 

c = 3 X 10^® cm. /sec. 

or 300,000 kilometre.s per second. 

If instead we have a heterogeneous medium, in which the 
refractive index /a (which is defined as the reciprocal of the velocity 
of propagation) varies from point to point, then the rays are in 
general not rectilinear but are bent in accordance with a law 
which depends on the way in which (x varies, i.e. on the function 
fi{x, y, z). This law can be put in a compact and useful form 
in the following way.^ If the initial point and the final point 
Pi of the path of a ray of light are fixed, the time taken by the 
ray to go from Pq to Pi along a line s will obviously be expressed 
by the integral 



since p, as we have just said, is the reciprocal of the velocity. 
^ Cf. for example Lbvi-Civit* and Anxm: cy. cit., Chap. XI, No. 18. 
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Now the line actually followed by the light is the one which 
makes this integral a minimum, and therefore satisfies the 
condition 

U = 0. 

This variational equation, which sums up the whole of 
geometrical optica, is known as Fermat’s principle. 


IG. Geometrical optics according to Einstein and the meaning 
of the constant c. 


In constructing a geometrical scheme to represent light rays 
the existence is assumed of an absolute frame of reference, exactly 
as is done in the Newtonian mechanics. In order to help the 
imagination, the system of reference is supposed to be provided 
by a hyj)othetical medium at rest—the so-called cosmic ether— 
which constitutes as it were a background or support for all 
optical phenomena. In space free from ponderable matter light 
is propagated in a straight line with constant velocity c with 
respect to the ether, or, which is the same thing, wdth respect to 
fixed axes, where “ fixed ” axes mean axes at rest with respect 
to the ether. Hence c is the velocity of light as it appears to a 
generic observer 0, at rest with respect to the ether. 

Consider a solid C moving with velocity u (a pure translatory 
motion) and a pencil of parallel rays of light w’hich are being 
propagated in the same sense as the motion of C. 

With respect to the observer 0, the luminous phenomenon 
is diagrammatically represented, as we have just noted, as a 
particular uniform motion with velocity c. 

According to ordinary kinematics, the analogous velocity 
with respect to an observer 0' rigidly attached to C is c — u. 

Now within the range of velocities which can bo realized by 


tl • 

material bodies the ratio -, and still more its square — (only 

c <r 


the latter of which can be submitted to effective experimental 
control) are small; we can, however, take it as definitely estab¬ 
lished that the velocity of propagation is still c with respect 
to 0' also. This follows from the classical Michelson-Morley 
experiment, subsequently repeated by other physicists, and 
recently on new bases by Professor Majorana. 

In order to explain this experimental result, it is evidently 



336 ABSOLUTE DIFFERENTIAL CALCULUS 


sufficient that the phenomenon which appeal's to macroscopic 
methods of measurement as the translation of a body C with 
velocity u should, with more refined methods of measurement, 
be a transformation (A). The study of these transformations has 
in fact shown that any ordinary uniform translation is almost 
indistinguishable from a (A), the difference being of the order 

of one ten-millionth, provided that - 10"*. 

c 

The classical laws of geometrical optics (that the propagation 
of light is rectilinear, uniform, and with velocity c), and the 
famous experiments referred to above, will therefore still hold 
if we suppose that for the propagation of light, as for the motion 
of a material particle under no forces, the equation 

Sjdsg = 0 

holds, with the condition 

dsf)^ — 0 

(equations of uniform motion with velocity c); and if, on the 
other hand, we consider the phenomenon of the translation of 
solid bodies as very slightly different from the description of 
ordinary kinematics, so that it corresponds to a transformation 

(A). 

Hence these special kinds of motion which correspond to 
the propagation of light in the ether, in the absence of disturbing 
influences, are dependent on the form 

c^dt^-dloK .... (37) 

in which the constant c has a specific numerical value. 

For ordinary motion, with velocities which are at most 
planetary, and under the action of conservative forces—e.g. in 
the presence of assigned masses—the same part is played by the 
form 

ds^ = (c2 - 2U) dt^ - . . . (37') 

in which on the one hand the constant c is subject only to the 
qualitative restriction of being sufficiently large, and on the 
other the influence of the masses modifies to some extent the 
coefficient of dfi. If we aim at attaining unity of conception of 
physical phenomena, we shall obviously be constrained, cceteris 
'poadbus, to adopt a single differential form ds^ as the determining 
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form both for the motion of material purfcicleB and for the behaviour 
of light rays, serving as a basis for both cases. We must therefore 
assign to the constant c, in the general dynamical case, the same 
specific value as belongs to it in the particular optical pheno¬ 
menon. In the absence of disturbing influences, in particular of 
masses at a perceptible distance, so that [/ ~ 0, the ds® of 
mechanics then becomes identical with the ds^ of optics (the 
limiting case). 

Further, since in the case £7=0 (i.e. in the absence of 
masses at a perceptible distance) the intervention of has led 
to geometrical optics being summarized in two laws which appear 
as limiting cases of dynamical laws, we are led to hope for the 
extension of the same criterion also to the case in which masses 
exist (U ^ 0). 

The propagation of light will therefore be governed in any 
case by the following postulates; 

(1) The geodesic principle (as for material motion), 

S/ds' = 0;.(38) 


(2) ds- ~ 0, which is equivalent to saying that the motions 

dl ^ 

in question have the square of the velocity --Tb equal to 


c2 - 2U -- 



The velocity V is thus slightly less than r; neglecting terms 
which are in fact absolutely negligible, it is given by 



The.se two postulates can be summed up in a single illuminating 
geometrical assertion: 

In the inetric we have assigned to V^, the world lines of light 
are geodesics of zero length. 

It is to be noted that this assertion has an invariant form, 
and is therefore suitable for defining the behaviour of light rays, 
even if these are referred to a system of any co-ordinates 
x^, whatever, instead of to the particular system I, y^, y^, y^. 
The assertion lends itself to an obvious generalization, since it 

<I>666) ‘2 
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is natural to extend its-scope so that it shall continue to hold 
even when the ds^ which characterizes the metric of the V^, 
though satisfying the qualitative restrictions of § 12, is not 
reducible to the particular form (37). 

17. Interpretation in geometrical optics of the condition 

di^ = 0 . 

Given any direction in the four-dimensional space (t, Xj, 
Xj, Xg), i.e. any system of increments (di, dx^, dx^, dxg), we can 
obviously make a vector (velocity) v correspond to it in the 
physical space whose line element is given by 

.1 3 

dP - S,tg,4dx, == S.;i.a,^dx.dxt, . (39) 

1 1 

or more precisely in the Euclidean space tangential to the given 
space at the generic point from which the specified increments 
are drawn. 

We shall take the ratios 

^2 = ii = 1- 2, 3) 


for the contravariant system of this vector wdth respect to the 
metric (39). Writing these in the form 

dx, dl 
dl dl' 


dx 

we see from the presence of the factor j/, which is the direction 

dl 

parameter, that the positive factor ^ measures the length of the 

dl 

vector. Referring back to the equation (39), we have for the square 
of this length 

^ dP I 

dP I 


Another vector w, a function solely of position and time 
(of position alone in stationary conditions), can be made to corre¬ 
spond to the set of three coefficients g^^„ which are covariant with 
respect to any transformations whatever of the space co-ordinates 
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alone, by taking these three quantities for the covariant system 
of the vector. Then, denoting as usual the coefficients of the form 
reciprocal to (39) by a** and putting 

1 

we get w for the length and (for tc > 0) the ratios for the 

w 

moments (the system reciprocal to the parameters) of the 
direction of this vector. It is to be noted that if the spacelike 
co-ordinates x have the dimensions of a length, the coefficients 
a,If of (IP, and therefore their reciprocals a’*, are pure numbers, 
while the coefficients of the product terms in t have the dimen¬ 
sions of a velocity. Hence the vector w, like v, can be interpreted 
as a velocity. It will be obA'ioiis that this conclusion still holds 
even if the dimensions of the co-ordinates Xj, x^ are left 
indeterminate. 

If (f) denotes the angle between v and w, both for the moment 
supposed not zero, we have for the metric (.39) 

cos^ = S, 

1 W V 

and therefore identically 

3 

w; cos^ = .(40) 

1 

which holds even if v or w vanishes. 

Using (39) and (40), the expression for ds^ can now be written 
in the form 

ds^ = dP{V^ -f 2vw (X)Stf> — n®). 


putting g^. 

This makes it evident that the condition ds® =- 0, charac¬ 
teristic of the propagation of light, defines its velocity v as a 
function of the position and direction of the ray, as well as of 
the time, in the general case in which the coefficients of d^, and 
with them F, w, and (f), depend on t. 


V w 

Representing the ratios ^ and ^ (both positive and pure 

numbers) by )3 and p, we have for ^ the equation of the second 
degree 


^ - 2p co8(^ ^ - 1 = 0; . . . (41) 
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the product of the roots being — 1, it follows that one is positive 
and the other negative. By definition v is necessarily positive, 
BO that it is uniquely determined by (41). 

When all the product tenns in dt vanish (the statical case), 
w — 0; hence ~ 1, and v coincides with F. In general 
p > 0, and the difference between v and F (for a specified jxjsi- 
tion and time) depends on the direction of the ray, i.e. on the 
angle <f> which it makes with w. We also have v - - Y for every 
ray perpendicular to w. It is obvious from (41) that the ma x iin iini 
and minimum values of ^ correspond to (/> = 0 and ^ — rr. 
This is equivalent to saying that the maximum velocity of pro¬ 
pagation 

V{\/l + + p) 

is along w, and the minimum velocity 

F (x/1 + — p) 

is in the same direction but in the opjwsite sense. 

Except in the statical case, it will be seen tliat the propagation 
of light in physical space is not only non-symmetrical for opposite 
senses but is completely irreversible. 

18. Fermat’s principle in stationary relativity metrics. 

We saw in § 14 how the difficulty involved in the variational 
principle sjds = 0 for — 0 can be evaded in finding the 
explicit form of the differential equations of the propagation of 
light. It is not without interest to note that for every stationary 
ds^ the behaviour of the light rays can also be defined by 
associating Fermat’s principle of the minimum time with the 
equation ds^ — 0, i.e. by assuming 

sjdxg =0,.(42) 

with the condition that dxg is to be connected with x^, the space 
co-ordinates, and their differentials by ds^ — 0. Naturally 
while in the four-dimensional geodesic principle expressed by (38) 
not only dx^, dx^, dx^ but also dx^, are to be zero at the ex¬ 
tremities of the interval of integration, in (42) this condition 
must not apply to dxQ, as it would reduce (42) to a mere identity. 
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We now propose to establish the equivalence, for every 
stationary metric, of the two principles of geometrical optics: 
(a) the four-dimensional geodesic principle, and (b) the principle 
of minimum time. 

To do this we must consider the geodesics of zero length as 
derived by the method of limits from timehke geodesics (ds^ > 0). 
For the latter we put as usual 


(^= 1 . 2 , 3 ) 

dx^{ 1 

^ + 2 2, <7.1, a;' - x[ x[ 

dx^ 1 1 j 


(43) 


where the function L has finite partial derivatives, since ds^, 
and therefore L, is not to vanish. 

The i-quation (38) can be written 

sfLdXo=--0 .(44) 


Taking the variation with respect to the co-ordinates x^, x^, Xg, 
we get by the classical procedure the Lagrangian equations 

d dL dL _ ^ ^ 2, 3); . . (46) 


while the varifition with respect to gives 


dx^V,'dx\ * 


i + 


A 

dxn 


0 , 


which is a necessary consequence of the equations (45). 

On the hypothe.8is, characteristic of the stationary case, that 
L does not explicitly contain x^, we get the integral 

L-1:Ax[-=E, .... (46) 

1 Sx, 


where the constant E represents the total energy of the moving 
point. 
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Multiplying by L, the left-hand side may be written in the 
form , 3 




It follows from the third of the equations (43) that X® is a 
polynomial of the second degree in a;^, x^, Xg; it is there already 
divided up into three homogeneous sets of terms of degree 0, 1, 2 

respectively. By Euler’s theorem on homogeneous functions, 

8 ^ 

the linear term disappears from the difference — S, — x^, 

1 dx, 

which reduces to F* Hence (46) multiplied by X gives 
JX2+ HFM-JS^) = EL. 


The left - hand side is essentially positive when X tends 
to zero, being in fact, for X — 0, > | F^ (which is to be 
taken as having a lower limit which is not zero in the field 
considered). The product EL can therefore be considered as a 
function of the x’s and x'’s which is always regular, and not zero, 
when L tends to zero; in the latter hypothesis the constant E 
obviously tends to infinity. 

Further, for all motions with the same total energy E, the 
principle (44), in which we suppose that Sxq vanishes at the 
extremities of the interval of integration, can be replaced by an 
analogous one which has the advantage over the first of not 
requiring this condition to be satisfied. In fact, for Sxq zero at 

the extremities, we have djdxg ~ 0, and in consequence (44) 
is equivalent to 

sJ(L — E)dxo = 0 


or, for X d= 0> to 



0 ; 


and in this last equation we can drop the condition that Sxq 
vanishes at the extremities, since if we transfer the 8 under the 
integral sign and apply it to dxg (both explicit, and implicit in 
the x' ’s) we get 

which vanishes in virtue of (46). 

i 
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It is therefore established that, for an assigned non-zero 
value of E, the equations of motion can be expressed by means 
of the formula 



(47) 


without the necessity of imposing any condition as to Sxq. 
The function under the integral sign can be written 1 — 


EL' 


from which it appears, remembering what was said above about 
the behaviour of EL, that this function is regular and tends to 
unity if L tends to zero. Now this is precisely the hypothesis 
which corresponds to the transition from material motion to the 
limiting case of the propagation of light. Since the function is 

regular, the order of the operations S j and passage to the limit 
may be interchanged, so that (47) gives Fermat’s principle 



= 0 . 


Fermat’s principle can be ])ut in a jmrely geometrical form, 
referred to the spacelike metric with line element dl, if we give 
dx„ the value fomid from ds^ = 0 in terms of x^, Xj, x^, dxj, 
dx 2 , and insert this in the formula just above. The result 
is particularly easy to interpret in the statical case (gg, = 0, 

i — 1, 2, 3), in which we have evidently and Fermat’s 

principle takes the form 



= 0 . 


This shows that the light rays coincide with the geodesics 
of the three-dimensional space with line element alternatively, 


referring to the physical space dP and again applying the theorem 
of least action (cf. § 11), we can say that they coincide with a 

pencil of trajectories corresponding to the 
total energy 0. 


potential and 



344 ABSOLUTE DIFFERENTIAL CALCULUS 


19. The stress tensor and its divergence in the classical 
iheoty. 

Let there be given a continuous medium, and in it a surface 
element (facet) da; one side of this facet is supposed chosen as 
the positive side, and one sense of the normal direction is associated 
with it. We shall agree that this sense is the one which corre 
spends to the passage from the negative to the positive side, and 
shall denote its versor by n. The resultant of the molecular 
actions which the particles on the negative side of the element 
exert on those on the positive side is ordinarily called the dress ^ 
relative to the positive side of the element considered.® In normal 
cases— the only ones we propose to consider— this resultant is 
of the same order of magnitude as da, and is represented by ‘t„da, 
where is the specify stress on the positive side of the surface 
element normal to n. 

Referred to orthogonal Cartesian axes Oy^y^y^, the three com¬ 
ponents of the vector will obviously be denoted by (i =- 1, 
2, 3). To characterize the distribution of the stresses at a single 
point P, we introduce the three stresses ♦jj* which act on 
the facets at P parallel to the co-ordinate planes, or, more pre¬ 
cisely, the facets whose normal versors arc m the positive directions 
of the co-ordinate axes. Their components are denoted in order by 


'll5 



^2V 

^22> 

^23 ’ 


^32> 

*^33 > 


it follows from the postulates of ordinary mechanics that the 
matrix formed by these terms is symmetrical or that 

®32 “ ^ 23 > *^ I 3 = '^ 31 > *^21 “ ® 12 j 

SO that there arc really six of these quantities <!>,* {i, h — 1,2, 3). 

^ Of., for example, A. E. H. Lovk, Maihtmalical Thtory of Elatlieity, thvrd 
edition. Chap. II; Cainbridife Univereity Press, 1920. 

’ Some authors, Love m particular, invert the respective rfiles of the two sides 
of the facet in their definitions, and therefore, by the principle of reaction, change 
the sense of the vector described as the stress. The sign of its components will 
be changed accordingly, and the inequality will be inverted which determines 
■whether a given stress is of the nature of a pressure or a pull with respect to the 
element considered. 
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Putting for the components of the versor n (its direction 
cosines) we get the fundamental formula 

= .(48) 

and hence for the three components in the direction of the 
co-ordinate axes 

1 

If 5 is a generic direction of direction cosines the scalar 
product ‘t,, X 5) i-C- the component of the stress along 5. 
can naturally be written in the form 

1 

From the symmetry of the <l>,/s, it follows that in the sum 
just written down can be replaced by <1)^^; the sum is there¬ 
fore, by (48), equivalent to the scalar product X n. Hence we 
have the relation of reciprocity, expressed by the equation 

4>„ X 5 X n. 

For 5 - - n we have in particular what is called the normal 
stress, i.e. the component along the normal to the facet of the 
stress with respect to the facet itself. In accordance with the 
coriventioiib we have adopted, the stress will be of the nature of 
a push or a pull according as this normal component is positive 
or negative. From the remarks above, the necessary criterion 
is jirovided by the sign (for ^ -= n) of the expression 

I 

To make the notation uniform, we shall write inst,ead of n. 
Consider the bilinear form 

«D .(49) 

1 

which represents either the component along % of the specific 
stress on the facet normal to or the component along of 
the specific stress on the facet normal to %. 

(D C^iO) 


12 * 
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If now we replace the y's by any curvilinear co-ordinates x 
whatever (the g«)metrical natiure of the space characterized by 

3 

being of course regarded as invariant), then the parameters 

1 

^ * of the directions %' constitute, as we know, two contra- 
variant systems, reducing to the direction cosines in Cartesian 
co-ordinates, while the scalar quantity <I> just defined will behave 
as an invariant on account of its intrinsic meaning. It follows 
(ct. Chapter IV, p. 70) that the coefficients of the bilinear form 
(referred to these parameters as arguments) will constitute a 
symmetrical covariant double system which is called the stress 
tensor. Extending the notation adopted in the case of Cartesian 
co-ordinates we shall denote it by This tensor will of course 
have the contravariant components C>'' — O'' and the mixed 
components Of, which can be obtained in the ordinary way by 
composition wdth the coefficients of the fundamental form. 

The stress tensor depends in general on the position of the 
point considered; the components referred to generic co¬ 
ordinates X, can thenefore in any case be thought of as functions 
of the co-ordinates, and therefore as having derivatives— 
ordinary, covariant, and contravariant. As ve saw in Chaiiter 
VI, p. 153, from a given double tensor X,i, w'e can always obtain 
a vector Y intrinsically related to it, which we called its 
divergence, and whose covariant components are defined for 
n = 3 by 3 

~ .(•'^ 1 ) 

1 


Now the divergence of the stress tensor has an imjiortant 
mechanical interpretation, which can be found at once by using 
Cartesian co-ordinates. We know in fact that the molecular forces 
appbed to a given particle by all the surrounding particles have 
for their resultant a vector )[, w'hose components per unit 
volume, in orthogonal Cartesian co-ordinates, are given by 


X. ^ 



(61) 


Noting that in this system of reference the divergence of 
is expressed by precisely the sum on the right of (51), and remem¬ 
bering that the covariant components of a vector are identical 
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in this case with the ordinary components, we see at once that 
the vector x is the divergence of the stress tensor with its sign 
changed. Applying the formula (50) we can therefore write 

X, = .(51') 

1 

20. The fundamental equations of the mechanics of continuous 
systems, referred to fixed axes; transformations of them in general 
co-ordinates (space co-ordinates). 

It is known that, when no hyjwthesis is made as to the nature 
of tlie medium, and wlien therefore the stresses are not particu¬ 
larized, the fundamental equations of the mechanics of a con¬ 
tinuous system reduce to the dynamical equation 

pf --- pF 4- X.(52) 

(where p is the density, f the acceleration, P the force per unit 
mass, and x the vector defined in the preceding section), together 
with the equation of continuity 

It ® .... (53) 

(v being the velocity), which can also be written 

-h pdiv(v) = 0, . . . . (53') 

at 

where the symbol ^P denotes a “ proper ” derivative, i.e. one 
at 

w'hich considers p as depending on t in such a way that as t varies 
p refers always to one and the same particle of matter. 

If now we wish to find the explicit form of these two equations 
with reference to any co-ordinates x whatever, connected with 
the y’s by formulae which do not involve the time, all we need 
do is to obtain the expres.sions for the covariant (or contravariant) 
components of the vector f, since those of x arc already known 
from the preceding section (cf. formula (5T)) and the invariant 
expression of div(pv) is known from n. 153, Chapter VI; the force 
P -will naturally be supposed given by means of its covariant (or 
contravariant) components. 
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where the (proper) derivative is supposed to be calculated with 
respect to an observer (system of axes or, more generally, co¬ 
ordinate net) fixed in the mechanical sense of the word. 

Referred to co-ordinates y this relation is equivalent to the 
three scalar relations 


f _ dv, _ dv, ' 


dt 


Z' 


(i =1,2, 3). . (54) 


If now, with reference to any co-ordinates x whatever con¬ 
nected with the y’a by relations which do not involve the time, 
we consider the simple system 

+ .(54') 


it is easy to see that this is covariant. In fact, on the one hand 

the quantities (t being a parameter not involved in the trans- 
ot 

formations) are covariant like the and on the other the 

quantities are covariant from the law of contraction 

1 

of tensors. Noting once more that in orthogonal Cartesian 
co-ordinates the covariant derivatives reduce to the ordinary 
derivatives, and also the covariant and contravanant components 
of a vector to the ordinary comjxments, we see that in these co¬ 
ordinates the expressions (54') are identical with those on the 
right of (54), i.e. with the (covariant) components of f. This 
identity will still hold with reference to the a:’s, and we can 
write - 3 


We can now find the explicit form of the equations (52) and 
(53) with reference to the co-ordinates x. The first will give the 
covariant equations 


8 
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and the second the invariant equation 

^+S.0«;.)*=O.(56) 

or + = 0.(56') 

21. Galilean systems of reference. 

Among the purely spacclike transformations a particularly 
simple group consists of those which give the change from a 
system of fixed (in the mechanical sense of the word) Cartesian 
axes to a system of Cartesian axes in uniform translatory motion 
with respect to the first .set; the latter system is called Galilean. 
The definitions of force, specific stres.s on a generic surface element, 
and divergence (wheiher of a veefor or a tensor) are not changed 
in a transformation of this kind, but the vekxiity v of a generic 
point is altered by the addition of a constant quantity represented 
by the velocity of translation x; this addition, however, evidently 
does not alter the acceleration (i.e. the proper derivative of v). 
It follows that such a transfoimation leaves unchanged the 
dynamical equation (52), and also the equation of continuity; 
the latter is evident from the form (53'), vhich, m addition to 
div(v) (which, as just pointed out. is invariant), contains the 
proper derivative of p, which from its intrinsic meaning is obviously 
independent of the axes of reference. 

Furthermore, all the laws of the cla.saical mechanics are known 
to be unaltered if the axes of reference are supposed to be in 
uniform translatory motion. 

22. Equivalent form for the system (62) and (53). 

In the general equations of motion of a continuous system 
the force per unit mass F occurs explicitly. From the formal 
point of view we can always, and in an infinite number of ways, 
consider F as the divergence of a suitable tensor; its components 
can then be supposed amalgamated with the ‘I>,j.’s, so that we 
can at once put F = 0 in the equation (52). 

From the point of view of application this is not always con¬ 
venient, and in many cases the direct method is preferable; but 
from the speculative point of view this process of submerging 
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the force per unit mass in the stress is not only legitimate, but 
in accordance with the physical standpoint which refuses to 
admit action at a distance, asserting that every disturbance is 
transmitted by mediate action. In virtue of these considerations 
w’e shall put P = 0 in the vector equation (52). 

We now propose to tran.sform, without altering their content, 
the three scalar equations included in (52) and the equation of 
continuity (53), in such a w'ay as to replace these four equations 
by a set of four substantially identical equations.^ 

Referring to orthogonal Cartesian axes y, we project the 
equation (52) (in which w'e have now put P -= 0) on the axis 
y:, using (55), we get 


/0u, ^ dv, \ 



(57) 


while the equation of continuity (53) or (53') takes the well- 
known form 


Bp ^ B(pt),) _ 

dt 1 By^ 


Adding (58) multiplied by r, to (57) we get 
3 (pc.) , I B{pv,i\) _ " 30 

“a# "T a “ “ ““ a 

Bt 1 By^ 1 


which can be written 


dt 



^ + ‘I>a) = 0. 

BVk 


(67') 


It will now be seen that the quantity on the left of (57') and 
(68) is in all four cases the sum of partial derivatives with respect 
to the independent variables t, y-^, y^, y^- It follows from § 5 that, 
eince p denotes the material density, e = c^p can be interpreted 
as the energy density; further, it may be seen in a moment that 
the vector pv (the momentum density) represents the flux of 
matter (per unit of surface and of time), and therefore the flux 
of energy will be <?pv = «v. 

*Cf. partioulnrly G. D. Mattiou, Send. Aee. Idncei, Series V, Vol, XXllI 
(Keoffid'lialf-year, 1914), pp. 828-884, 427-482. 

S 
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Now to give greater uniformity to the equations ( 68 ) and (57'), 
and to use in them the quantities whose physical interpretation 
has just been noted, we must replace t and the n/s by their 

Romerian expressions ~ ci, and put 

c 

= ^ = c^p, .(59) 

2 ’oi — eA ^ -- rpi\, .... (60) 

(i, A- - 1, 2, 3). 

The result is that the four equations (08) and (57') are all 
included in the single equation 

71T '' riT 

.... (62) 

by giving i in turn the values, 0 , 1, 2, 3. 

From the equations (.59), (60), (61), we can see the interpre¬ 
tation of the various T s. Too represents the energy density; 
To; {i =- 1, 2, 3) the componente with their sign changed of the 
relative Romerian flux; the T,j.’s (i, A; — 1 , 2 , 3) in st<atical 
conditions (i\ ~ 0 ). reduce to the ordinary stress components, 
from which they differ in general by the additive terms e/S.jSj. 
= pv^l\ (which, however, in ordinary circumstances are unim¬ 
portant compared with the other terms). To distinguish when 
necessary the T,* s from the ordinary stress we shall call 
them the kinetic stress. 


23. Einsteinian modification of the equations of motion of a 
continuous system in a particular case. 

The original equations (52) and (,53), and therefore the equiva¬ 
lent set (62), are invariant when the axes of reference undergo 
an ordinary uniform translation. In the earlier stages of the 
argument we set out to give the dynamics of a material particle 
a form which should be invariant for a generic transformation 
(T 4 ), and we were induced to use Hamilton’s principle in order 
to modify the equations of motion slightly. It followed from this 
operation that when there are no external forces the equations so 
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modified keep their algebraic form unaltered, not only for ordinary 
translations but also for the Lorentz transformations which we 
studied in detail in § 8. 

Now the dynamics of a continuous system must clearly 
include as a limiting case (corresponding to a medium of density 
everywhere zero except in one very small region) the mechanics 
of a single material particle. This at once shows that it is abso¬ 
lutely necessary that the postulates introduced for the mechanics 
of a continuous system should be brought into harmony with 
the modifications accepted above in the mechanics of the material 
particle. The form of the equations (62), when there are no 
external forces, must therefore remain unchanged for any Lorentz 
transformation. If in accordance with (59), (60), and (61) we 
take for the tlu* expressions 

^00 ~ ^0i ~ '^ik ~ • (^'^) 

this condition is not rigorously satisfied, though, as we have just 
pointed out, there is invariance for ordinary translations; but 
it is easy to show that the required invariance for Lorentz trans¬ 
formations can be obtained by a modification, which, as usual, is 
very slight in the conditions ordinarily realized. 

To do this, we take the four-dimensional form 

dS(2 = dy^ — 

used above in discussing the dynamics of a particle, where as 

8 

usual dl^ ~ 'L^dy^^, 

1 

Denoting by dy^ {i = 0, I, 2, 3) the increments of the co¬ 
ordinates of the generic material element of the system under 
consideration, and by d/y and dSy the corresjionding elements 
of the (spacelike) trajectory and the world line, we have by 
definition 



R - 

Pi ■*>*••• 

. . (64) 

whence 

II 

■ . (64') 

and 

= dy^ ^)- ■ 

• • (64") 
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The parameters of the world line are 
A' ^ 

dsQ 


(where we have suppressed the sign of absolute value, since in 
dealing with the motion of a material particle we must have 
jS® < 1, or dsp* > 0); they can be expressed in terms of the jSj’s, 
using (64), (64'), and (64"), in the form 

Jl® = ^ 

^0 


A* = 

dSg 1 — 


(i = 1, 2, 3). 


From these, taking account of the general formula 


A. 




0 


and of the values of g'^,, — corresponding to (cf. § 6, 
formula (12)), we get the moments 


Aq ~ 


1 _ 


\ 


Vl-i 82 " 


If we take the values of the monomials 

«A. A* 


as given by these formulse, and compare them with the expressions 
(63) for the T.*’s, we see at once that the difference between 
each of them and the corresponding is of the second order. 

We shall now show that if in the equations (62) we replace 
the values (63) of the T^^’B by the very slightly different values 

(i* = 0,1,2,3), . . (66) 

the equations will behave in the required manner for Lorentz 
transformations; and we shall be able to deduce the criterion 
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to be applied for transforming the equations in the more general 
case. 

Note first that, if ds* is taken as the fundamental form, the 
terms on the right of (65), and therefore the constitute a 
covariant double system. Further, taking into account once 
more the particular values of fbe coefficients of expressed 
in terms of the co-ordinates y, it will be clear that the covariant 
derivatives of the r,j.’s are identical with the ordinary derivatives, 
and that the terras on the left-hand side of (62) can be written in 
the form 

0 oyi 0 0 

and are therefore identical with the covariant components of 
the divergence of the tcn.sor (cf. Chapter VI, p. 153). These 
equations therefore collectively express the fact that the diver¬ 
gence of this tensor vanishes—a property which is invariant for 
any tran.sformations whatever of both the space and the time 
co-ordinates. Remembering finally that a Lorentz transformation 
leaves unchanged the form of dv^, we can now assert that the 
equations (02), with the values of given by (65), will still 
hold after the application of any Lorentz transformation. 

Q. E. D. 

24. General case. Introduction ol the energy tensor, and 
meaning of its components in general co-ordinates. 

When there are no stresses, the result we have arrived at is 
that we assign to the T,i!» corresponding to the motion of a 
generic continuous system the tensor value given by 

where c is the energy density and the A,’s are the moments of 
the world line of the material element. Further, given any 
distribution of stresses, referred to Cartesian co-ordinates, then 
in order to transform the equations of motion into any spacelike 
co-ordinates (leaving the time unchanged) we have traced out 
an argument based on the invariance of the bilinear form 

3 ^ 

0 ^ * (which showed us the three-dimensional tensor 



THE ENERGY TENSOR 


355 


character of the when we pass to generic co-ordinates), 
on the vector character of the velocity, and on the invariance of 
the density. 

We now propose to consider more generally transformations 
{T 4 ) of space and time (i.e. of the set y^, y^, y^ into a new set 
Xg, Xi, x^, X 3 ), keeping the results already obtained in the two 
particular cases just referred to (of. § 23 and § 20). A sufficient 
condition is that the (defined j)hysically with reference to 
a particular system of co-ordinates) shall have the character of 
a tensor for any transformations whatever. The tensor so intro¬ 
duced is called the energy tensnr. 

This is equivalent to asserting the invariance of a bilinear 
form in four variables 

0 

having for its coefficients the quantities ^%lc and for its arguments 
the parameters 

t. dx, ^ d'Xf 
^ ■ ds’ ^ ds' 

of two arbitrary four-dimensional versors It will be seen 

at once that this postulate covers the two particular cases already 
discussed. In fact, when there are no stresses the tensor character 
of the follows from the expressions (65) adopted for them, 
while for transformations (T^) which leave the timelike co¬ 
ordinate unchanged, the invariance of B involves that of the form 
O, as will be seen from the following argument. 

When we pass from a system x to a system x, it follows from 
the invariance of B that (with obvious meanings for the notation 
used) 

^iic^lit dx^ d Xj, = T ,j. dx, d x*. 

0 0 

In the case of a (Tj), we shall have dx^ — dx^, d'Xg = d'xQ, 
and therefore 

3 s 8 

^k'd^oitd'xii-\-d'xQ^,^TQ^dxii-\-J!,fi^T n^dx^d'x^ 

1 11 

= ToadX(,d'Xo+ dXfit^foitd'x^+ d'xQl,,,fo^dx^+ i:,^TJx,d'xc, 
i 1 1 
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and as this must hold whatever the differentials dxg, may 
be, it follows that 

^00 ~ ^oo> 

^k^OJr ~ '^Ok 
1 1 

^\k ^ ~ ^li ^ ^k- 

1 1 

As the differentials dar,-, d'l,- are arbitrary, these relations 
express the fact that Tgg is an invariant (the energy density), 
that the TQf.’a are the components of a vector (the flux of the 
energy with its sense changed), and the T^’s those of a 
covariant double tensor (the kinetic stress). 

Q. E. D. 

We now propose to examine, with reference to pseudo- 
Cartesian co-ordinates y, the physical significance of the 
form B when the directions 5" are cliosen in a particular 

way. 

Suppose first that both the directions are purely timelike, 
i.e. that 

dr, = d'r, = 0 (i = 1, 2, 3) 
and therefore ds^ = dy^, ds'^ — d ^o*- 

Then the only parameters which are not xero are and 
which are equal to 1, and there remains 

^ ~ ^ 00 ’ 

i.e. in this case B represents the energy density. 

Now suppose that are purely spacelike, i.e. that 

dyo = d'yg = 0, and consequently 

ds^ = ~ dC, ds'^ - dC. 


Then there remains 




1 


dyi d'yi 

dlo dl'o’ 


• Le, B reduces to the linear invariant of the kinetic stress. 
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Lastly, suppose that § is purely spaoelike and 5' purely time¬ 
like; i.e. that dy^ = 0, d'y, = 0 (i = 1,2, 3), and therefore 


ds^ = — dl^, ds'^ = d'y^ 


Then 


B = ^ T 


and is therefore identical with the flux of the energy in the 
direction \ with its sign changed. 

We can now determine the physical significance of the T,^'b 
with reference to any system of co-ordinates whatever. This 
follows easily from the invariance of the form B if we allow 
that the physical significance of this form in the particular cases 
noted above remains the same in any other system of reference. 
The different cases are in detail: 

{a) The energy density at a generic instant and point Xq, 
x^, ij, Xj will be what B becomes for 5' purely timelike, i.e. for 


^^00 


0 {i > 0); 


i.e. it will be 


‘00 


9(X) 


{b) The flux of the energy along a specified (spacelike) direction 

a of parameters a' 
we put in it 


dl 


will be what — B becomes when 


£i _ to _ n 

^ |d6'l dl ’ ^ 

’ ^ F J 


(f = 1, 2, 3), 


i.e. it will be 


1 ® 

2.r,oa'. 

y 1 


If in particular the direction a coincides with one of the co¬ 
ordinate directions, say x^, we have 
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and the other o'’s are zero; hence the flux of the energy in that 
direction is given by 

_ 1 r** 

(c) The component in a direction a of tiie kinetic strevss 
relative to a facet normal to a direction a' will bo what B becomes 
when we put 




r 


dx^ 

dar, 

|dsl 

~ dl ~ 

d'x, 

_ dX _ 

Ids'! 

dl’ 


a\ P -= 0, 
u'', - 0; 


i.e. it will be 


T,,a'a'K 

I 


If in particular the direction a coincides with that of one of 
the co-ordinate lines, say and a' wdth that of another, say a;,, 
we shall have 


o,. = 




and all the other a’s will be zero. Hence the component in the 
direction x, of the kinetic stress relative to a facet normal to x, 
will be 

T 

* 

9 is 


Before concluding this section we wish to make one last 
remark. We have seen that when there are no stresses (the case 
of discrete particles of matter) the energy tensor takes the par¬ 
ticularly simple form 

^’.t=cA,A,.(65) 


Another important particular case is when the energy tensor 
has the form 

r.jc ^ eA, \ — fg,^, .... (66) 

where p is any invariant function of the position and the time. 
Id order to see the physical significance of this expression, con- 
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aider a specified point of and take a systena of co-ordinates 
which are, at least locally, pseudo-Cartesian, which we know 
is always possible. Then the g^’s take the values while if 
we make the direction coincide with that of the world line, the 
Ai’s all become zero, except A^,, which is 1. 

In these conditions we shall have 

^00 = « - 

(i> 0 ). 

The last two formulae tell us that on every facet there is 
exerted a stress normal to it and independent of its direction: 
the scalar quantity p measures the value of this stress j)er imit of 
surface. The me<lium under consideration therefore behaves like 
a perfect fluid (a fluid incapable of transmitting a shearing stress), 
and p represents its pressure. It is hardly necessary to point out 
that if p is negative it represents a uniform pull in all directions 
—which, within certain limits, is known to be a possible condition 
even in a real liquid. 

25. Relativistic form of the equations of motion of a con* 
tinuous system. 

In the particular case of no forces, we saw in § 23 how the 
general equations of motion of a continuous system can be put 
in the form 

S, rj* - 0 {i = 0, 1, 2, 3), . . (67) 

0 

where the T,^'s, are regarded as elements of a tensor, and that 
this equation holds in general co-ordinates x whatever may be 
the transformations (involving both space and time) imposed 
on the original co-ordinates y. The juoof of this consists in the 
invariant character of the equations (67) (which express the 
vanishing of the divergence of the tensor jr,;^), together with 
the fact that in the original co-ordinates y the equations (67) 
reduce to the form (62), and that the quantities become 
identical (neglecting terms of the second order, if not rigorously) 
with the expressions (63) which are their values in the classical 
mechanics. All this holds without change even if we drop the 
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particular hypothesis suggested by the law of transformation of 
the T^’s when the transformations (T^) are applied; that the 
forces are zero. It is only necessajy to retain the tensorial character 
of the T,j’s in every case, as we have already agreed; which, in 
the particular case where stresses are present, means that 
their experimental values are determined, say, with reference 
to the co-ordinates which formed the starting-point of the 
investigation. 

The equations (67) thus hold so long as the metric considered 
is pseudo-Euclidean, and for any co-ordinates of reference what¬ 
ever. But the invariant expression for the laws of motion, which 
is seen to hold under this hypothesis, can be at once extended to 
the general case of any metric whatever, in virtue of the observa¬ 
tion made earlier in this book (cf. Chapter VI, p. 164) that in a 
first-order region every metric behaves as if it had constant co¬ 
efficients, and is therefore Euclidean in the proper sense in the 
case of a definite ds^, and pseudo-Euclidean in the cases which 
concern relativity mechanics (cf. §§ 6 and 12). In fact, the equa¬ 
tions (67) contain only contravariant derivatives of the or, 
in other words, combinations of their ordinary first derivatives 
with the and their first derivatives; the argument thus does 
not go beyond ths consideration of a first-order region round the 
generic point which is being studied. 

26. A particular clasii of motions of a continuous system. 

In the classical mechanics the equation (52) of the motion 
of a continuous medium, when there are no forces and no mole¬ 
cular action (a discrete system), evidently rexluces to 

f = 0, 

with which is to be associated the equation of continuity. It 
follows that the vector equation is satisfied at once by the uniform 
rectilinear motion of single particles, the density being then 
determined by the equation of continuity. This is conceptually 
evident; in order to translate it into a formula, we assign to any 
material particle, initially at a velocity v(P(,) which is a 
function (o priori arbitrary) of the position Pq: the geometrical 
equation of motion is then evidently 

P(t) = P^+nPo)i .( 68 ) 
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which shows that the solution depends in substance on three 
arbitrary functions of three arguments each. 

If we wish to find an explicit expression for the law of variation 
of the density it is perhaps preferable to go back to the molecular 
equation of continuity instead of to the equation (53) which is 
its local form. It is a well-known result that if we introduce the 
functional determinant D of the actual co-ordinates y{t) with 
respect to the initial co-ordinates we get 

pD ^ Po> 


where pg is the initial value of p, and is a priori arbitrary just 
as is the initial distribution of the velocity. Projecting the 
equation (68) on the axes, and denoting the components of v by 
Myv ya). we get 

y. = y? + 'v, 

whence 


D - 


+ i 

H 


(I 


It follows from this that D is a polynomial of the third degree 
in t, w'hich reduces to unity for t = 0. Naturally (supposing that 
the t’.’s and their first derivatives arc finite and continuous) the 
motion remains regular .so long a.s D does not vanish; the smallest 
positive root (if such exists) of the equation of the third degree 
Z) — 0 determines the amplitude of the interval of regularity, 
&c. 

A jiartieular case worth noting is when the density remains 
con.stant for each particle (incompressible systems). In this 

case — = 0, and the equation of continuity, in the original 
dt 

Eulerian form (53'), gives 

div(v) = 0.(69) 


This implies in particular that the divergence vanishes at the 
initial instant, and therefore gives as a necessary condition for 
the constancy of the density that the field of the initial velocities 
must be solenoidal, i.e. that divv(pQ) ~ 0. This condition is 
not however sufficient. In fact, if the density is to remain constant 
it is necessary and sufficient that i5 = 1 at any instant t; the 
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expansion of D as a polynomial of the third degree in t shows 
that this imposes three conditions, corresponding to the vanishing 
of the coefficients of t, and (69) expresses only the first of 
these conditions. Further, if these conditions are satisfied initially, 

p remains constant for every particle (i.e. ^ = 0 ), which ensures 

at 


that the equation (69) is satisfied at every instant, or in other 
words that the field of the velocities is always solenoidal.^ 

We have dealt at some length with this class of elementary 
solutions, because the results can easily be generalized for any 
F 4 whatever. If ^ 2 > ^ 3 ) denote the moments of a generic 

congruence of lines in the F 4 , we know (cf. Chapter X, p. 274) 
that the necessary and sufficient condition tor the congruence 
to be geodesic is that the curvature vector, or, what is equivalent, 
its covariant components, shall vanish, i.e. that 


2,A,|,A' = 0 (i=0, 1,2, 3). . . (70) 

0 


We now propose to show that in a F 4 with any metric whatever 
we get solutions of the expiations (67) by taking for world lines 
the lines of any geodesic congruence whatever, or, in other words, 
by supposing that the A’s satisfy the equations (70) and by 
assigning a suitable value to the density p, and through it to the 
quantity e which appears in the expression (65) for the energy 
ten.sor of a discrete system (i.e. a system with no molecular action). 

Take the general equations (67), which we shall write in the 
form ., 

W‘T^p = 0 (i=0,l,2,3) 

0 

and in them give the value eA, A^.. We shall have 
Tn\i = A, A 4 + €A,|j a* + eA, At|j 


and therefore by substitution 

A.ij/'6,A*+e2,A|‘A, + €A,iAi* = 0 (z = 0. 1, 2, 3). 

000 

'Cf. OisoTTi: “Moti di un liquido che lascinno innlterata la dintribuzione 
locale delle prezsioni ”, in Jtend. delta JL Acc, dei Lined, Series V, Vnl. XIX (first 
half-year, 1910), pp. 373 876. The observation is there limited to the case of 
permanent motion. 



A PARTICULAR CLASS OF MOTIONS 363 

The second tenn vanishes in virtue of (70), and therefore the 
four equations reduce to the single condition 

\ A[* = 0. . . . (71) 

Q II 

If we choose e so that this condition is satisfied, the equa¬ 
tions of motion will all be satisfied also. 

Q. E. D. 

The equation (71) defining e can be put in a somewhat more 
expressive form by using the results (cf. Chapter X p. 267) that 

0 0 (IS 

where s denotes the arc of the world line, and noting that 
S*A[*^ = divX. 

u 

Hence (71) can be written 

-1-€ divX = 0 .... (71') 

as 

which is precisely the form of the equation of continuity. 

If in particular we consider a solenoidal geodesic congruence 
(divX = 0), the last equation becomes 



whence e = constant along any world line; i.e. the density of 
a particle remains constant throughout the motion. 

27. Experimental determination of the coefficients of an 
Einsteinian ds^. 

We shall close this chaptt*r by some remarks of a general 
character on the experimental determination of the coefficients 

9ik' 

We suppose ourselves fixed in determinate physical conditions. 
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so that, as already noted in § 10 and § 12, we must also regard 
as determinate the Einsteinian 

s 

ds^ = 2*5'* da:, da;* .... (72) 

0 

of the field which we wish to explore by means of suitable experi¬ 
ments. It is of course understood that we admit the validity of 
the fundamental postulates of general relativity, and more 
precisely. 

(a) (cf. § 16) the propagation of light always takes place in 
such a way that 

ds* = 0.(73) 

along every world line; 

(b) (cf. § 12) the world lines of the motion of a material particle 
in a field of force for w'hich ds^ can be expressed by (72) are 
timelike geodesics for this rfs*. 

We propose to show that (a) suffices to determine the ratios 
of the coefficients g,^, or, which comes to the same thing, gives 
ds® except for a factor w'hich can in turn be found from (6). Of 
the four parameters, Tg will as usual denote the time, in the sense 
of the conventional time, measured at any single point by a clock 
which may be of any kind and even incorrect. However the 
timelike parameter rg is chosen, the mere fact that it is timelike 
implies, according to the Einsteinian theory, that ds^ will always 
be greater than 0 if Xq alone varies, sPj, x-^ remaining constant. 
But, when dx^ = dr* = dx^ -- 0, ds^ reduces to godljg^, so 
that the coefficient necessarily > 0, and we can therefore put 

5 oo = .C^^) 

where c is a positive constant (introduced for the sake of homo¬ 
geneity) and V, like g^g, is an unknown function of Xg, x^, x^, Xg 
(a pure number, i.e. of zero dimensions). 

We shall now choose any instant Xg we please, and three 
values %, Xg, Xg of the space co-ordinates, i.e. a point P\ we 
propose in the first place to determine the ratios of the g’s at P 
and at the instant Xg. 

yor this we shall use light signals between P and very near 
poiaif*: in the surrounding physical space, which is by hypothesas 
(ffi Any given moment) in one-to-one correspondence with the 
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sets of three co-ordinates x^, x^, Xg. In consequence, surfaces and 
lines in this physical space represented by equations between 
®ii ^ 8 > ^3 at the moment are perfectly determinate: in particular 
the lines (given by the equations Xg — constant, Xg = con¬ 
stant) on which only Xj, varies, the lines Xg, &c. 

We shall choose two points Q and Q' very near P, on the same 
line Xi as P. Sujjpose that Q and Q' correspond to increments 
(to be treated as infinitesimals) dxj and — dx^ of the co-ordinate 
x{, dxg, dxg are zero in both cases since the displacement is along 
a line x^. 

Suppose that two light rays start from P at the instant Xg, 
one towards Q, the other towards Q\ Let Xg -f dxg be the 
instant when the first ray arrives at Q, -(- d'xg the instant 
(not in general the same as the first) when the second ray arrives 
at Q'. Using the expression (72) for ds^ and the condition ds^ = 0 
for the propagation of light, we shall have in passing from P to Q 

9qq + %oi ^-^0 

and in passing from P to Q’ 

9oo - %oi (1% + .9ii = 0. . (76) 

These two equations, in which dXg, d'Xg are known (the 
first chosen as we please, the other two found by expeiiment), 

obviously give the ratios It is to be noted that if the 

doo 9»o 

elementary times of propagation ^Tq, d’Xg (found by observation) 
are equal, then (75) and (76) give by subtraction gg^ — 0. 
Reciprocally, if — 0, the two intervals of time must be equal. 
Hence the elementary [iropagation of light in the direction of a 
line Xy is a reversible phenomenon if and only if gg^ = 0 . 

In the same way, considering the other two co-ordinate lines 
Xg and X 3 , we can determine the four ratios 

9o 2 922. 9(a 922 

99 J * 

S'oo 9<k 9oo 9oo 

To obtain the other three ratios 

922 921 9i2 

— > > 

9w 9oo 17oo 
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we must make further experiments of the same tjT)e, but with 
the point Q in a direction other than those of the co-ordinate 
lines. 

Thus to determine we can use a line on the surface through 
9oo 

P, = constant, which is neither nor 3 : 3 ; e.g. 

x^ — X 2 — constant. 

We then have, in passing from P to a very near point Q on this 
line, the increments 

0 , dx^^ dXtff 

with (fajj arbitrary. 

If we make a light ray start from P at the instant x^ towards 
this point Q, and if da-Q denotes the small time of propagation, 
we get from (72) divided by 

dxa^ -f 2 -*1? dxfj dx^ -f 2 dx^ 

9oo 9m 

+ ‘*^22 9 n 2 F23 Z ^ _ (77) 

9m 9m 9m 

whence we get the ratio all the other quantities in this equation 
9m 

being known or already determined. In a similar way we can 

find — and 
9m 9m 

It is not inapposite to add that from other experiments of the 
same type we can get any number (in fact an infinite number) 
of further equations between the ratios of the g'u. The con¬ 
sistency of these results, in so far as this is borne out by the 
further experiments, affords a very significant control of the 
validity of the Einsteinian hypothesis so far as concerns the 
postulate (a). 

The ratios 

. 9 '^ - ^ (i, = 0, 1, 2, 3) . . (78) 

9m 

being thus determined, if we put 

= (^^"ds'^ . . . (79) 
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{using (74)), it follows that the individual coefl&cients of the 
differential form , 2 

ds'2 - — 

9oo 

are all known, and therefore the form itself is completely deter¬ 
mined. 

From (72) and (78), separating out the terms which contain 
the suffix 0, we get ds'^ in the form 

ds'2 =: dxo^ + S .gl dx^ dx, + i,,, g[i, dx, dx^. . (80) 


At this point we find that we have to determine the function 
V by gravitational experiments, and more precisely by experiments 
on the motion of material particles in the field in which the 
expression (79) holds for ds^. 

The equations of motion are included in the variational 
equation 

Sfds ^ 0.(81) 

Now suppose that the time is taken as the indejiendent 
variable along the trajectory. Let x, (f = 1, 2, 3) denote the 
dx 

derivatives and using (80), put 


dxn 


ds' 

dxn 


; --- ^Jl + Z,gixi+I,i„g^x,X|, 


= L{xq \ Xi, Xa, X3 I Xj, Xj, X3). j 


(82) 


Then, remembering (79), the variational equation (81) can be 
written in the form 

sJ(e-L)dxo = 0 .(81') 


This is equivalent to the three Lagrangian equations 

(i = 1, 2, 3). 


d d(e^L) _ 8 (^ ^ ^ 


dXg Sx, 


dXi 


Noting that v does not depend on the x’s, and putting for the 
sake of brevity 

dL 


da: 8L 
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it follows that 


axo oa-, 


(84) 


It is further to be noted that direct observation of the motion 
enables us to determine how the co-ordinates x, vary as functions 
of the time so that we must consider the functions X^{x^), 
and therefore also the derivatives x, and x„ known for every 
material particle left to itself iii or projected into the field of force 
we are considering. It follows that the quantities 0 ^ defined 
by (83) are also known. Since 

dv dv ^ dv 
= —4-2. .c- ar„ 

dO^Q u I f) jc 

it follows that ultimately the equations (84) are three linear 
equations in the four partial derivatives of tlie unknown function 
V. If we fix a generic point P and an instant x^. any arbitrary 
choice of the velocity of the body mider experunent (i.o. of the 
three numerical values to be assigned to Xj, -x.^, x^) wiU give three 
equations in the four derivatives 

dv dv dv dv 
3ig’ Sxj’ dx^ dxg 

referred to the given position and time. The equations are there¬ 
fore more than sufficient to determine the numerical values of 
these derivatives, in the sense that by making a larger number 
of experiments we can not only determine the four unknowns, but 
also test the accuracy of the results as many times over as we 
wish. 

The derivatives of v, at every point in a certain field and at 
every iastant in a certain interval, being known, v itself is 
determined except for an additive constant; hence, from (74), 
ffoo is known except for a constant multiplier, which we may 
suppose absorbed into the factor of homogeneity c^, so that c* 
remains arbitrary. The jiresence of this constant in the expression 
for ggQ, and hence, by (79), in ds’^, seems to be in the nature of 
things, corresponding in substance to the choice, which remains 
arbitrary, of the unit chosen to measure the space-time 
interval. 
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CHAPTER XII 

The Gravitational Equations and General Relativity 


1. Qualitative properties of the coefficients of ds^. 


It follows from the results in the preceding chapter (p. 325) 
that when the variables of reference j/j,, y^, y^, y^ are such that 
they can be interpreted, without sensible error, the first as 
absolute time, and the others as Cartesian co-ordinates, then 
the coefficients of the Einsteinian ds^ of space-time, in con¬ 
ditions corresponding to the motion of the celestial bodies (in 
particular, of the bodies forming the planetary system), difi'er 
by very little from 8^*, the difference being of at least the second 
order, in the sense explained above. More precisely we can say 
that. 2 

(a) The coefficient g^^ differs from 1 — -by terms of order 


higher than the second (cf. p. 320 in the preceding chapter), 
where V represents the ordinary Newtonian potential of the 
field considered. 

(h) The coefficients ^ 0 , {i > 0) are of order higher than the 
second. If in fact they were only of the second order, it follows 
from p. 339 in the preceding chapter that the difference between 
the velocities of propagation of light in the various directions 
round a point would also have to be of the second order; 
this, however, is physically inadmissible, as a difference of 
this magnitude could be detected by means of optical experi¬ 
ments. 

(c) The other coefficients g^^. {i, > 0) differ from 8/ by 

terms of the second or higher order. 

Now let us consider the absolute motion of a generic material 
particle P, e.g. a small planet. Let n(P, F) be the Newtonian 
potential of the attraction exerted on it by any particle P' of 
the other attracting bodies, which we shall suppose to be of fairly 
large mass compared with P, as is in fact the case in the typical 
examples offered by astronomy. The disturbing effects of P on 
the motion of P' being supposed negligible, the dependence of 
M on the space co-ordinates y^, y^, y^ involves the co-ordinates 
of P, while its dependence on the Romerian time y^ involves 

(DM6) ** 
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the co-ordinates of the attracting body P'. If 8P is a generic 
displacement (of components Sy.) of the point P, and 

1 dy. 

is the corresponding increment of u, we have 
8u = F X SP, 

where F is the force exerted on P by P'. Further, if we consider 
a small interval of time d?/^ and denote by dP' the displacement 
of P' during that interval, and by du the increment of u, wc get 
similarly, applying the principle of reaction, 

du ---- — F X dP'. 


After this it is easy to detemrinc the order of magnitude of 
the timelike derivative of u in relation to the sf)acolike derivatives. 
In fact, from the first formula, putting 8P - aSl (where n is 
the versor of a generic direction) we get the well-known result 
that the derivative of u in this direction has the value F X n, 
and is therefore of the same order of magnitude as the intensity 
P of the force; while from the second formula, on dividing by 
d^g, it follows that 


du „ dF 
- -PX -- 
dtjg dyg 



dP' 

dt’ 


which shows that the order of magnitude of this derivative xS 
that of (with the usual meaning of /3). Hence, in the supposed 
conditions, the timelike derivative of u is of the first order in 
relation to the spacelike derivatives. The same result holds 

2JJ 

without change for which, as we have just said, is 1- 

(neglecting terms of order higher than the second), JJ being a 
sum of terms of the type just considered. 

Taking the case of g^g as typical, we shall assume, in ordinary 
astronomical conditions, that: 

{d) The derivatives of the coefficients g^^ with respect to yg 
are of higher order by at least one unit than the analogous deri¬ 
vatives with respect to the other y’&. 
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We can Rum up all this in the statement that if we are content 
with approximate results (meaning that we stop short at terms 
of the second order), everything happens as if the coefficients 
were zero, and the other (/,j.’s independent of j/,,. This is 
equivalent to the statement that, to the given order of approxi¬ 
mation and in ordinary astronomical conditions, every ds^ behaves 
as if it were statical (cf. Chapter XI, p. 326). 

2. The tensor G;jc and its divergence. The gravitational tensor. 

We have already noted (cf. Chapter VII, p. 200) that for any 
F„ whatever we can construct from the Riemannian tensor the 
symmetrical double tensor 

.( 1 ) 

1 

and its linear invariant 

G = .(2) 

This definition naturally holds also for an indefinite metric: 
in particular therefore for the ds“ of relativity (« 4), in which 

case the tensor under discussion is called the Einstein tensor-, 
its components are 

G,k = . (!') 

0 

and its linear invariant therefore takes the form 

Q = G,, = iv, hk). . . ( 2 ') 

0 0 

We may note incidentally that for a Fg the tensor is 
related to the fundamental tensor and to the Gaussian cur¬ 
vature by the formula ^ 

G„ = - Kg,, ({, k 1. 2);. . . (3) 

'In fact, for n — '2, it follows from the definitions of K (p. 194, formula 
(28)) and of the e-systems (Chap. VI, p. 158) that (>7, hi) — A’e„e^j., as can 
at once be verified, rtmieniberini; that the symbol (ly, hi) either reduces to 
(12, 12) = A'a, or vanishes. Further, with the same definition of e, we have 
2 

also the identities Sjk.v’* fftt = - fftk- Replacing [ij, hk) in the formula of 
type (1') by A'ejj eij„ and using this identity, we get (3). 




372 ABSOLUTE DIFFERENTIAL CALCULUS 


while for a Fg the quantities reduce to Bioci’s symbols (cf. 
Chapter VII, p 199) 


the relation being 


(t+ 1 ^•+2, 1 + 2) 

a 


G^ = a^ — 


• W 


where iM denotes the mean curvature of the y,. or in symbols 



. ( 6 ) 


For n = 4, from the general formula 

12 


of Chapter VII, p. 182, it follows that in general the Riemann- 
Christoffel tensor has 20 algebraically indepenrlent components, 
while the elements of the Einstein tensor provide only 10 
linear combinations. This simple arithmetical remark shows that 
the Einstein tensor cannot exhaust all the curvature properties 
of the T' 4 , but, as W'e shall see, it does suffice to give those of 
essential physical importance. 

Before beginning the examination of this question, we shall 
find the expression for the divergence of the tensor S',*. From 
{!'), we have by covariant differentiation 

{ij, hk)t, 

0 


so that the components of the divergence (cf. Chapter VI, p. 153) 

... ( 6 ) 

0 0 

become 

F. = 

0 

In virtue of the relations 


(ij, hk) = (hk, ij). 
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Bianchi’s identities (formula (17'), Chap. VII, p. 183) enable us 
to substitute 

— 0 ^- (K hk)j 
for {ij, hk)i, BO that we have 

y. = - ijl, hk), - (It, hk)j. 

0 0 

The first term is merely G,, as follows from covariant difieren- 
tiation of (2'), which by interchanging the indices can be written 
in the form 

G ^ ijl, hk). 

U 

Interchanging j and I, and also h and k, in the second term, 
it becomes 

- (jh kh)i, 

t) 

and in view of the identity 

(ji, kh) = (ij, hk) 

it obviously reduces to — F,. We therefore have 

.(7) 

which in virtue of (6) can also be written 

= 0 . (V) 

0 

Since the divergence of the tensor Gg,j, (proportional to the 
fundamental tensor g,jj) is 

ki{Gg,,W - ^ 0 X 9 ^.^ = G„ 

0 00 

it will be seen that (7), or the equivalent equation (7'), expresses 
the property that the divergence of the tensor 

G,, — \Gg,:i, 

is zero. This tensor is called the gravitational tensor , the name will 
be justified farther on. 
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3. Solidarity of physical phenomena. Criteria for the eon* 
strnotion of the gravitational egnations, and reduction of the 
inductive proof of their validity to the statical case. 

In the immediate vicinity of a point and instant fixed in 
advance, a mechanical phenomenon is completely determined 
(at least conceptually) if we know, at the specified point and 
instant, the density and velocity of the matter (or, which comes 
to the same thing, of the energy), and the distribution of the 
specific stress, which includes as a differential consequence the 
determination of the external force; the latter, however, as 
already noted (p. 349) in the preceding chapter, can be supposed 
absorbed into the stresses, the concept of action at a distance 
being as before excluded. In substance, therefore, the local 
behaviour of a mechanical phenomenon is completely determined 
by the knowledge (which is both necessary and sufficient) of the 
energy tensor T,^. 

This remark has a more general scope, since it holds also 
for phenomena other than mechanical (e.g. electromagnetic 
phenomena). 

Einstein’s fundamental view is that the aggregate of physical 
phenomena influences the metric of V^: more j)recisely, that at 
every point P of the there must be a local relation between 
the value of the energy tensor, which may be taken as charac¬ 
teristic of the physical conditions, and the behaviour of the 
curvatures of the F 4 at the point. As an abstract hypothesis, 
the possibility of some such influence, limited however to the 
spatial metric, had already been suggested independently by 
Riemann and by Clifford. Einstein completed it, applying it 
not only to the spatial metric, but to the metric of the space- 
time which include.s both space and time and also, as we saw 
in § 4, p. 291, and § 10, p. 320, when studying the motion of a 
material particle, the force in the field, which is represented 
through the coefficient 

We have pointed out just above that from the mathematical 
point of view the external force can be considered as produced 
by a suitable distribution of stresses. From the point of view 
of the classical mechanics this principle could also be applied to 
the particular case of forces of gravitational origin; Einstein, 
however, assigns a privileged position to these forces, and 
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supposes that all actions of gravitational origin (and only these) 
are so intimately fused with the geometrical and temporal 
properties that they are directly determined by the four-dimen¬ 
sional ds^. Such a possibility is amply justified by the considera¬ 
tions set forth in the preceding chapter (pp. 291-328). All the 
other non-gravitational forces (iti particidar, actions of electro¬ 
magnetic origin), on the contrary, can be absorbed into the 
energy tensor. In order to put this view in a mathematical form, 
Einstein had to establish a relation between the (i.e. its ten 
coefficients) and the energy tensor (i.e. the ten functions T^^)\ 
he had therefore to determine ten equations. One of these was 
a necessary consequence, at least approximately, of the New¬ 
tonian theory. In the classical mechanics space is considered 
rigorously Euclidean, and by Newton’s law the density p of the 
attracting matter determines the field of force by means of the 
Newtonian potential 

V ^ 


where/is the gravitation constant, and the meaning of the other 
symbols is as usual. From this expres.sion for U Poisson’s equa¬ 
tion 


Agt/ ^ ~ Itt/p 


follows in the ordinary way for every point of the field. Since 
the density p differs from the element ^00 of the energy tensor 
only by a constant multiplier (pp. 349, 354, §§ 22, 21, and 25), 
while to a first approximation (cf. § 4, p. 291) we have 


it follows that Poisson’s equation establishes a relation between 
the energy tensor and a sum of second derivative.8 of goQ. 

The differential equations expressing the relation between 
the coefficients g,* of ds^ and the quantities must therefore 
include this relation, at least to a first approximation. A reason¬ 
able induction suggests that in order to construct the ten required 
equations w'e must equate the ten components of the energy 
tensor to ten differential expressions of the second order in the 
coefiBcients g^, which, the system being invariant, must them- 
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selves constitute a tensor. Now a double tensor of the second 
order is given by those combinations of the Riemann-Cliristoffel 
tensor which we considered in the preceding section. Accord¬ 
ingly, the procedure which would first occur to one would be to 
assume that the (/^.’s were equal or proportional to the 
and this was in fact what at his first attempt Einstein did. But 
immediately afterwards he reflected that the fundamental equa¬ 
tions must not impose on the metric properties of space-time any 
a 'priori limitation, in this sense that any value whatever of ds® 
must be capable of bemg regarded as theoretically possible pro¬ 
vided there is a suitable energy tensor. This property woxild be 
inconsistent with the condition that the G^’e and T^i’s are to 
be proportional, since the latter tensor, from its physical origin, 
satisfies four differential conditions expressing the vanishing of 
its divergence (cf. pp. 351, 359, §§ 23 and 25), so that the 6r,t’s, 
would have to be connected by corresponding equations. The 
idea of a linear relation between the two tensors can however be 
retained without imposing any differential relation on the 
since the divergence of the tensor 

is identically zero, as we saw in the preceding section. If in fact 
we put 

<?.it — i Ggyk = — . . . . (8) 

where k denotes a constant (to be subsequently connected with 
the constant / in Poisson’s equation), there will be no resulting 
differential relations between the These are the celebrated 

gravitational equations. The foregoing considerations serve 
merely to give them plausibility from the purely formal point 
of view; their physical justification follows a posteriori from 
arguments of two kinds, which we shall now explain. 

For the moment we consider only a first approximation; i.e. 
we suppose that ds® differs from the pseudo-Euclidean value by 
a small amount. As we saw in Chapter XI, p. 320, we may on 
this hypothesis assiune 

goo " 1 — 2y 

got = — ^ ~ ^)> 

goc — ~ “ Yik, 
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where the y’e are small quantities of the second order. We also 
saw that (still with the same hypothesis) the equations of motion 
of a material particle, to a first approximation, depend neither 
on the y/s nor on the but only on the coefficient g^, or, 
which is the same thing, on the function y, and that they in fact 
reduce to the classical Newtonian equations 

= 1 ’ 2 , 3 ), 

since y — -n . 

<r 

In view of this, the problem of justifying the gravitational 
equations to a first approximation reduces to that of proving: 

(a) that one of these equations (the one corresponding to 
% = k — 0) involves only y (i.e. V) and is identical with 
Poisson’s equation; 

(h) that the other nine are consistent with values of the 
functions y of the assumed order of magnitude: their precise 
values in this first approximation are a matter of complete 
indifference, since what(>ver they may be we in any case arrive 
back at the Newtonian formulae. 

We can therefore limit the scope of (a) and (6) to the statical 
case, for the reasons indicated at the end of § 1. 

The passage to a further approximation in the equations of 
motion of a material particle involves (cf. Chapter XI, p. 320) 
either the values to a first approximation of y, and y^ or the 
third-order correction </< in the expression for ^qq. It is this 
difference from the results of the Newdonwn laws which, being 
within the range of astronomical observation, provides a means 
of testing whether Einstein’s hypothesis is or is not superior to 
its classical predecessor. 

At this point we are, so to speak, in conditions analogous 
to those in which Newton found himself when he substituted 
for Kepler’s kinematical laws the dynamical principle of universal 
attraction, which was capable not only of including Kepler’s laws 
as a first approximation, but also of predicting, and that on a 
magnificent scale, new facts which have since found marvellous 
confirmation. When the relativity theory is substituted for the 
Newtonian, the phenomena predicted by it are much more 

(DSSS) I3> 
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mmute, but even with present experimental resources, some at 
least of them are within the reach of experiment. This experi¬ 
mental control provides the second line of argument alluded 
to above in support of the gravitational equations. 


4. General equations of Einsteinian statics. Empty space. 

When we are dealing with statical phenomena (cf. Cliapter 
XI, p. 326), the ds® of space-time has the form 

== V^dx^^-dP .... ( 10 ) 


with 


dP = ll^a^dx.dx^. 


( 10 ') 


The coefficients a,j., like V, are to be functions of a^, x^, Xg, 
only; V is interpreted (cf. Chapter XI, p. 339) as the velocity of 
light, and is therefore considered essentially positive. 

With obvious meanings for the symbols, we have 


9a,= -dh 9(H = 0, ^00 = F*, g = -aV^, ^ 

= 0, g^= (i jfc - 1, 2, 3).| 


• (11) 


We shall use a dash (') to denote Christoffel’s symbols and 
the components of the Riemann-Christoflel and Einstein tensors 
relative to the quaternary form (10), and shall keep the ordinary 
notation without a dash for the analogous symbols and com¬ 
ponents relative to (10'). 

From the definitions and (11) we get 


( 12 ) 


{iA:, ly = {ik, 1 ), 

{iA,0}' = {Oi, ifc}' = {00,0}' = 0,| 

{«, 0 }' = 

{00, i}' = vr, 

where i, k, I, can take any of the values 1, 2, 3, F, = '1', and 
8 

F* = a'^ Yj is the reciprocal system with respect to the 

i' 

purely spatial dP. 


0F 
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We shall next express Riemann’s symbols of the second kind 
for the quaternary ds* in terms of the analogous symbols for 
dl® and of V. We have by definition, from formula (3) of Chapter 
VII, p. 176, 


(ir, h,ky 


3 a!* 


{ih, r}' - 


a 05 * 


{ih, r}' 


- i [{Ih, r)' {ih, ly - {Ih, r}' [ih, I}']. 
0 


We shall examine separately the various cases which may 
occur, according to the number of the indices i, r, h, h which are 
zero. 

(1) No index zero. The first group of (12) gives immediately 

{ir, hky — |if, .(13) 

(2) A single index zero. Riemann’s symbols being anti- 
syinmetrical with respect to the last two indices, we need only 
examine the tluee cases in which the zero index is i, r, or h. In 
each case, from the second group of the formulse (12) it follows 
immediately that Riemann’s symbols of this type are all zero, or 

{Or,hky = = {ir,0ky = 0. . (14) 


(3) Two indices zero. From the general properties of the 
Riemann-C'hristoffel tensor the symbols of the type {ir, 00}' 
vanish identically (for any ds®), and those of the type 

{00, hh)’ - i,g>^{f)j,hh) 


vanish whenever gi-'® = 0 (for j > 0), as in our case. There 
remain therefore to be considered the two types {Or, OA:}' and 
{tO, OA:}'. 

From (12) and the fundamental formula of covariant differen¬ 
tiation with respect to the purely spatial dl® we find 


{0r,0A:}' = 7(7%’ 
{iO. OA:}' = ^ 


(17) 


(4) Three or four indices zero. It will be seen immediately 
from (12) that these symbols are all zero. 
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We are now in a position to evaluate explicitly the sym¬ 
metrical double tensor 0^, the elements of which, as we know 
(§ 2), are 

3 3 

G'^ = hJc)' = hky + {io, Oit}'. 

0 1 

Introducing the analogous system 

Gjc = S;, {ih, hk} 

1 


relative to the ternary form d/®, we find at once, using the 
expressions obtained for the symbols {fr, M}', 


g:, = 

G’ou = 0 , 

-FA,F. 


(15) 


From these formulae and (11) we get for the linear invariant 
of the system 


0 1 
A F * 

_ _9 ^2 ^ _V A.'* r3 

— ^ jt' ^iJc . 

y 1 


(16) 


We have already seen (Chapter VII, p. 200) that for a three- 
dimensional manifold we can with advantage replace the tensor 
Gjc by Ricci’s tensor a,*, the linear mvariant 

iM = 

1 

of which (cf. Chapter VII, p. 203) represents the mean curvature 
(the sum of the three principal curvatures). 

The Gjc’s and a,*’s are connected by the linear relations 

Gjc = (ilk) 

from this, multiplying by o'* and summing with respect to i, k, 
there follows in particular 
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Applying these results, (15) and (16) become 

+ -pT ~ 

g:, = 0, {i, 1,2, 3 ) 

= - FA2 F; 

IG'= .... (16') 

which provide convenient expressions for the components of the 
Einstein tensor and its linear invariant in statical conditions. 

We can now return to the gravitational equations (8) of the 
preceding section. We note in the first jilace that since in statical 
conditions there is no energy flux, the components vanish. 
Hence from (11) and (16') three of these equations reduce to 
pure identities, and there remain seven; six of these, corre¬ 
sponding to non-zero values of the indices, have the form 

+ a,k= -xT,, (i,^- 1,2,3) (17) 

in virtue of (15'), (16'), and (11), while the seventh, fori = k=: 0, 
is 

— FAjF — IG'ggg -- — kTqo, 
or, from (16') and (16'), 

.(18) 

These seven equations ^ (17) and (18), as is naturally to be 
expected, reduce the Einsteinian statics to the three dimensions 
of the associated space. Their form is invariant with respect to 
the metric of this space, which has the dF in question as its 
fundamental quadratic form. They also involve, in association 
with the fundamental form, the two invariant functions F and 
^oo> and the covariant double system {i, k — 1, 2, 3). The 

T 

latter characterizes the distribution of the stresses, while ^ 

» Cf. Lbvi-Oivita: Rend, ddla R. Aoc. dei Linoei, Vol. XXVI (first half year, 
1917), p. 468. 
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is to be interpreted as the energy density (cf. Chapter XI, p. 357), 
V representing the velocity of light, as was said at the outset. 

With regard to the energy density it is to be observed that 
no example of a negative density exists,^ at least within the 
range of the better-knoAvn phenomena to-day, whether material, 
or electromagnetic in the broad sense. Hence we may assume 
that the right-hand side of ( 18 ) >0, and we get the following 
geometrical corollary: The mean curvature DA, determined in 
physical space os the effect of purely statical phenomma, is in every 
case either positive or zero. 

An important consequence of the equations (17) is obtained 
on multiplying them by o''^ and summing with respect to the 
two indices. Using the definition of DA and (18) we get 

T=p). '''> 

where T — llac . (21)) 

1 

and obviously represents the linear invariant of the system of 
stresses with respect to our dP (of the associated space). It may 
be remarked incidentally that this invariant must not be con¬ 
fused with the scalar invariant of the four-dimensional tensor, 
namely, 

T - 

n 

liie value of which, from (11), is on the contrary 



Consider in particular a region of space in which all the 
oomponents of the energy tensor vanish (empty space). From 
the phy-sical point of view, this condition can be considered 
satisfied when the region in question contains neither ordinary 

* In fact, if at a pven point there is matter at re.st distributed with density 
p, this implies an ener^ c^p of material orij^in, which in normal conditions 
enormously outweiifbs all other possible contributions to the total. Moreover, 
the electroms^etiu contribution to the energy density also > 0. Hence even 
when there is no matter it does not seem possible fur the energy density to have 
a negative value. 



THE gravitational EQUATIONS 383 

matter nor electromagnetic energy, since in this case it follows 
from the mechanics of material media that the stresses of material 
origin vanish, and, from Maxwell’s theory, that the Maxwellian 
field of force vanishes, and therefore also the Maxwellian stress^ 

With this hypothesis the equations (17), in view of (19), 
plainly reduce to the form 

A 2 F - 0 ,.( 21 ) 

a,* + = 0 (i, i - 1, 2, 3), . . (22) 

the first of which shows that not the timelike coefficient 
itself, but its square root, is a harmonic function. Also, (18) 
gives a* once 

=51/ = 0 .( 21 ') 

If the energy tensor were zero throughout all space, it is 
intuitive from the physical standpoint that the Einsteinian ds^ 
would be rigorously pseudo-Euclidean, and therefore the associated 
space rigorously Euclidean. This in fact represents the starting- 
point of Einstein’s speculative construction, which assigns any 
deviation from a pseudo-Euclidean metric to those physical 
actions which are included in the energy tensor. Serini ^ too has 
given a rigorous proof of the hypothesis, based on equations 
( 21 ) and ( 22 ). 

5. First approximation. Connexion with Poisson’s equation.^ 

If we suppose that the expression (10) for ds^ differs by very 
little from the Euclidean ty{)e referred to Cartesian space co¬ 
ordinates and Rbmerian time 

ds^ = dy^ — Z, dy^ 

1 

we can put (cf. § 3, and Chapter XI, § 10, p. 320) 

F = 1 - y.(23) 

- Sj + y.* 1,2,3). . . (24) 

’ See e.g. .Tkans: Tlie MtUhrtmttiad Theory of Eleotncity and Magnetism, fifth 
edition, 1826, Chap. VI, Oftnil)rid(;e University Press. 

^ Jlend. deila R. Ace. dei Lined, Vol. XXVII (first half-year, 1918), p. 285. 

® Lbvi-Civita, loco cit., and ibidem (second half-year, 1917), pp. 307-817. 
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We thus have 

m = 


*(*■ ^y% Ytk i^') 


where (Kq® is the line element of ordinary Euclidean space referred 
to Cartesian co-ordinates. 

The quantities are pure numbers, like y, and the qualitative 
property we have assigned to ds® is equivalent, to a first approxi¬ 
mation, to treating all these seven quantities as infinitesimals. 

It follows that Christoffel’s symbols 




m dyj/ 


are also infinitesimal. Smce to the same order of approximation 
the quantities keep their Euclidean values S^, it will be seen 
that the symbols of the second kind 

{ih,r) = 

1 


do not differ appreciably from the homologous symbols [ih, r] 
of the first kind. It follows that from the definition of Riemann’s 
symbols (p. 175, formula (3)) we have, neglecting terms of 
higher order, 

= 4 'I 




= I 


-f — 

hr^yh Wvk 


^yr^yk ^y.SyJ’ 


Hence it follows, from the definition of the (7^’s (cf. § 4) and 
from (24), that 

G'.i == S,. {ih, hk) 

= 42: {-^’*4- I 

iMSy/,® Sy,^y^ dy^dyi^ dy,dyj' 


We now return to the statical equations (17) and (18). We 
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have already made them contain Ricci’s symbols instead of 
the GJ&, the relation between the two being 

a,k- 


It is to be noted that is now to be considered infinitesimal, 
like the Gj^’s and their linear invariant, so that, from (18), 
is also infinitesimal. Replacing Jilhy its value (18), the explicit 
expressions which represent the a^^’s to a first approximation 
take the form 


a - IS 
“a: — 4 i ~ „ 

1 


4- 


'^Vk^Vk 
(i, i = 1, 2, 3) 




+ X TooS' 


(25) 


Using this result, and noting further that, neglecting infini¬ 
tesimals of higher order, the covariant derivatives of F = 1 — y 
do not diSer from the ordinary derivatives, so that in particular 


\ dy^ 


we find that (17) and (19) can be -written as 


o-tk — iy),jt + A'lySj — K r.^.. 

. . (26) 


. • (27) 

where the symbols {y)^^ denote covariant derivatives of y; 
and in particular, in empty space, since the terms on the right 
vanish, they become 

= (y)a..(26') 

ASy - 0,. 

. (27') 


which to a first approximation, as is naturally to be expected, 
are identical with ( 22 ) and ( 21 ). 

At this point we must consider the mechanical significance 
of the function y, or, better, of the product c®y. On p. 293, Chap. 
XI, when dealing with Einstein’s modification of Hamilton’s 
principle, we saw that, when ds^ is very close to the pseudo- 

Euclidean form, the difference between and unity is — 2 - 
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to a first approximation, TJ being the potential of the field of 
force in which the motion takes place. In the present case this 
difference is — 2y, so that we have 


y == 


V 


(9) 


This conclusion could of course also have been deduced 
from the general proposition in § 12 of Chapter XI, p. 328, that 
— I (T (together with a non-essential additive constant) con¬ 
stitutes the potential function of the force exerted in the field 
in statical conditions. In our case F® 1 — 2 y, and therefore 


_ =- -^c2(l--2y) -- 


I *> 

~ y, 

*2i 


which proves the required result. 

Now let us for the moment again take the standpoint of the 
classical mechanics, and consider the field of force due to a generic 


distribution of matter of density p =- where e is the corre¬ 
sponding energy density. If U i.s the Newtonian potential of 
this field, we know that Poisson’s equation 


AjU = — 47r/p = 


^tt/ 

/•2 


€ 


holds, f being the coefficient of universal attraction. If on the 
other hand we take the standpoint of general relativity, the 

V 


same distribution of matter gives a for which y 


^ 2 ’ 


and 


an energy tensor whose component Too coincides with e, while 
the components vanish in statical conditions, so that the 
remaining components Ti, represent stresses (cf. Chapter XI, 
p. 358). If we are dealing with discrete matter, the components 
Ti,, and therefore also their invariant 7 ', are zero, and (27) 
becomes 

AjjU 


In oCier that this may be identical with Poisson’s equation, 
it is necessary and sufficient that the constant k of the gravi- 
tstitaial equations and the universal constants f ~ 6-7 X 10"® 
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and c = 3 X 10^® (in C.6.S. units) of the classical mechanics 
should be connected by the relation 


K = 


Snf 

c* 


(28) 


which gives in round numbers (C.G.S. imits) 

K = 2 X 10-« 

For the remainder of the argument we shall adopt this value 
of K, and shall definitely take up the standpoint of relativity. 
In relation to the remarks in § 3 we can at this point consider that 
the preliminary justification of the gravdtational equations is 
terminated. In fact, their first approximation is represented in 
statical conditions by (2(1) and (27). The equation (27), as we 
have now proved, is identical with Poisson’s equation; the 
equations (26), as we shall see in the following section, serve to 
determine the quantities y,,, which to a first approximation, as 
we have already said, do not influence the motion, but will 
become essential when we come to discriminate on a more refined 
scale between the Newtonian mechanics and the relativity theory. 
Here we have referred speoifically to the statical case, but the 
justification of the gravitational equations obtained in this case 
also holds good, as already pointed out in § 3, in the general 
case, provided the coefficients y, of the product terms in dx^dr^ 
({ — 1, 2. 3) are of order higher than tlie first. We have arrived 
at this condition by a process of induction from experimental 
facts, and have msed it to reduce the ten gravitational equations 
to the seven of (17) and (18). We are now so to speak at the 
deductive stage, anti must first show that the gravitational 
equations contain in synthesis all the facts to a first approxi¬ 
mation; and at this stage we must point out that in ordinary 
conditions of material motion (i.e. with velocities which are small 
compared with that of light) the three gravitational equations 

6'ui— I = ~ x'^oi (* 2, 3), . (29) 

which are rigorously true in statical conditions, continue to hold 
to a first approximation if we suppose the quantities y, of order 
higher than the second (that of y and of the yij(.’s). In fact, the 
left-hand side of these equations, as we have already seen (cf. § 4), 
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becomes identically zero when we put g^i == 0: this means that 
if the three are treated as quantities y, of a certain order 
of smallness, the left-hand side of (29) will be of at least the same 
order.^ If therefore we suppose that the y/s are of order h^her 
than the second, the left-hand side of (29) will also be of the 
same order, and therefore zero to a first approximation. As 
regards the right-hand side, we know (cf. Chapter XI, p. 356) that 
in a pseudo-Fuclidean metric, and therefore (neglecting terms 
of higher order) also in the case we are considering, 

^ 0 * ~ ^ Pi ~ ^00 Pi’ 

and hence, from the presence of the factor it follow's that T„, 
is of higher order of smallness than Tgo' therefore that the 

right-hand side of (29) is of higher order than — '<■^00. and is 
therefore zero to a first approximation. Hence, in these con¬ 
ditions, the equation (29) is satisfied. 


6. The Einsteinian which corresponds to a first approxi¬ 
mation to an assigned Newtonian field. 

Suppose a Newtonian field and its pf>tential U given. From 
the remark made in § 1, we can ignore the possibility (consequent 
on the motion of the material masses) that U may defjend 
explicitly on the time, and treat U only as a ftmction of the space 
co-ordinates, as if the masses were at rest in the positions they 
occupy at the instant considered. Consider a region not occupied 
by attracting masses, in which region Ag U — 0. In order to 
characterize the corresponding Einsteinian ds^ to a first approxi¬ 
mation we have to determine (cf. § 5) the functions y and y^, 

where y is given by y = ^, and is therefore harmonic (i.e. a 

V 

solution of (27')), and the yj.’8 have to satisfy (26'), which can 
also be written in the simpler form 




0*y 


(26") 


* The quickest way of sbowmg this in to Huppose that the are of the form 
Ay*, where A is a numerical coefficient determining the order of magnitude, and 
the 7 *'b are functions of position and of the time, to lie treated os finite quantities 
together with their first derivatives. It is clear >n this case that Che left-hand 
side of (29) contains A as a factor. 
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since the oovariant derivatives which would occur on the right 
would differ from the ordinary derivatives by terms of higher order, 
and can therefore be replaced by these ordinary derivatives. 

For the integration of these equations we note in the first 
place that we get a particular solution by taking 

.(30) 

The proof follows immediately from the expre&sion (26) for 
the a,;t’s, in which is of course put equal to zero. Substituting 
for a,* in (26") the values 

ly P^y‘t4 ^yt‘h _ _^^y^ _ 

• dy.dy^ dy,,dy^ dy,dyS 

and remembering that y is harmonic, the required result follows, 
Since then the equations (26") constitute a linear non-homo- 
geneous system in the y,j.’8, the general integral is obtained by 
adding the solution (30) to the most general solution of the 
equations with the right-hand side zero, i.e. 

o.jt == 0, 

The general integral of this system could easily be constructed 
by using the result (cf. Chapter VII, p. 200) that for a three- 
dimensional manifold the vanishing of Ricci’s symbols a^. implies 
that all Riemann’s symbols are likewise zero, or in other words 
that the quantities 

= Sf -f y,^. 

are the coefficients of a Euclidean dl^ (referred to any curvilinear 
co-ordinates whatever). But, as it happens, the addition to the 
particular solution (30) of the general integral of the homogeneous 
system has no interest, since, as we shall see shortly, this corre¬ 
sponds merely to a change of the co-ordinates of reference. 

In fact, the vanishing of the symbols aj,, as we have just 
pointed out, expresses the necessary and sufficient condition that 
dp should be Euclidean, i.c. reducible, with a suitable choice of 

H 

paramettirs, to the form E, rfyp. Hence, if aq, x^, denote the 

1 

co-ordinates of reference in their most general form, the most 
general method of defining a Euclidean dP, with respect to these 
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co-ordinatee x, will evidently be to introduce a transformation 
of any kind 

Vi = 2/. (“i, a^) {i — 1. 2, 3) 

between the y's and the x’s, and to take for the coefficients 

'S 

those which result from expressing S, dy^ in terms of the differen¬ 
tials of the ar’s. * 

Assuming the functions x^, Xj) in the form 

a-, + t (ah. a'2> ^a). 

as is always legitimate, and inserting the corresponding differen- 

tials in the trinomial we get 

1 

3 

d/2 — 



In order to take account of the condition that the difference 
0 ,*. — 8f = is limited to the first order, together with the 
further condition that the difference between the Cartesian 
co-ordinate system of the y's and the curv'ilinear system of the 
x's is to be of the same order,^ it is sufficient (and necessary) that 
We should l)e able to treat the functions ^ and their derivatives 
as infinitesimals. It follows that 



which constitutes the formal expression for the general integral 
of the homogeneous system = 0 (the a,j’s, m the form (29'), 
being linearly dependent on the y^’s). 


' If this condition IB not imjwsed, the only nece««ary condition is that the six 
numencal <|uantities 


ya 



OXi OXh 


fdiould be infinitesimal, and tiiis can la- secured, as Prof. Almansi has shown 
(cf. “L’ordinana teoria dell' elastioiti e la teoria delle defomiaxioni finite", in 
iCend. ddla R. Acc. dei Lincei, VoL XXTI (second half year, 1917), pp. 3-8), 
«ven'when the quantities ( are not themselves infinitesimal. 
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But it is not this formal expression with which we are con¬ 
cerned, but rather the circumstance that the term (31), which is 
to be added to (30) in order to get the general integral of the 
system (26") with the right-hand side not zero, can always be 
made equal to zero by a suitable change of co-ordinates; this 
change being the substitution for the x’& of the combinations 

2/t = ^,(ai. % • • • (32) 

the result of which is that the expression for dl^ reduces, by 

3 

construction, to S, dy^^, all the differences a, 4 . — Sj vanishing. 

1 

When the y’s are chosen as variables, the transformation (32) 
must naturally be applied also to the particular solution (30). 
But since the ^’s are to be considered infinitesimal equally with 
y, (32) reduces, so far as (30) is concerned, to the mere substitu¬ 
tion of the y's for the x’s. The expression (30) for the particular 
solution, which alone is of any interest for our pimpose, thus 
reraauis unaltered when the system of reference is changed to 
the y's. 

It is further to be noted that the elementary form ASy (the 
sum of the second derivatives) of the parameter also remains 
unaltered. 

From the foregoing arguments wo see that in an empty field 
the statical potential U (Newdonian to a first approximation) is 
associaled with a metric modifieoMm. of the associated three-dimen- 
sioial space. With a suitable choice of the co-ordinates of reference 
(the y’s just defined) we have 


U 



with y harmonic (in the y's as well as in the x’s); the values of 
the coefficients a,^. of the square of the line element are given 
(to the same degree of approximation) by the expression 
8*(1 -f- 2y), so that 

dP = (1 -f 2y) {dxj^ + dx.fi‘ + dxfi'). 

It win be seen that in general the space does not remain 
Euclidean even to a first approximation, but, to this degree of 
approximation, can only be conformally represented in a 
Euclidean space. 
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To Bum up, remembering that goo — 1 — 2y and that. 9 („- == 0, 
the ds® of the Einsteinian space-time belonging to an asaigned 
Newtonian field of force with potential 17 ~ is given by 

= {l-^)dx^^-{l + 2y)dlo^ . . (33) 


where dl^^ is the line element of a Euclidean space. 

In the case of a single point-mass we need of course only 
take 


^ I 

^ ^ r' 


where r represents the distance between the mass and the point 
at which the attraction acts. 


7. Farther approrimation for the coefficient in 

statical conditions. 


In the preceding chapter (p. 320) we saw that if tlie ds~ of space- 
time is not far removed from being paeudo-Euclidean, then the 
motion of a material particle is affected only to a first approxi¬ 


mation by the second-order difference 2 y 


2D 


between and 


unity, so that the results are the same as for the Newtonian theory. 
If, however we wish to proceed to a further approximation, i.e. 
to calculate the principal part of the Einsteinian correction to be 
applied to the laws of the classical mechanics, we must not oidy 
find the second-order quantities y,*., which are the differences 
between the and the Euclidean values (the y,’s being of 
higher order), but w'e shall also need an evaluation of - F® 
carried to the fourth order. 

This is easily found if we limit the investigation to the statical 
case and to a portion of empty space (with the energy tensor 
z^). The differential equation (21) of § 4 is then rigorously 
true, i.e. 

Aj F - 0.(21") 


it being of course understood that refers to the spacelike dZ*. 
To a first approximation, as has already been seen, we have 
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where y is proportional to the potential of the field, by (9). We 
shall accoringly have to put 

.(34) 

where ^ is to be of higher order than the second. The explicit 
expression of Aj in generic co-ordinates (cf. Chapter VI, p. 154) 

A,F= if (^aV) 

Va 1 ' 


gives in the first place, by (21") and (34), 

el,? al, •''“A ■ (21'") 

From this we have to find ^ to a fourth-order approxima¬ 
tion. As y IS already of the second order, in calculating y‘ 

^from Yi — and \^a we need only consider terms as far as 

the second order, i.e. we can use the form (cf. formula (33)) 

- (1 -f 

This gives 

n/^ = (1 -1- 2v)». 

i Yi 

^ “i + v 

whence, neglecting terms of higher order than the fourth, 
s/ay‘ == y,(l -f y) = y,-f 


A priori we do not yet know the order (by hypothesis cer¬ 
tainly higher than the second) of the additional term i/r, which 
we have to calculate not only as far as its principal part of order 
V, but also so as to include additional terms, if any, up to the 
fourth order inclusive. For the moment we shall consider the 
part of order v. On the left-hand side of (21'") we can substitute 
1 for s/a, the difference between these two quantities being of 
the second order, which is equivalent to neglecting terms of order 
V + 2. As y is harmonic, it follows that 
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where Ag as before represents Laplace’s operator S, —, whence 

1 

^ — ly* + a harmonic function. 

With suitable hypotheses as to qualitative behaviour, it will 
be seen that the additional harmonic function must vanish, and 
there remains 

^ 

as the principal term of the fimction if). As this is already of the 
fourth order, w'e can take — as the expression for if/ correct 
to the fourth order inclusive. 

To the same order of approximation we get 

== (l_y+iy2)2 

= 1 - 2y + 2/.(35) 


8. A theorem o! mechanical eqnivalenoe.^ 

From the two preceding sections it follows that to a sufficient 
degree of approximation the Einsteinian which corresponds 
to a statical Newtonian field of potential U. fixed in advance, 
is given by 

ds^ {l-2i>)dy^^-(l + 2v)dl„^ . . (36) 
where Y — . . 


^ = .(37') 


(cf. formula (35) in the preceding section). 

In (36) we are satisfied with the first approximation for the 
coefficients of the spacelike while for F* the part which is 
of the fourth order is also given. This formula is a particular 
case of the ds^ considered on p. 320 of Chapter XI (formula (27)). 
In order to define the motion of a material particle, i.e. the 
geodesics of a space-time of this kind, in accordance with the 
criteria of § 10, p. 320, we note first of all that (36) gives us 


ds^ 




‘Of. Lkvi-CIvtta, Rend. Aee. Lined, Sonus VI, VoL IV, 1928, pp. 3-6. 
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comparing this with the equations (28) on p. 321, and noting 



is identical with = -j, we see that it corresponds 


to the particular case in which the linear form Ty vanishes and 
the quadratic form reduces to y)3®. This brings us back to 
the case considered in § 11, p. 323, the necessary values for 
the symbols then used being 


X 





IP 

c*‘ 


Equation (31) on p. 325 gives 

^ + ■ • • ( 38 ) 

which lends to the following theorem: The trajectories of the 
Einsteinian motion anncidc to a second approximation tvith 
those of a Newtonian motion in ordinary Euclidean space for 
which the total energy is still E and the force is derived from the 
potential Uj. 

If <1 is the ordinarj’ time in this auxiliary Newtonian problem, 
the corresponding integral of vis viva is 



This integral can be put in a more convenient form for the 
purpose we have in view. From equation (31) on p. 326, 
neglecting terms of higher order, f/j -f E, which we shall call 
U*, can be written in the form 

U* = [V+d^+E)(l + -^+xy 

2D 

whatevej may be the values of ^ and X- In our case, since x = — 

Di 

0 = — - , w'e shall have 

Further, we saw in the section referred to that for the 
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Einstemian motion, to the assigned degree of approximation, 
there exists the integral 

+ x) - + ^<1') == E. 

If < is the variable which acts as the time in this problem, 
/dl , 

V® = ( . Substituting for x and ip their values, we can write 

From this and from (39) we get the differential relation 
dt ^ dt^ (i+-^y, 

when the Newtmian problem is comjulelely solved, this relation 
eruMes us to find also the law of the time in the Einsteinian motion. 


9. Motion of the planets according to Einstein, 'to a second 
approximation. Displacement of perihelion. 

The most striking application of the foregoing result is to the 
problem of the motion of the planets round the sim. If we treat 
the planets (as is in fact usually done as a first approximation) 
as material particles with mass so small compared with the sun 
that they do not perceptibly affect the field (or more generally 
the four-dimensional metric associated with the field), then our 
problem is essentially that solved in the preceding section, for 
the particular case in which the function U is the potential of 
a single mass (the sun) which can be taken as the origin 0 
of the co-ordinates. We have therefore, as in § 6, 



r 


where r is the distance between the sun and the planet, measured 
as if the space between the two were rigorously Euclidean. We 
know from the preceding section that as regards the trajectory 
aiejything happens as if the ordinary mechanics held and the 
|j^et were acted on by a unitary central force derived from 
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the potential (38). This consists of two terms, the first of which, 
/ iE\ 

(1 + corresponds to an attraction inversely proportional 

to r®, of radial component 

/, , iE\ dU k 

where for brevity we have put 

^ .( 40 ) 

and the second to a disturbing force, also central, but inversely 
projwrtional to r^, of radial component 

3 ^ \ 

<? dr r^’ 

where = Q .( 41 ) 

There are thus two modifications of the Newtonian law: 
(1) a change in the coefficient of proportionality, which becomes 

fniQ instead of fmg, (2) a disturbing force (of the second 

order relative to the Newtonian force) inversely proportional to 
the cube of the distance, and therefore of the type already con¬ 
sidered by Newton. Now it is known from the theory of central 
forces^ that for motion in a plane under a force whose radial 
component is 


the equation of the orbit in polar co-ordinates r, 6 can be pat in 
the form 


r = 


. P _ 

1 -f e cosod 


(42) 


* See e.g. Lbvi-Oivita and Amalim: Ltziom d% Mecoanica RasimuUt, Vol. U, 
p. 200 (Bologna, ZanichelH, 1926); or Laub; Dynamics, aecond edition, Chap. 
XI, § 91 (Cambridge University Press, 1928). 
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by a suitable choice of the directioB of the polar axis, where, 
0 being the area-constant, 

a* = 1 — ^ 

G^’ p €P-ki’ 

and e is a constant of integration, which can always be supposed 
positive, 6 being if necessary replaced by d -f n. 

All this holds generally. Now suppose in particular that 
c < 1, denoting elliptic motion as a first approximation (i.e. for 
ki — 0, so that a reduces to unity). We can also suppose e > 0, 
which means that we exclude the case of the circular orbit. 
With this limitation, 6 in equation (42) can be made to vary 
without restriction, and the equation sliows that when 6 increases 

by r again takes the same value. This holds in particular for 
a 

the minimum value of r (i.e. perihelion); and therefore, for two 
successive passages through perihelion, the anomalies differ by 
Htt 

—. In the particular case a = 1 (elliptic orbit wdth fixed peri- 
a 

helion), the value of this difference is precisely 27 t, so that the 
difference 

(7 = 

represents, in magnitude and sign, the angular displacement of 
perihelion in one revolution. With the value of a given above, 
taking into account the smallness of we have 



Since for a, which is already a correction, we need Only a first 
approximation, we can take for its Newtonian value ^ 

^ = /wo«(l — ^)> 

where a and e denote respectively the semi-major axis and the 
eccentricity of the orbit. Using the value (41) of k^, we get for 
the displacement of perihelion the expression 

^ _ fiTT fmo 
1 — e® oc*’ 

which was first calculated by Einstein. 

> Cf. Lkh-Citita and Amau>i ; op. oU., p. 212. 



(43) 
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In order to adapt the formula to numerical calculation for 
any planet, we introduce the mean radius of the earth’s orbit, 
and write (43) in the form 

a = 

1 — e® a 

The eccentricity of any planetary orbit being small, we can 
at once put e® — 0. The radius of the orbit being a, we know 
that the velocity v in the orbit is given by 

t = 

a a® ’ 

which expreiises the equality of the attraction and the centnpetal 
acceleration. For the earth we have in particular 



and accordingly (43) becomes 

<7 (Mr .(43') 

c® a 

The velocity ?’o of the earth in its orbit being practically 
30 km. per second, and c being 300,000 km. per second, we have 

approximately = 10“*, and therefore 
c 

a == Ott . 10-® 

a 

For Mercury, the planet nearest the sim, and therefore 

evidently showing the most perceptible effect, — = 0'39, which 

gives for a a little more than one-tenth of a second. Since Mercury 
completes about 420 revolutions in a century, we thus find for 
the perihelion of its orbit the centennial displacement of 42", 
which corresponds exactly to the difference between the total 
observed displacement and the amount predicted by ordinary 
celestial mechanics from the Newtonian theory of the per¬ 
turbations due to the other planets. It was precisely this 
residual shift of about 42" per century which before the 
birth of the relativity theory could only be explained by 
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introducing hypothetical disturbing forces with constants deter¬ 
mined ad hoc. 

For the other planets, the corresponding calculation naturally 
gives a much smaller centennial shift, hardly 8'6" for Venus, 
3-8" for the earth, 1*35" lor Mars, and still less for the others, 
and the results of observation which are at present available are 
not accurate enough to provide any basis of comparison with 
these figures. 

10. DiBplaoement ol the spectral lines. Deflection o! light. 

In this section we propose to examine the effect of a field 
of force on the frequency and the path of light rays. We suppose, 
as m the preceding section, that the field is statical, with a New¬ 
tonian potential V, and we consider regions of the field external 
to the attracting masses. The effect to a first approximation will 
be sufficient for our purpose, and we can consequently assume 
that the expression (33) of § 6 

- (1 - 2y)dXo2 - (1 -f 2y)dlo'. • • (33) 

where y stands for holds for the four-dimensional d^. 

Now suppose that a phenomenon which is predominantly 
timelike (e.g. the vibration of an atom) takes place at a specified 
point T. If is an elementary interval of time in which this 
phenomenon is considered, and if within this interval the varia¬ 
tions dy, of the space co-ordinates are assumed to be negligible, 
we shall have from (33) (since = cl) 

dsl-= (l-2y,)c2*^„ 

where the suffix T denotes that the values in question are 
those belonging to the phenomenon at the point T. If the 
phenomenon takes place instead at another point S we have 
analogously 

dsl = (1 — 2ys)c*<ft^ 


Now suppose that we have two identically similar phenomena 
at different points, e.g. the emission of light from two atoms 
diemioally alike and in identical physical conditions. If we 
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admit that in such a case the space-time interval will be the 
same for both, the foregoing formulae will give 


dtj, 



(Yt - Ys)- 


This differential relation between corresponding times of the 
two phenomena under discussion, expressing the constancy of 

the ratio naturally implies that the same ratio exists between 

<Wy 

any finite pair whatever of corresponding intervals, and Ai^; 
in particular, if the phenomenon considered is periodic, between 
the respective periods or between the reciprocals of the fre¬ 
quencies and Vj,. We thus have, neglecting terms of the second 
order, 

^-" = yr-y.= 

v_ cr 


which shows that in a gravitational field the variation of the 
frequency is of sign opposite to that of the potential: hence, in 
particular, there will be a reduction of the frequency for a given 
spectral line (and therefore a shift of the line towards the red end 
of the spectrum) on passing to a region of higher potential. 

By way of example, let us compare two monochromatic light 
rays emitted in the same conditions on the earth T and on the 
sun S. We can neglect Uj in comparison with and take for 
Vg (cf. the preceding section) the value 

TJ _ ®0 

“ 9 

^0 ^0 


where denotes the sun’s radius. As we saw in the preceding 
section, we now have 


Oq 




the (relative) variation of the frequency, if Av = 
therefore given by 




«0 
c* rg' 


Vt - is 


(44) 


(oesB) 


V 


14 
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and since in round numbers 


^ = 10 -*, ^ = 200 , 

c fo 

we get = 2 X lO'®. 

V 

It was imcertain for some years whether there did in fact 
exist a shift of this kind towards the red for the solar rays, as 
compared with corresponding rays emitted from a source on the 
earth. The most recent measurements by Perot, Fabry, and St. 
John tend to confirm its existence. 

A more remarkable verification has recently been provided 
by St. John, who, following up a suggestion of Eddington’s, has 
observed analogous displacements in the spectrum of the Com¬ 
panion of Sirius. 

We now pass to the consideration of the path of a light ray 
in a field of force. Along any ray we shall have in the first place 
(cf. Chapter XI, p. 336) rfs® — 0, and further, the field being 
statical (Chapter XI, p. 340), Fermat’s principle 

Sjdx^ — 0 

will also hold. 

Since ds* = 0, the expression (33) for ds® gives 

dxo® = ^ dfo®, 

® l-2y ® 

and therefore, neglecting squares of y, 

dx„ = (I + 2y) dig. 

The rays are therefore defined by the variational equation 

S/(l + 2y)d(o= 0.(45) 

At this point we note that in an ordinary Euclidean medium, 
isotropic but not homogeneous, of refractive index 
the geometric path of a ray, by Fermat’s principle, is charac¬ 
terized by the variational formula 

sfadlg — 0; 
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comparing this with (46) we see that in our field of force, with its 
given by (33), light is propagated as if the space were Euclidean 
and filled yrith a medium of refractive index 

fi — 1 -f 2y. 

This remark becomes even more expressive if we refer once 
more to the trajectories of a dynamical problem. In fact, as 
we have already had occasion to show in § 11, pp. 323-326, 
the principle of least action leads to the result that the curves 
(45), or, what comes to the same thing (multiplying by and 
remembering the meaning of y), those for which 

Sjc2(l + 2y) dlo = Sj(c2 + 2V) dlo = 0, . (45') 


can be considered as the trajectories of a material particle in 
ordinary space in a field of jxjtential ^c®(l + 4y) = - + 2Z7 

A 


and with total energy zero, or, if we prefer, in a field of potential 


2V and with total energy 


2 ‘ 


It is interesting to observe that even in the classical mechanics 
the mere hypothesis of the materialization of energy leads us to 
predict a curved path for rays in a gravitational field. If in fact 
we admit that light rays, regarded as lines of flux of energy, are 
effectively trajectories of material particles, then each of these 
rays—their mutual reactions being supposed negligible—ought 
to behave like a free material particle moving under the action 
of the force in the field (of potential V) with a velocity which 
tends to c at an infinite distance from the attracting masses 
(i.e. for U ~ 0), or, which comes to the same thing, with total 
energy per unit mass. It will be seen that general relativity 
implies, to a first approximation, solely the substitution of 2Z7 
for U. Now apply these considerations to the path of the rays 
in the sun’s gravitational field. In accordance with the above 
remarks, these rays are to be considered the trajectories in the 
problem of the motion of a point attracted by a fixed centre of 
force, the potential, with the same notation as before, being 
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and the total energy 

E== 

These trajectories are obviously conics with a focus at the 
centre of force. The species will depend on the sign of the constant 
E\ in out case iff > 0, so that the curves are hyperbolas. Since 
the divergence from a rectilinear path must be very small, it is 
self-evident that these hyperbolas will be only very slightly 
curved; this can also be proved analytically from the differential 

equations. To show this, let n and - denote the direction of the 

P 

principal normal and the curvature at any point of a ray. 
Equating the centripetal acceleration to the centripetal force 
per unit mass, we have 

f =. 2 ^-. 

p dn 

The derivative — represents the force in the field in the 
dn 

direction n, and cannot therefore be greater than the intensity 

=x f 7 i of this force. Further, the integral of vis viva 

r* f 

ic*-f-2U= 


shows that if we neglect terms of the second order, v may be 
t^en as equal to c. Consequently we have 


p 


K r^, is the sun’s radius, the maximum possible value for the 

force in the space traversed by the light rays is evidently 
r* 

that given by r = the above inequality can therefore be 
wiitt^ 


1 ^ 2 /^ 
P 


As 




is the value of the potential at the surface of the 
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exm, and the value of the ratio * is 2 x 10‘® (cf. formula (44)), 
we get finally ^ 

- <4 X 10-*i. 


In other words, if the radius of curva- / / 

ture p is not infinite as for a straight / / 

line, it is at any rate of the order of a / / 

million times the sun’s radius. / / 

It is therefore perfectly legitimate to j j 
assume that the rays are in any case / / ^ 

only very slightly bent, even if they I if \ 

pass very close to the sun; in every case, 0 A ly § j 

therefore, the hyperbola in question will ^ 

have its asymptotes OA', OT' (cf. fig. 4) / \ \ 

almost in one straight Ime. / \ \ 

Consider m further detail the hyper- ' \ \ 

bolic ray which grazes the solar sphere \ \ 

at y. Let 0 be the centre of the hyper- \ \ 

bola, 5 the centre of the sun and there- \ \ 

fore the focus of the given branch of the \t’ \t 

hyperbola. Y will be its vertex, and, Fig t 

if a denotes the transverse semi-axis 
and e the eccentricity, we shall have by definition 

OV — a, OS ~ ae, /SF = fp = o(e — 1). 

We know also from analytical geometry that if 8 represents 
the exterior angle between the two asymptotes 

8 1 

sin — . 

2 e 

In the case we are considering, 8 must be very small, hence, 
feom this formula, e is very large. Our results will be quite suffi¬ 
ciently accurate if we take the sine of the angle 8 as equal to the 

arc, and consider ^ negligible in comparison with uni ty. Thus 
e 


we can write 


g ^ 2 ^ 2 1_ ^ 2 

e ej_l e — 1* 



4o6 absolute differential calculus 


Using the relation = a{e — 1), we get finally as the 
measure of S in terms of the two lengths and a 


8 = 


2a 


(46) 


In the classical theory, the transverse semi-azis a in the 
hjrperbolic motion due to the Newtonian attraction of a mass 
M is connected with the constant E of the vis viva by the relation 


E = 


fM 

2a 


Putting for E its value and noting that in our case 
M — 2«to, this gives a, and (46) becomes 

S = i .(46') 

cr 

and therefore, using the numerical value already found for this 
ezpresfflon, 

8 = 8 X 10-". 

The right-hand side is a pure number, which gives the angle 
8 in radians. In seconds 

8 = 1-7".(47) 

It wDl at once be seen that this angle 8 gives the measure of 
the deflection, i.e. the maximiun angular deviation to which a 
stellar ray can be subjected by the sun’s gravitational action. 
Suppose in fact that we are considering a ray of light which starts 
from a star A and arrives at a terrestrial observer after describing 
an arc of a hyperbola which grazes the solar sphere at V, as in 
fig, 4. The direction of the hyperbola at T, along which the 
observer receives the light ray, is indistinguishable from that of 
the asymptote OT'; the direction in which the light left the star 
is that of the tangent at A, which in its turn is indistinguishable 
from the other asymptote A'O, so that the deflection is the 
ea(terior angle between .d'O and OT', i.e. 8. 

The direction A'O will naturally be identified with the 
direction in which T sees the star in normal conditions, i.e. when 
the sun leaves the earth-star direction and the corresponding 
gravitational perturbation becomes imperceptible, so that the 





BENDING OF LIGHT RAYS 


407 


visual ray again becomes rectilinear (or so nearly rectilinear that 
the difference is absolutely imperceptible). 

It may be well to point out that if the visual ray from a star 
does not graze the solar sphere but passes at a distance r > 
from the centre of the sun, the deflection diminishes, being in 
inverse ratio to the perihelion distance r. This can be seen as 
follows. The expression (46) for 8 naturally holds for any star 
whatever which is visible from the earth, provided is replaced 
by the perihelion distance r. We shall thus have 

g _ 2o _ 2a rp 
f To r‘ 

The factor has been calculated above, so that we have 
finally ^0 

a = 1-7" X 

r 

Since corresponds to an angle of 16', it will be obvious that 
if the angular distance from the centre of the sim is even a few 
degrees 8 will not be more than some hundredths of a second, 
and will therefore be totally imperceptible, just as if the ray 
were rigorously rectilinear. 

The angular displacements, if any, due to the sun become 
capable of observation during a total eclipse. A first attempt in 
this direction was made by the Lick Observatory in 1918, but 
the precision of the observations was insufficient for the purpose. 

For the total eclipse of 29th May, 1919, two simultaneous 
expeditions were organized by the Royal Society of London: 
one for Sobral in the north of Brazil, the other for the island of 
Principe in the Gulf of Guinea, both localities being within the 
zone of totality of the eclipse. The results of the observations 
made by these two expeditions can be summarized as follows. 
For the deflection of light the mean value of the displacements 
observed at Sobral gave 1'98", with probable error + 0-12"; 
at Principe the mean value was 1*61", with probable error 0-30". 
The deflection 1'76" predicted by Einstein’s general relativity 
lies between these two. This provided a new and striking con¬ 
firmation of Einstein’s theory, as the observed results were 
definitely incompatible both with the zero deviation of geome¬ 
trical optics, and with the deviation of half this value (0-88") 
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whidi would be given by the ordinary theory combined widi thfi 
(^ple postulate that mass and energy are proportional, 

(hi the occasion of the next total eclipse ^21st September, 
1922), visible in Western Australia, three further expeditions 
started for the zone of totality; the American one, o^anized by 
the Lick Observatory and conducted by Campbell, was the only 
one to secure any useful observations. But the available stars 
were rather far from the limb of the sun, and the deflection was 
therefore small; the results i show a wide dispersion, so that 
many astronomers do not regard their mean value as a further 
confirmation of the theory, although it is in almost perfect 
agreement with the Einsteinian prediction. 

11. niree-dimensional metrics with spherical symmetry. 

We shall begin by defining w'hat is meant by saying that a 
metric manifold Fg has spherical symmetry round one of its 
points 0. We shall follow the geometrical method suggested by 
Palatini®, considering along with the Fg an ordinary Euclidean 
space Fj in one-to-one correspondence with it. This corre¬ 
spondence being established, any point-transformation (T) of 
Fg into itself (in particular, a rigid motion of Fg) gives rise 
to an analogous point-transformation of Fg into itself. There is, 
however, no o priori reason that a rigid motion of Fg should 
correspond to a rigid motion of F^, a rigid motion of a manifold 
being taken to mean any transformation which leaves dl* un¬ 
changed, and therefore, in particular, changes geodesics into 
geodesics. 

We shall now say that a metric manifold Fg has spherical 
symmetry round one of its points 0 when each of the co® rigid 
rotations of Fg round the corresponding point 0' determines a 
rigid motion in Fg. 

Some important properties of the metric of a Fg with this 
property follow easily from the definition, subject naturally to 
the obvious condition that the metric (i.e. the coeflScients of dl®) 
is r^ular in the region round every point, except possibly tlie 
point 0. It can at once be shown that to any ray j' drawn fi;om 

* Pahlishad in tb« -Lick Ohtervtttory Bulletin, No. 846, 1923, 

^ Of. “ ho Bpoetomento del perielio di Meieuno, eoo,” in Nw>W CHmWtO, XXV 
(mi), pp. 12-64. 
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O' there corresponds in Y 3 a geodesic j drawn frona 0. Thus, let 
P' be any point on f which is not O', P the corresponding point 
(which is therefore not 0) in Yj. Let g be the geodesic in Fg 
which is tangential to j at P; from the qualitative hypotheses of 
the case it follows that g exists and is unique. We have to show 
that g coincides with j. 

Consider in Fg the 00 * rotations which have j' for axis: 
these correspond to ao^ rigid motions in the space Fg which 
leave fixed all the points of j, and only these. If we suppose that 
g is distinct from j, the effect of the rotations round/ would 
be that g would occupy a simple infinity of positions, retaining 
in each the properties of being geodesic and tangential to j at 
P; we should therefore have an infinite number of geodesics 
drawn through P in the same direction, which is impossible; 
hence g must coincide with j. 

An obvious deduction is that to any spherical surface S' 
with centre O' there corresponds in Fg a geodesic sphere S with 
centre 0. 

Now consider any pair S, S' of these surfaces, and the corre¬ 
spondence between the points Q of one and Q' of the other 
determined by the correspondence between the two spaces. We 
wish to show that the correspondence between Q and is 
conformal. 

Let da' be a generic line element in S' drawn from Q', da the 
homologous element drawn from Q. If we suppose the Euclidean 
space referred to polar co-ordinates r, 6, we shall have 

do'* = r*(dd 2 -f sin* 


where r = 0'Q\ Further, when r, 6, ^ are known, they deter¬ 
mine Q', and therefore also Q, from the one-to-one correspondence; 
ff and <f> can therefore also be regarded as curvilinear co-ordinates 
of Q on S, and the line element da, corresponding to da' (i.e. to 
arbitrary differentials dO and d^), wiU in every case be repre¬ 
sented by a quadratic form which we propose to find. 

Consider two elementary arcs da' of equal length, drawn 
from O' in two different directions. The two homologous arcs 
da will also be equal. For the two arcs da', being equal in length, 
can be obtained from one another, by a rotation round O'Q; 
hence we infer that the two arcs da can also be obtained from one 
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another by a rigid motion in and are therefore of equal length 
with respect to the metric of V^. 

dcT 

It follows that the ratio - is the same for the two directions 
da 

considered, or, in other terms, that this ratio is the same whatever 
the differentials dB and d(f) may be. It is therefore a function 
H of position alone, i.e. {a priori) of r, 6 , <f>; but it will at once be 
seen that this function must be the same whatever may be the 
point O' of £' considered, since we can always pass from one 
O' to another by a rotation. We can therefore put 

da^ = mda\ 


where H denotes a function of r only. 

For what follows it is perhaps advantageous to replace the 
co-ordinate r (the radius vector in Fj) by a fiuiction R(r) defined 
by the equation 

R(r) = H{r)r .(48) 


The square of the line element of the geodesic sphere 2 thus 
takes the form 

da^ = IP{d0^-{-am^ed4^)\ . . . (49) 


this gives us the geonietiical significance of R, no longer in the 
auiiliary Euclidean metric, but directly in Fg. In fact, the 
expression (49) for da'^ is that for a sphere of radius R in ordinary 
space, and as such (cf. § 7, p. 240) has Gaussian curvature 
1 

K = —; this curvature, from its intrinsic nature, belongs to 


any surface whose line element is given by (49), and therefore, in 
particular, to our surface S. 

We can therefore attach the following significance to the 


cO-ordinate R: 


1 


represents at any point the Gaussian curvature 


of the geodesic sphere with its centre at the centre of symmetry 
O and passing through the point. From the property of symmetry 
it follows at once that all the geodesics drawn from 0 cut the 
sphere S orthogonally; hence if we denote by dg the elementary 
arc of one of these geodesics, the dP ot V 3 can be represented 
in the form 


tO* = -f- dcP; 
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and since dg depends solely on R (also from synunetryl we can 
put 

dg ~ A{R)dR, 


where ^ is a function of R, a priori undetermined, so that we 
get in consequence, with the help of (49), 

dl^ AHIP+IP{de^+idn^ed,f,% . . (49') 

This is the most general expression for the dP of a Fg which is 
symmetrical round a pointd 

It is not without interest to show that every Fg of this kind 
can be conformally represented in Eucbdean space. It will be 
sufficient to show that we can determine two functions H{r) 
and r(R) such that we have identically 

AHR^ + R^ (d6^ + sin* 6 d<f>^) = //* (d/* + »^(dd* + sin* d d<^*)}; 

the necessary and sufficient conditions for this are 
Hr = R, Hdr = AdR, 


and therefore, eliminating H, 


dr . dR 
— = A~. 
r R 


(60) 


When is a known function of R, this determines r, except 
for a constant multipUer, which from the strictly geometrical 
point of view remains arbitrary. The modulus H of the conformal 
transformation is then defined by 

H = ^ .(61) 

r 

We shall now calculate Ricci’s symbols a,* (Chapter VII, 
p. 199) relative to a metric of this kind. We again make use of 
the property of symmetry, noting that an obvious consequence 
of the considerations set out in § 12, pp. 201-208 is that if the 
quadric which determines the local distribution of curvature has 
an axis of symmetry, this axis gives one of the three principal 
directions, while the other two are indeterminate (i.e. may be 

' This formula had been given as early s« 1896, from analytical considerations 
based on the theory of groups. Cf. A.Ui dtUa A. Aee. (te» Idiuei, VoL V (second 
baU-yaar, 1896), pp. 164-171. 
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any pair of diroctiom orthogonal to each other and to the axia 
of syrametiy). In our case, a point P distinct from 0 having been 
fixed arbitrarily, and the behaviour of every metric property 
being symmetrical round the geodesic g which joins 0 and P, 
it follows that the quadric of curvatures at P is necessarily 
symmetrical round the direction of g. Hence at every point 
our co-ordinates r, 8, <j> give prmcipal directions of curvature, 
from which it follows at once that in the quadric of curvatures, 
and therefore in the tensor the product terms are missing, i.e. 
that , 

= 0 for j 4 = *■ 

In addition, if is the principal curvature corresponding 
to g, the other two curvatures oi^, toj are equal to one another; 
we shall denote their common value by to. 

We pray now recall formula (47) on p. 207, viz. 

3 

1 

which gives explicitly all the o’s as functions of the curvatures 
and of the moments of the principal Imes. Since these coincide 
with the co-ordinate lines, along which vary R alone, 8 alone, 
and alone, respectively, they will have for parameters 



dR 

dl 

= 

II 

= 0 , 

A] = 

= 0 ; 


0 , 

A| 

II 1 

il 

1 

R’ 

A]- 

= 0 ; 

il 

0 . 


= 0 , 

1 _ 

i - 

II 

1 

R sind’ 

and therefore the 

moments will be 



^i|i 


A, 

A] 12 = 

0 , 

Ai|s = 

= 0 ; 

^|i 

= 

0 , 

Aij2 = 

R, 

A^is = 

= 0 ; 



0 , 

Ag|2 — 

0 , 

Aajs ■ 

- R sind, 


Substituting in the formula quoted above, and putting 
= a >3 — <t», we get 

Uji di^cuj, U32 R^u)f 0133 = <X22 ain® 8 ^ (b2) 

~ ^ (* 4= • • ‘ • (53) 
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The equatbns (53) have already been obtained from the 
consideration that in our case the principal lines of curvature 
coincide with the co-ordinate lines. 

We shall now calculate explicitly the value of to at a generic 
point P from its definition as the Riemannian curvature. Prom 
symmetry, it can be considered as belonging to any geodesic 
surface whatever with pole P and containing the dnection R. 
We shall show that the surface (f> — constant is a particular case 
of such a surface. Take the differential equations of the geodesics 
in our P 3 (of line element dl), not, however, in the form given 
in (47) on p. 134, where they are solved for the variables, which 
would require the calculation of Christoffel’s symbols, but 
in Lagrange’s parametnc form, startmg from the Lagrangian 
function (the vis viva) 


T = 



In the case we are considering 

P - \ P 2 ( 02 + 8 in* 0 .^*)), 

(where a dot over a letter denotes differentiation with respect to 
the parameter t), and therefore 

P®. sin* B (f>, 

0 . 

From Lagrange’s equation for the angle <l>, vix. 

d dT _dT ^ ^ 
dt ^ d(f> 

it follows on integrating that one of the equations of the geodesics 
has the form 

P® sin® 6 <l> — constant. 


dT 

d<^ 

dT 

dif, 


Prom this it follows that if a geodesic issuing from P touches 
mitially the surface ^ constant (so that ^ = 0 at P), ^ 
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vanishes along the whole geodesic, which therefore belongs to 
the surface ^ = constant passing through P, as we wish^ to 
prove. To find a>, we have therefore to find the curvature of the 
binary differential form 

.(64) 

which expresses the square of the line element of the siirface 
(ft — constant. 

The general expression for this curvature is 

. ^ (^ 2 . 12 ) 

a 

(formula (28), p. 194); as our a is A^IP, it only remains to cal¬ 
culate Riemann’s symbol of the first kind, ( 12 , 12 ) by means 
of formulae (3) and (5) of Chapter VII. The explicit expression 
for this was formed by Gauss, and is given in all treatises on 
the subject. We thus get 

~ AR dit \a} 2R dR [a/ ■ 

For the curvature a>i we find 

- Ml 1 I 

a4' 

An independent calculation of these expressions is given in 
the following section. 


12. Oigreasioii on the oalcnlation of curvatures. 

While our specific object is the calculation of cu and we 
may here, for the convenience of the reader, show how the 
explicit expression for the curvature of a binary form as a function 
of its coefficients can be obtained without calculating Christoffel’s 
symbols.^ We shall start from the geometrical property of the 
curvature expressed by formula (29') on p. 195, viz. 
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where DF denotes the area of an infinitesimal circuit T con¬ 
taining P, and € represents the angle of parallelism. In order to 
reduce the calculation to a minimum, we shall calculate e with 
reference to a, dl^ oi orthogonal form, of the type 

E dx^ -f 0 dx^ .(55) 


If on leaving P the direction X which is being displaced makes 
an angle a with the co-ordinate line Xj, its parameters A^, 
are plainly given by 


_ cosa 

s/e' 


A2 = 


sina 

Jg 


(56) 


(cf. §§ 4 and 7, pp. 92, 98). Now consider an infinitesimal dis¬ 
placement 8P, of contravariant components we know 

that when X is given a parallel displacement along hP the incre¬ 
ments 8A' of its parameters are given by 

8 A'=-i,, A-'Sx, (i-1,2) (57) 

(formula (23), p. 1 10). In order to avoid the necessity of calcu¬ 
lating the coefficients on the right-hand side (Christofiers symbols), 
we note that the equations 

2 

z. = - i\ XjXi 

] 

of the gecMiesics have on the right-hand side quadratic forms 
whose coefficients are precisely the symbols we need. Further, 
the first of the Lagrangian equations of the geodesics corre¬ 
sponding to the form (57) (the equation relative to x^ is 

d dT _dT ^ 
dt d'Jti dxj 

where ^ ~ + f?®./). 


or, performing the differentiations and solving for x^, 
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where Si, Eg, &i represent derivatives of E and G with respect 
to % and Xg. Comparing this with the first of the equations 
(57), we see that the latter can be written 

>= _A>SlogV£+A«(-^S*,+ 2^S*,). 

But from (56) we get 

SXi = - yj^X^Ba-Xn log 

and substituting from this in the preceding equation there 
results 

Sa — ^ ~ ^1 

The angle of parallelism is obtained by integrating 8a round 
the circuit T. Replacing the Ime integral by a surface integral 
in the usual way (for the signs, cf. footnote, p. 190, Chapter VII) 
we get 

Noting that the field of integration reduces to the infinitesimal 
element 

Z)r ■= ^TeG dxi dxg, 

we can write (neglecting infinitesimals of higher order) 

’ “ “ 2^e [4 (:Ss) + L (v^)]' 

This gives the required expression for the curvature, vis. 

K^- 1 / Ml 

i%/m LSa^ WEO/ WEQ /1 
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For iB 1 (for -wliicli the lines are geodesics) we get in 
particular the formula 


J d^s/G 
s/G dxi^ 


which is frequently used in the theory of surfaces. 

For the line element given by (64), putting = R, x^ ^ 8, 
so that JS — A^(R), G ~ R^, the curvature K becomes 


J. ± (i) 

AR dR W’ 


(58) 


as stated in the preceding section. 

We now come to the calculation of the curvature corre¬ 
sponding to the section normal to the lines R. It is to be noted 
that the spheres R — constant, unlike the sinfaces ^ = con¬ 
stant, are not geodesic surfaces, so that does not coincide 


with the Gaussian curvature 


1 

IP 


(cf. § 11 ) of these spheres. 


To 


calculate it, instead of using the direct definition it will be more 
convenient to use the property that dP can be conformally repre¬ 
sented in a Euclidean space, with 


dP = H^dlo\ 


as we have already seen. 

In § 4, p. 228, we found the explicit form of the relations 
between homologous Riemann’s 83 n 3 ibols for two line elements 
ds and da' for which 

ds'a = c»^ ds». 

We shall identify ds with our dl, and dis' with the Euclidean 
we can then apply formul® (18) of p. 231 by making the symbols 
marked with a dash vanish (since they refer to the Euclidean 
dfo^) and putting 

T=-logH. .(69) 


The formuIsB then become 

(y, hk) ~ Oi*(T^ — T^T*) — art(T^ — t^ta) — ajk{r^ — t, t*) 

+ ®^(t,* — T, T*) -f- (0(A 
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where the coefficients, the covariant derivatives, and the para¬ 
meter A are all taken to refer to 

di® = It^{dd^ + sin* 6 d<p). 

Multiplying these formulae by and summing with 

respect to the four indices, the left-hand side, by formulae (1) 
and (2) of § 2, gives the linear invariant G relative to our F 3 , 
which after some obvious reductions is thus expressed by 

G = - LAjT - 2At, 

8 3 

where At = SiTiT* = t*. (Chapter VIII, p. 231); and 

A 2 T = (Chapter VI, p. 154). 

1 

But for a T'j the linear invariant G is equal to — 2t7l/ (cf. 
§ 4), so that the mean curvature is in our ca,se given by 

S'J ^ 2A2T -f At.( 60 ) 

As ol/ (the sura of the three curvatures) = cuj + 2a), and o) 
has already been calculated, this formula will give the required 
expression for aji". it remains to find the values of the quantities 
AjT and At on the right, using for this purpose the formulae (50), 
(51). and (59). 

From the general expression 

At S.jO'^t.t*, 


we have for our dP, and for a function t which depends only on R, 


the dash here also denoting the derivative with respect to R. 
Further, from the general expression (18) on p. 154 we have 

and since now •Ja — ARP ninB, it follows that 



1 d 
ARP dR 




METRICS WITH SPHERICAL SYMMETRY 419 

In OUT case, from (69) and (51), 

T = — log = log 4 , 

R 


and by (50) 


11 

R’ 


hence 


f 

T ‘ 

A- 

R 

1 


It follows that 





At =- 

(A- 

-1)2 

1 

(1- 

-1] 


IP 

“ IP 

\ 

a) 

|i 

<1 

1 

AR^ 

d 

iR 

[«(. 

1 ' 

A; 

>] 


1 

u. 


1 

d 


AJP 

V 

a) 

~ AR 

dR 


using the expression (68') for to, this can also be written in the 
form , . 


Substituting in (60) the expressions just found for At and 
A 2 T and for its value to^ + 2 a>, 2 a» cancels out on both sides, 
and we get fortoi the value stated at the end of § 11 , viz. 


<Ol = 


1 



(61) 


13. The gravitational equations in the case of spherical sym¬ 
metry. Schwarzschild’s rigorous solution. 

We shall now apply the equations of the Einsteinian statics 
to the particular case of a single attracting mass, or more generally 
of a distribution of masses having spherical symmetry roimd a 
point 0. Using the terminology of § 11 we shall deal with matter 
distributed in accordance with any law dejiendent only on R in 
layers botmded by geodesic spheres of centre 0. The Einsteinian 
ds* will have the statical form 

ds2 = V^dxo^-dl^ 

where dP will necessarily be of the type (49'), and V, from 
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BjnDometiy, will also depend only on R, We shall agree to consider 
only regions outside the field occupied by the attracting masses. 
In these regions the statical equations (21'), (22) of § 4 for empty 


space will hold, i.e. 

^ = 0 .( 21 ') 

.( 22 ) 


Since ^ denotes the mean curvature of the s)Tnmetrical 
i.e. the sum tu^ + 2to of the three principal curvatures, (21'), 
together with (58) and (61) of the preceding section, gives 


<Oy-\- Itxi 


i/i_ i\ - ^ ^ uy = 0- 

IP v AV R dR \A/ 


whence on separating variables and integrating 


= 



(62) 


where a denotes a constant of integration. 

It is to be noted that whatever the constant a may be the 
expression found satisfies the physically necessary condition that 
at an infinite distance from the attracting masses the metric 
tends towards the Euclidean form. In fact, if R^ <x>, A--^1, 
so that the dl^ (49') becomes the ordinary Euclidean expression 
in polar co-ordinates. 

The symbols are then completely defined by the formulae 
(52) and (53), where te anda>j have the values (58) and (61). 

In order to put the gravitational equations (22) in an explicit 
form, we must again replace the covariant derivatives F,j^ by 
the ordinary derivatives. This can abo be done without any pre¬ 
liminary calculations, as follows. Let the x,’a denote generic co¬ 
ordinates in a space with a generic metric. Take a function V 
of the k’s, and consider its variation along a geodesic line along 
whi^h the x’s are considered as functions of a parameter t. We 
shaS have in the first place 


-in 


UiftBcesntiating again, and substituting for the xj& their values 
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as gives by the equations of the geodesics, we get, as a particular 
case of the notion of covariant derivatives (Chapter VI, §§ 1 
and 2, p. 144), My g 

^2' “ .(63) 

Further, assuming in particular = R, = 6, 
and remembering that oiir F is a function of R only, we have 

= TR 
dt 

(dashes denoting derivatives with respect to R), and 
d^V 


df 


== V"R? + V’R. 


But for our metric, i.e. for 

T - i2*(^4 8in*d^2)], 

the equation of the geodesics for the co-ordinate R gives 

d ar_ 0r ^ ^ 

dl dR 

or A^R^ R^ - I m-R(9^+ sin® 6 ^®) = 0 , 
dR dR 


whence we get 


R 




4- sin® 0 


(RV 


Using this result the foregoing expression for - becomes 

dt“ 


d®F 


(--T) 




This expression, like (63), must hold along a generic geodesic, 
i.e. for arbitrary values of the quantities Xi — R, X 2 — 0, 
x^ = Comparing them we get 

V’A' RV \ 

F„ = V" - V22 = "2^. F3, = F22 8in®d,| 


A ’ “ A^ 

0 (*>fc). 


( 64 ) 
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Substituting in the gravitational equations (22) these values 
for the F^’s and the values (62) and (63) for the aj^’s, we see 
at once that the equations with two distinct indices reduce to 
identities, those for the pairs of indices 11 and 22 take the form 


A^(Oi + 


F" 

F 


V'A' 

VA 


- 0 , 


(65) 




RV’ 

VA^ 


■= 0 , 


and the remaining equation is the same as this last one. Sub- 

A' 

stituting in this equation for a> its value (58), i.e. —it becomes 



( 66 ) 


or 


AV = constant. 


At an infinite distance from the attracting masses the 
Einsteinian ds^ must reduce to the pseiido-Euclidean form, and 
therefore the coefficient F (the Romerian velocity of light) must 
tend to 1 like A; hence the constant must have the value 1, 
and we have 

AV ^ I .(66') 


This equation and (62) give A and F in finite terras, so that 
the required ds^ is now completely determined. The equation 
(65) remains to be considered, but it will at once be seen that 
with the values (62) and (66') it reduces to an identity. In fact, 

substituting for its value ^ ~ ~ ~ ^ 

A' V' ■ ■ 

for —, by (66), the equivalent — , multiplying by F*, and 

A F 

remembering once more that AV = 1, (66) becomes 
^ (1 - F*) + FF" + F'« = 0, 



1 

/P 


(1-n+i 




F8 = 0. 
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On substitutdng for P the value = 1 — we find 

R 

that this equation is satisfied identically, which proves the 
required result. 

The rigorous form of the Einsteinian ds^ with spherical sym¬ 
metry is therefore 

dsi = (1 - W -dP . . . . (67) 

with dP = 4- -f sin2 0 djP). 

, a 


This expressiou for ds^ was first given by Schwarzschild.’ 
The metric contains a constant a which is a ■priori arbitrary; its 
value can be deduced from a consideration of the intensity of the 
field of force at great distances from the attracting masses. In 
these regions the spacelike dP tends, as we know, to become 
Euclidean, R becoming identical with the length of the 
radius vector drawn from the centre of symmetry; further, the 
expression 

_ ic* P ^ “ 

R 


represents the potential of the field (cf. Chapter XI, p. 328). Com- 

fM 

paring this with the classical Newtonian expression •' for the 

R 


potential due to a mass M concentrated at the origin (or sym¬ 
metrically distributed round it in any way), we see that w'e must 
put 


a -- 


2/M 

’ 


( 68 ) 


where M is the sum of the attracting masses. 

It follows from § 11 that every dP with spherical sjunmetry, 
and therefore in particular the Einsteinian dP (67), can be con¬ 
formally represented in a Euclidean space, the modulus of the 


■ Sitiungtberickte der Preusi, Akad. dtr Wis»., 1916, pp. 189-196. 
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jR 

oonformiil represraitation being —, where f is defined by (60), 
i.e. by ^ 

^ __ AdR 
7 R‘ 

Uekig the relations 



we have to express the right-hand side of this equation in terms 
of F, which gives 

dr _ 2dF 
f 1 - F®’ 

whence on integrating 


= r, 


1 + F 
'l-F 

(1 + F)® 
'l-F* 


-“(l + F)*, . . (691 


where denotes a constant. 

If we wish to impose the natural condition that r, like R, 
shall tend to become identical with the ordinary radius vector 
at an indefinitely great distance from the attractmg masses, 
we diall have to determine Tq in such a way that 

lim - = 1. 

R—« r 


Since when B — oo, F —' 1, this gives 


Consequently 


a 

4 


R _ 4 

(1 + F)*’ 


and therefore 




As an instructive example, we shall apply these rigorous 
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formulffi to calculate over again, for a symmetrical field, tlie 
expression (33) of § 6, via. 

rfs* = (1 - 2y)dV - (1 + 2y)dio® 


^where y stands for which to a first approzimation gives the 


Einsteinian ds* corresponding to an assigned Newtonian field. 
In our case comparison of the coefficients and 1 — 2y of 
gives rigorously 


r = 




R' 


80 that, from the value (68) of a, U is precisely the expression for 
the Newtonian potential of a mass M symmetrically distributed 
rmmd the centre. Comparison of the coefficients of dl^ imposes 
the condition (at least to a first approximation) 


1 + 2y = 


_16 _ 

(1 + V)*’ 


From the expression 1 — 2y for F® we have to a first approxi¬ 
mation V -= 1 — y, and therefore 

(l + F)-*= (2-y)-‘ =. ,«( 14 - 2 y), 

Jo 


which ensures that the above condition is effectively satisfied so 
long as we neglect terms of higher order. 


14. Spatially uniform metrics; their cosmological interest. 

We shall now examine whether there exist solutions of the 
gravitational equations in statical conditions, and on the hypo¬ 
thesis that the spacelike dP has a constant curvature K and that 
the energy tensor is also uniform, meaning by this that it is 
of the type (66) of p. 368 (applied to the statical case). This 
is equivalent to assuming for the T^’a the expressions 

T^=VH.-p)^Vhi .(70) 

(t,^=l,2,3), . . (71) 

wbw the a^’s obviously denote the coefficients of dF. The two 
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quantities > 0) and p represent respectively (cf. Chapter XI, 
p. 368) the energy density and the pressure (or pull, if p < 0) in 
the mediuin. 

We next take into account the geometrical hypothesis that 
the spacelike manifold has constant curvature K. When the 
three principal curvatures cui, wj, <U 3 all reduce to K, the canonical 
expressions for Ricci’s symbols (formula (47) on p. 207), 
together with (46) on p. 206, give immediately 

^ ®a:>.(72) 

while by the definition of the mean curvature we have 

= ZK .(72') 


Using these results, the first of the gravitational equations, 
(18) of § 4, becomes 


3X = KTj. 


(73) 


We deduce from this that X >0, which comes within the 
general observation of § 4 that in statical conditions the mean 
curvature is always either positive or zero. The equation (73) 
then shows that ij is necessarily constant when K is, or in other 
words that the medium must have a uniform distribution of 
energy, or, what is the same thing, of matter. 

On account of this circumstance, this type of solution has a 
particular cosmological interest. It is true that the celestial 
bodies are separated by distances which are large compared vdth 
their dimensions, and therefore the distribution of matter in 
space is essentially discontinuous; but from a statistical point 
of view it is natural to ask what are, so to speak, the mean 
mechanical conditions of the universe; i.e. what would be the 
nature of the space-time metric on the hypothesis that the whole 
of the cosmic matter, instead of being concentrated in discrete 
masses, is uniformly distributed throughout all space, with the 


mean density ? of the actual distribution. 


It is important to note that, as we are dealing with a space 
of (jonstant positive curvature, its extension S (in the sense of 
Chapter VI, p. 160) is,finite, as we shall show in a moment. As- 
eociating it in the metmwhile with the foregoing cosmological 
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ooQsideration, we reach the conclusion that in this type of solution 
the total quantity M of matter is finite, and is given by 


M = 


■ • (74) 


In order to find the extension 8 , we take dl^ in the canonical 
form (31) on p. 240, viz. 

dl^ 1 

dP = -I {dy^^ + dy^^ + dy^^), . (76) 

u u 

K ® 

where u = \ r® and r® = . . (76) 

4 1 

We have in the first place, for the element of volume corre¬ 
sponding to the Euclidean dl^ referred to polar co-ordinates 

dr sinO dd dtf>, 

and therefore, for the corresponding element of physical space, 

dS = 


The total volume is in consequence given by 


n 


the integral being extended to the whole of space. The integration 
with respect to B and ^ gives 47t, so that we can write 


S = 4Tr 


rr^dr 

Jo 


Here we can introduce the radius a of the sphere of Gaussian 

1 

curvature K, putting K = - , and substitute x = — for r 


as the variable of integration. This gives 

32u«®r ^-3 = 2w®a» 

./ 0 (1 -f- aj*)® 
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aaid therefore, from ( 74 ), 

M ^ 2ir*o»l 

c* 


In the given conditions, physical space has thns the volume 
2n^a*, and is therefore finite, though at the same time unlimited. 
This latter property holds, as for ordinary two-dimensional 
spherical surfaces, for any manifold-of constant positive curvature 
in any number of dimensions. 

Another general property which calls for mention is that in 
a variety of the kind specified the geodesics are all closed lines, 
of length 27ro. Consider specifically the case of three dimensions 
which corresponds to the physical space of the problem under 
discussion. It will be seen immediately that without loss of 


generality we can always refer dP 


dl ® 

—^ to polar co-ordinates 

r, 6 , <l> in such a way that for a geodesic assigned in any manner 
^ = 0 at one point of it; from the Lagrangian equation relative 
to the parameter ^ it then follows, as in § 11, that — 0 all 
along the curve, which is therefore a geodesic of one of the sur¬ 
faces <f) = constant, or in particular, by suitable choice of the 
<f> - axis, of ^ = 0. In view of the transformation formulse 
between Cartesian and polar co-ordinates. 


yi = r sind cos<f>, 
Hi ~ r sind sin^, 
T cosd, 


this is equivalent to saying that any geodesic can always be 
considered as belonging to the co-ordinate plane y^ — 0; but, 
for jTj = dF assumes the canonical form of a two-dimensional 
manifold of constant curvature K, i.e. of the ordinary sphere of 
radius a. The geodesic therefore coincides with a great circle 
on this sphere, and is therefore a closed curve of length 2Tra. 

We now pass on to the other six gravitational equations. 

Taking account of (71) and (72), the equations (17) become 

= Q - 1, 2, 3), (77) 


which can be satisfied in two different ways, according as we 
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suppose y constant (Einstein’s cylindrical space-rime) or T a 
function of position (De Sitter’s hyperspherical space-time).^ 


15. Einstein’s solntion. 

First, suppose F constant. In this case it is necessary and 
sujfioient to add to (73) the condition 

K + Kf = {) .(78) 


Prom this it follows first of all that the normal stress ‘p is 

necessarily the same at every point, and on comparison with (73) 

there follows , 

P -- - h..(73') 


whence we get the following result: 

In a homogeneous medium subjected to a uniform pull of 
\ri, rj being the energy density, the space assumes the constant 


positive curvature K ~ 


K 

3 


Tj, the velocity F of light remaining 


constant (and being naturally supposed not zero). 

Remembenng that in statical conditions the potential of the 
force in the field is — |F® (Chapter XI, p. 328), we see at once 
that in the present case the force is zero. 


16. De Sitter’s solution. 


Now suppose that F is a function of position. Multiplying 
(77) by a'*' and summing with respect to i and k we get in the 
first place 


A,F 


3 


or 


y = UK + kp). 


The equations (77) are therefore equivalent to 

0 .... (77') 

where for brevity we have put 

K* == K~\{ZK + kp). . . . (79) 

' Cf. T. Lkvi-Civita.; “RealU fiaica di aloum spaau nonuali d«l Bianchi,” in 
ddia R Aee. dei Lineei, Vol. XXVI (first half-year, 1017), Jip 519-531. 
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It is ^sy to see that the equations (77') are mutually ooH' 
sistmit for F not constant {in fact, they constitute a complete 
system with respect to V considered as the unknown function) 
if, and only if, K* = X. To prove this, take the commutation 
formula (20) on p. 186 for the second covariant derivatives of 
a simple system F„ which gives 

Substituting for Riemann’s symbols of the second kind the 
expressions for a manifold of constant curvature K (formula 
(19') on p. 234), viz. 

(®«A 

we get -Vm = X («,; V,). 

Further, multiplying (77') by V and taking the covariant 
derivative, we get 

F.*, = -A'*a„F,; .... (77") 

substituting in the preceding equation, we get the conditions of 
integrability 


for every set of values of the three indices i, h, k. Since by hypo¬ 
thesis F is an effective function, one at least of its derivatives 
(say F*) will not be zero. In the above equations take this value 
of k and a value of h different from k; multiply by o'* and sum 
wifh respect to i. This gives 

{R*-K)V,^0 
whence K* — K = 0, 

Q. E. D. 


Using this result, we get from (79) 

ZK -)- Kp = 0, 

whi<h leads to the same qualitative statements with regard 
to the stresses as those made above for the cylindrical space- 
idnie. 
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For the integration of the equations (77'), in which from now 
onwards we put K* ~ K, we must again take dP in the canonical 
form (76). 

The covariant derivatives of V with respect to our dP 
can be found explicitly as functions of the ordinary derivatives, 
without direct calculation, from the considerations in Chapter 
VIII, pp. 222-232. In fact, considering our dP and the corre¬ 
sponding Euclidean referred to the same co-ordinates, we 
have, from formula (9) on p. 224, 

3 

V — F® — — ■’f’ o' F 

• ,lr ' tk — ■^iPik ' l> 


where, by (16) on p. 230, 


p!i = + 8/t, - 


with in our case e""’’ -= tP, u having the value given in (76). 

Noting that for dJ^ referred to Cartesian co-ordinates the 
derivatives F,® are identical with the ordinary second derivatives, 
and that t' - t,, Oj. ~ 8J, we have the required expressions 
in the form 


F 


Ik 


rPV 1 8 * “ 

?y,dy^ u V 1 


Substitute these expressions in the equations (77'), which on 
multiplying by mF take the form 

KV 

wF,,-f = 0 

u 

for K* ~ K and a,t, = ‘. Putting for brevity 


W uV, .(80) 


and using the expres.sion (76) for u, we get 

a*F , „ , „ 3* IF 


^yfiVk 


F. + u.F, = 




whence it follows that 


32 IF 


W KW , 2 
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But by (80) 


F. 


u 


W 


«» 


u,; 


substituting, and taking into account the definition (76) of u and 
the consequent identity 

s 

K '£ii ttj* = Kuy 


the forcing equations become 






From this it follows at once that for » 4= ^ the second deri- 
vativee of W vanish, so that W most be a function with the 
variables separated (the sum of three functions, one of j/j alone, 
one of yj alone, and one of alone). Further, for i = k, the 
equations above show that as the terms on the right are the same 
for all three cases, we must have also 

dm dm dm 

Syi*’ dy/ ays* 


all equal; their common value must therefore be a constant, 

which we can denote by 6^ Hence the most general expression 

2 

for W is of the type 


IF 


+ + C, 

4 


where IP is a linear homogeneous function, a prion undetermined, 
and C is a constant. The coefiBoients of this expression are to 
be so determined that 

2 -. -4 

'i.e. that S,y,lFj—IF = bf,u. 

1 

^y Euler’s theorem on homogeneous functions the linear 
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term w contributes nothing to the left-hand side, so that its three 
coefficients are arbitrary; there thus remains 

- 6o«, 

4 

which by (76) reduces to 

c^- -K- 

Hence the final expression for W can be written in the 
form 

W = bg{u — 2) -ir w, . . . . (81) 

the constant b^^ and the coefficients of w being still completely 
arbitrary. This number of constants could of course be predicted 
from the fact that the system (77') is completely integrable; as 
all the second derivatives of the function V are defined by it, 
it is obviously equivalent (cf. Chapter II, p. 13) to a total differen¬ 
tial system in four unknown functions, viz. V itself and its 
three first derivatives. 

It is also to be noted that the three constants of integration 
which appear in the linear expression 

w -- ‘lib^y^-t b^y^ -f b^y^) 

can obviously be reduced to one, since by a suitable orthogonal 
transformation applied to the y’s (for which r^, w, and dl^ are all 
invariant), we can always reduce the trinomial to the form 26 ^ 1 , 
with b — >/b^ b^ -r b^. 

But we may also suppose b -- 0 ; this can be formally proved 
(though in a less elementary way) by taking account of the 
homogeneity of a space with constant curvature, which enables 
us to take a point fixed in advance iis the point y, 0 . while 

dl^ 

retaining the canonical form for dl^.^ 

' This beonmes intuitive far the cutte cif two diniensioiui, in which s mamfold 
of constant positive curvatare is ui ordinary sphere and the canonical expresiuon 
for dP is obtained by atereographic projection of the ^here on a diametral plane 
(cf. Chi^ter VIII, p. 241). The assertion in the text reduces in this ease to the 
obvious geometrical fact that any point whatever of the spliere may be chosen aa 
the centre-of projection. 

(D96S) ‘5 
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Using tiieae results, it follows from (80) t&at the expression 
for the spatially uniform on the hypothesis of F variable, is 

where W — bQ{u— 2), 

+ I.. 

It is assumed that the constant is not zero, as otherwise 
we should have identically F = 0, which is not permissible, 
since we are considering the case of F variable. 

In view' of the physical significance of F, those points, if any, 
at which F — 0 obviously denote singularities in the field; they 
remain, so to speak, optically isolated, in a sense which will be 
explained further on. On the other hand, as r, and therefore u, 
increases indefinitely, F tends tf) further, for finite values of r, 
u remains essentially finite and > 1, so that tlie singular jiointe 
are determined by the equation W' 0. This equation, com¬ 
bined with (82) and the relation K — -5;^, becomes 

r 2'/, 

which in the representative Euclidean space deliiie.s a sphere 
Dfl. The surface D which corres|x)nds to it in the physical space, 
and w'hich, by § 11, is also a (geodesic) sphere, is called the horizon, 
because it constitutas in a certain 8en.se the limit of the pu'ceptible 
universe. This follows from the fact that light, and a fortiori 
a material particle, w’ould take an infinite time to reach it. To 
prove this, let A and B be two generic points; then b_ the 
definition of V the time taken by light to pass from A to B is 

di I dl^ I d\fy 

F "" .'«F "" i IF 

where the integral is taken along the ray joining A to B. When 
B tends to the horizon the integrand tends to an infinity of the 
first order at B, and therefore the integral cannot remain finite. 

As we have already several times recalled (in particular in the 
preceding section), the force in the field is the gradient of — 
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is conBequeoce it tends to displace the material masses towards 
the regions of minimum F®, i.a towards the horiaon. This 
circumstance was regarded as an incongruence of De Sitter’s 
space-time; but it is to be observed that it must be taken to refer 
solely to accidental masses (sufficiently small not to modify the 
field perceptibly), and not to those rmiformly diifused masses 
which constitute it, the equilibrium of which is automatically 
assured by the gravitational equations. 

It is interesting to remark that the problem of spatially 
uniform metrics (§14) admits of a solution which includes both 
Einstein’s and De Sitter’s solutions as particular cases.^ 

In fact, in the argument beginning at equation (77'), it was 
tacitly assumed, at (77"), that K* is constant. If we drop 
this supposition we find 

— ^tlrK ~ (®<jf Fft — ^ ~ ^ih ^k)t 

which, on combination as before with 

^x)ik ~~ ^tkh — K{aji. Yti — Oj, Vi), 

gives 

{K - K*) ia,i V„ - a., F*) = F(o„£,: - aj,Kl). 

If we put E for K — K*, this becomes 

E{a,i Fa ~ a,A F,,) f- F(a,* E,. - a ,a E*.) = 0, 
leading, by the same treatment as in the former case, to 
EV, + VE, = 0. 
or EV = constant 

= A, say. 

Equation (77') may now be written 

Thus, if instead of (80) we write 

1 This exteniiitHi of the analysis -was suggested to me by Dr Jobn l>ougall. 

fnesst ts* 
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tlie investigation proceeds exactly as before, and leads to the 
same value of W, viz. that given in equation (81). The new 
value of F is therefore 


V 



W 

u 


A b,(u - 2) 

K+ « • 


If ^ = 0 we have De Sitter’s solution; if 6^ -= 0 we have 
Einstein’s. If both A and 6o are different from zero, the 
curvature K is still constant, but the (normal) stress p is 
variable, being given by 

K- K* ^ E 
A 
y> 

or \(^K + Kp) -- 4. 

We shall conclude this section by showing that De Sitter’s 
space-time not only, like Einstein’s, implies that physical space 
(i.e. any manifold — constant) has constant positive cmvature 
K, but has itself, as a four-dimensional manifold, constant 
n^ative curvature. 

To prove this, we start from a knov. n property of every space¬ 
like dP which has constant curvature K, namely (Chapter VIII, 
p. 234), that Riemann’s symbols for dP have the form (19') of 
p. 234, or 

{w, hk\ -- K{aj, hi — a,»SX) {i, r, h, k -= 1, 2, 3). 

By (11) and (13) of § 4, these relations can be written in the 
form 

{ ir, hk Kiq,, hi - h),), . . (83) 

still for the same values 1, 2, 3 of the indices. Now it is easy to 
see that these last formulae, in virtue of the expressions (14') 
for Riemann’s symbols for our ds® and of the equations 

r 


Ka„ ^ Kg^ (*, k - 1, 2, 3), (77'") 
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will Btill hold when 0 is included among the values to be assigned 
to the indices. This is obvious when one, three, or four indices 
are equal to 0, since then (§ 4) both sides of the equation vanish. 
In the case of two indices zero we have, as in § 4, to examine the 
two types {Or, OA}', (iO, Ok]'. The corresponding values of the 

a . V. 

left-hand side are respectively V{V\ — V S, a" 7^*, and —, 
i.e. in view of (77'"), ‘ ^ 

^ - Kg^K, Kg^. 

1 

The values of the expression on the right are clearly the same. 
Thus the equations (83) hold for all values of the indices from 
0 to 3, which is precisely equivalent (still by formula (19') of 
p. 234) to saying that the of space-time has constant negative 
curvature — K. 

It n\ay be well to observe that while the notion of a manifold 
of constant curvature and the measure K of this curvature are 
by their nature invariant, i.e. independent of the choice of the 
co-ordinates of reference, this invariance does not persist for 
multiplication of by a constant factor m. In fact, when all 
the coefficients g,,, are multiplied by m, Riemann’s symbols of 
the second kind are unchanged, so that, again by formula (19') 
of p. 234, the curvature K is divided by m. In particular, for 
tn — — 1, it changes sign. This explains the apparent contra¬ 
diction between our enunciation and that of some writers who 
take — ds^ as the fundamental form and assign constant positive 
curvature to De Sitter’s space-time. 

17. Einstein’s additional term. Indication o! other rigorous 
solutions. 

For Einstein’s solution we found in §§ 14 and 15 (formulae 
(73) and (78)) 

ZK ~ KTJ, K Kp — 0. 

We cannot therefore suppose the matter devoid of stresses 
(jo = 0) without concluding that g — 0, which brings us back 
to the uninteresting case of a totally empty space. Now if 
we take the cosmologico-statLstical jH)int of view (in the sense 
indicated in § 14), it seems reasonable to suppose that there 
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must be a solution of the gravitational equations corresponding 
to tbe bypothesis of a uniform distribution of matter which shall 
be so tenuous that the molecular actions between contiguous 
particles, and therefore the stresses, are imperceptible; such, 
that is, that p = 0, while is a constant other than zero. 

Since the gravitational equations in the original form (8), viz. 

have no solution of this type, Einstein was led to modify them 
(very slightly) by adding a term which maintains the tensorial 
character of the equations (8), and which in ordinary cases is 
completely imperceptible while serving to render jmssible a solu¬ 
tion of the type indicated. This term was assumed by Einstein 
in the particularly simple form Ay,*, A denoting a constant which 
in most cases is negligible compared with G. The gravitational 
equations so modified are 

(t, * = 0,1,2, 3). j • - ^ 1 
The statical equations accordingly become 

M — A = XT), 

a* + -f a) a,* - - xT„ a, 1,2, 3). 

Proceeding as in §§ 14, 15, on the hypothesis that the space¬ 
like (8* has constant curvature, that the density is constant, and 
that the stresses are isotropic (i.e. are given by (70) and (71)), 
we ultimately reach the two equations 

SK — Kt] A, 

K + xp = A, 

between K, tj, p, and A, which take the place of (73) and (78). 

Here it plainly becomes possible to put p — 0 without tj 
necessarily having to vanish at the same time; we need only 
take 
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To get an idea of the order of smallness of the constant A, 

we may note that the mean cosmic density \ of matter can 

certainly be regarded as considerably less than that of the nebulae, 
which is of the order of 10~” gm./cm.®. It is therefore legiti* 
mate to assume that in any case 

2 

From the numerical values (in C.G.S. units) = 2 X 10'^, 
c — 3 X 10'”, we have 

A = A’ < 9 X lO-'l 

For the radius a of the universe we thus get a lower 

limit given by ^ ic.ia. 

" a > 1(P cm. 

This radius is therefore certainly considerably greater than 
10'-’ km. or 10,000 light-years. 


We shall conclude with some bibliographical references con¬ 
cerning the rigorous solutions of the gravitational equations (with 
or without the cosmological term) in some special cases. 

Schwarzschild’s solution is supplemented or generabzed in 
various important respects by the original contributions of 
Birkhoff, De Bonder, Eddington, v. Laue,^ and Weyl, which 
are given in their respective treatises, and of Signorina Longo®, 
Trefftz,® Isuyens,* and Vanderlinden.® 

A different type of solution is considered in the researches of 
Weyl,® Levi-Civita,’ Bach,® Chazy,® Palatini,^® and Kasner.*^ 

* Of. dm Sitzungihcrivhte der Prmia. Ak. der Win., 1923, pp. 27-31. 

“ Nuwo Oimenlo, Vol. XV, 1918, pp. 191-211. 

* Malh. Amujen, Vttl. 86, 1922, pp. 317-326. 

* Comptet Kfruiun. Vol. 176, 1923, pp. 1376-1379. 

* BuU. de VAc royal* dr Srlgique, 1921. pp. 260-276. 

« AmuJen drr Pkyeik, 54 (1918), pp. 117-145; 69 (1919), pp. 186-188. 

^ “ da’ einstomiani in canipi newtoniani Nottvs I-IX, in Rend, della R. Acc 
dei Lineei, Vola. XXVI, XXVII. XXVIII. 1917-1919. 

* Afathrmatieehe Zeitsehrift, Vol. 13, 1922, pp. 134-146. 

* BuUetin de la SoriRe Ma^. de Prance, Vol. LII, 1924. pp. 17 37. 

'® Nuom Cimenio, Vol. XXVI, 1923, jq). 5-24. 

u Tran». of the American Math. Society, Vol, 27, 192.^', pp. 101 -lOfs 156-162. 
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P. 122, line 9 from fool. See a short but substantial article by 
E. Cartan, who (iiscusse.s the question exhaustively from the 
geometrical jioint of view. Antudea de h Sociele Polonaise de Mathe- 
mntiques. Vol. V’l (1927), pp. 1-7. An earlier paper by M. Janet, 
ibidem, Vol. V (1926), pp. ,%-73, may also be consulted. 

P. 168, at the end. A luminous demonstration of M. Fermi’s 
theorem, as .sim{)le as it is intimately related to fundamental prin¬ 
ciples, ha.s been given recently by Mile. P. Nalu; Rend. Acc. Lincei, 
Vol. VII (1928), pp. 195-198. 

P. 171,«/ the end. The u.se of locally geodesic co-ordinates enables 
us to recognize at once an, imporlant property of the e-systems, which 
they posae.s.s in (iommon with the fundamental tensors aj,, 

—their covariant derivative mulshes identically. For each element of 

an e-aystem is either zero or of the form i ,^a, ± -y-. The deri- 

Va 

vatives of the a„^’s being zero (in geodesic co-ordinates, for the 
point considered), the same is true, for every element of an e-tensor. 
It follow.s (p. 71, final paragraph) that the covariant derivative 
vanishes in any system of co-ordinates whatever. 

P. 188, line 3. The general case in which the cycle T and conse¬ 
quently the area F are not restricted to be infinitely small, can 
also be treated without great difficulty, as has been shown very 
ingeniously by J. M. McConnell, Read. Acc. Lincei, Vol. VII (1928), 
pp. 208-213, 306 -309. 

P. 209, e)td of footnote. See al.so J. L. Synoe. On the Geometry of 
Dynamics, Phil. Trans. Roy. Soc., A, 2S6 (1926). pp. 31-106; and 
various notes by MM. Bebwald, Boggio, Cartan, Crudeli, 
De Mira Fernanpes, Onickscu, Vranceanc, Rend. dec. Lincei, 
Vols. V, VI and VII (1927,1928). 
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ADDITIONAL NOTES 


P. 228, after formula (14). Fonnulse (13) and (14) can be proved 
more readily, without any formal development, by means of geo¬ 
desic c.o-ordinates, as has been remarked by Mile. Nalli. See her 
note Due dimostraxioni nd calcolo assoluto. Boll, dell’ Unione Mat. 
Italiana, Vol. VII (1928), pp. 124, 127. 

P. 234, Une 10 from foot. A simpler proof, due to Mile. Nalu, 
is given in the paper cited in the note to p. 228. 

P. 439, end of referenoes. On all these questions, Daemois, 
Les equatims de la gravitation einsteinimne, Fasc. XX, Memorial 
des Sciences Math^matiques (Paris, Gauthier-ViUars, 1927) may 
also be consulted. 
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Bibliography. Sec Preface. 
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— variables, 2, 61. 

-general, 80. 
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— — of second kind, no, in. 

— — vanishing of, 121. 
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392-394. 
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368. 

-qualitative properties of, 369. 
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— tniufonnation by, 67, 69-71. 
Comravariant differentiation, 149. 
Co-ordinate hypersuifacea, angle be¬ 
tween, 128. 
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439. 
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383. 

— coefficient* of. and gravitational 
experiments, 367. 

-by experiment, 363-368. 
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ds* for dynamics and light, 336, 

337. 
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— — Einstein tensor in, 380, 381. 

-- Riemann’s symbols in, 379. 
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6eld of uniform, 426. 
fluxot, 350, 351, 356, 3f;7, 358. 

— intrinsic, of matter, 297, 298. 
kinetic and potential, 296, 324. 
tensor, 355, 358, 

— — and curvature, 374. 

— - — electromagnetism, 374. 

--equations of motion, 359. 

— — - local phenomena, 374. 

—^ - — metric of space-time, 383. 
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447 

Equipollence of vectors, 103. 
Equivalence, mechanical, a theorem of, 
394 - 
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Force absorbed in stress system, 349, 
374 , 375 - 

— disturbing, in planet’s motion, 397. 

— in relativity field, 328. 

— inversely as cube of distance, 397- 
Form, bilinear, 66 . 

-- invariant, 73. 

— linear, 67. 

— multilinear, 66, 83. 

— quadratic, 66. 

Forms of class i, 253. 

-conditions for, 257. 

Frame of reference, 335. 

Frequency of spectral line modified, 
400. 

Fresnel’s convection coefficient, 319. 

— formula for velocity of light in 
moving media, 318-320. 

Function, alternate, 35. 

— implicit, 3. 

— uniform, 14. 

Functional matrix, characteristic of, 
9. 39, 87, 250. 

Functions of position, 80, 83. 

Galilean systems, 349. 

-force, stress, and divergence in, 

349 - 

Gauss, on intrinsic geometry, 99. 
Gaussian curvature, 172. 

-of r„ 193. 

General relativity, concept of, ^94- 

-postulates of, 364, 

Generalization of metric of K4, 320. 

-Lagrangtan function, 322-324. 

Geodesic, co-ordinates locally, 164, 167, 
171. 

— curvature, 135-137- 
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Geodesic, definition of, 103, 128. 

— deviation, 208-220. 

— — Jacobi’s formula for, 219. 

— excess, 197. 

— manifold, 162. 

— motion of particle in, 326. 

— prindple, 337. 

-Einstein's, 328, 331. 

-in 341. 

— sphere, as horixon, 434. 

— surface, 164. 

— triangle, 197. 

Geodesics and trajectories, 324, 326, 
331 - 

— autoparallelism of, 104, 140. 

— differential equations of, 131-135- 

— in rigid motions, 408. 

— in space of constant curvature, 428. 

— Lagrange’s equations for, 208, 331, 
33 i, 34 ». 367. 4 » 3 - 

— near given geodesic, 20S. 

— of zero length, 330-334, 337. 
Geometrical optics, 334. 

-according to Einstein, 335-338. 

Gii (Einstein tensor), in statical </s*, 

380, 381. 

— -linear invariant C of, 380, 

381. 

Of linear invariant of Einstein tensor, 

380.381. 

Gravitation, modification of N'eviton’s 
law of, 397. 

— not ahaorbed in energy tensor, 373. 

— with point mass, 419-423, 
Gravitational constant, 386, 

— equations, and the facts, 3S7, 

-Einstein's, 376. 

— - — for spherical symmetry, 419. 
-for statical 381. 

-in space of constant curvature, 

428. 

-modified by cosmological term, 

438. 

-rigorous solutions of, 437. 

-solution of, 419-421 

— experiments and di*, 3fi7. 

• - field and spectra! lines, 400-402. 
-path of light in, 403-408. 

— forces, as privileged, 374. 

— tensor, 371, 372. 

-divergence of, 372. 

Hamilton’s prinaple, 287. 

-Einstein’s form of, 291. 

-modified, 294-298, 301, 322-324, 

351 - 

Horizon, in De Sitter’s space-time, 434. 
Hyperspherical representation, 258. 
Hypctsurface, 121. 

— hvperapherical representation of, 258. 


Hypersurfaces in Euclidean apace, 249, 
253 - 

— parallel, 251. 

Immersion of Vn in Euclidean space, 
121. 

Indefinite dt’, 141. 

Independence of functions, 5, 8-10. 
Inertia, index of, 299. 

— pnnciple of, in relativity, 298. 

Inner multiplication of tensors, 79. 
Integral, general, 40, 42, 43, 45, 50. 

— independent, 40, 42. 

~ of differential equations, 36, 37. 

— principal, 38, 39, 49- 
Intrinsic geometry of surface, gy 
Invariance and Hamilton’s principle, 

291. 

— in relativity, 322. 

— of di*, 308, 311. 

— m-fold system, 69. 

— simple system, 67. 

— transformation by, 62. 

Invariant, derivatives of, 83. 

-- quadratic form, 73, 84. 

Isotropic manifolds, 232. 

I Jacobi on geode.sirs, 208. 

Jacobian systems of equations, 52, 53. 
i Jacobians, 2. See DetermimnI, June- 
j tional. 

I Kinematic.s, Galilean, 318. 

I — of rigid sy.stems, 301. 

— — modified, 303. 

— relativity, 311, 316. 

Kummer on congruences, 2H6. 

Lagrange and geodesics, 208, 331, 332, 

341. 367. 413- 

Lagrangian binomials, 289. 

— equations, 289, 331, 332, 341, 387, 

413- 

-- parameters, 288. 

Laplace’s operator, 394, 

I-a\v of gravitation, modifications of, 397. 
Light, constancy of velocity of, 335, 

— in gravitational field, frequency of, 
400-402. 

— path of, as trajectory, 403. 

— — in gravitational field, 403-408. 

— propagation of, reversible, 365. 

— rays and trajectories, 343. 

— aignal-s, 364. 

Ivocal time, 290, 311, 312. 

Lorentz transformation, 300, 308, 310, 
316. 

-invariance for, 352, 353, 354. 

— — most general, 313. 

— translation, 316. 
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Muiifold, I. 

— Euclidean, 121. 

— geodeaic, 162. 

— metric, 119. 

— B-dimensional, 119. 

— aectiom of, 162. 

Manifolds, isotropic, 232. 

— of constant curvature, 236, 238, 240, 
246. 

--their mutual applicability, 249. 

Mass and energy, 294, 298. 

— and metric of V^, 328. 

— and velocity, 295. 

Matrices, functional, 8-12. 

Matter, mean cosmic density of, 439. 

— total quantity of, 427, 42S, 

Maximum and minimum, 128. 

Maxwell’s theory, 383. 

Mayer's method of integration, 25. 
Mechanical equivalence, a theorem of, 
394 - 

Mechanics, classical, correction to, 29 >" 
294, 320, 392 - 

— generalised, 320-324. 

— of continuous systems, 347, 352. 

-in covariant equatton-s, 348, 349. 

— — with any co-ordinates, 347. 

Metric, angular, 123. 

— - of space-time and energy tensor, 383. 

— ■ of y, and physical phenomena, 374. 

— — generaliaation of, 320. 

— pseudo-Euclidcan, 299, 3 ho. 

Metrical elements of figure, too. 
Metrics, different, covariant derivatives 

for, 222. 

-for same K,,, 220, 

— ' - Riemann's symbols for, 224. 

— in conformal representation, 229. 

— relativity, qualities of, 325. 

— —■ statical, 326. 

-stationary, 326, 

— spatially uniform, 425. 

— with spherical symmetry, 408-414 
Michelsoii-Morley experiment, 335. 
Minimum time, principle of, 341. See 

Fermat’s Principle. 

Mixed system, or tensor, 70, 71. 

_systems of total differential equations, 

■ • u 

Molecular action, system with no, 360- 
3 * 3 - 

Moments of co-ordinate lines, 98. 

— — direction, 92. 120. 

— _ — covariance of, 92, 120. 

--relation connecting, 92, izo 

Momentum, Z 9 S- 

Morera’s method of integration. 22-25. 
Motion, Einsteinian, of planets, 396. 
.Multilinear form, 66, 69, 83. 
Multiplication of tensors, yf*. 


I Nebula, density of, 439. 
j Newtonian equations, 287, 377. 

— field, assigned, space-time for, 388- 
392. 

— motion, differences from Einsteinian, 
377 - 

— potential, 375. 

— potential and dr*, 336, 369. 

Normal congruence, 263, 275, 277, 285. 

— form of differential equations, 36. 

Operator 3 , properties of, 176. 

— linear, 33-37. 4®. 84. 

Optica, geometrical, 334. 

Orbit, equation of, 397. 

Orthogonal directions, sets of, 205. 

Parallel, ambiental, 171. 

—• displacement, 103. 

- - along a geodesic, 103, 104. 

■ - — angles unchanged by, 103, 114. 

' cyclic, 173. 

--of vector, 192. 

-P6rts’s formula for, 193. 

Parallelism, 102 

— and curvature, 193-198. 

— and infinite.simal displacement, 104. 
-- angle of, 198. 

— differentia! definition of, 105. 
--equations of, 110-112. 

— extension of notion of, 137. 

1 —intrinsic character of, 106. 

I intrinsic equations of, 107. 
j - invariance of, no. 

I - ■ symbolic equation of, 107. 

-- with respect to surface, 102. 

! Parallelogram rule for vectors, 117. 
Parallels, kinematical construction of, 
102, 104. 

Parameter of family of surfaces, 45. 

— first differential, 231, 418. 

— second differential, 154, 393, 418. 
Parameters and moments, relation of, 

9 ^. 125 - 

— Lagrangian, 288. 

— of co-ordinate lines, 98. 

— of direction, 91, J20. 

-- contravariance of, 91, lao. 

-- relation connecting, 91, 120. 

Parametric equations of surface, 86. 
Path of light, in gravitational field, 402 
403-408. 

PiJres’s formula, 193. 

Perihelion, displacement of, 396, 398. 

-formula for, 398. 

-of Mercury, 399. 

-of other planets, 400. 

Perroutability idS ~ Sd), 116. 
Perturbations, Newtonian, sw- 
Pfaflian, tj, ao, 26, 161, 174, 
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Pfuffian H invariant, 8i, 83. 

— systema, *4. 

Physical phenomena and metric of V,, 
374 - 

Planet, motion of, 369. 

Planets, Einsteinian motion of, 396. 

— motion of. discrepancies in, 31a. 
Poisson’s equation and Einstein’s theory, 

386, 387- 

— equation for potential, 37s, 377. 

— parentheses, 3s. 36. 

Postulates of general relativity, 364. 
Potential, Newtonian, 287, 292, 297, 

3»*. 323 ) 3 * 9 . 37 S| 377 ) 388, 394. 396 , 
400, 403. 

-and ds‘, 336, 369. 

-and metric of space, 391. 

Potentials, 10 gravitational, 375. 
Principe expedition, 407. 

Product of tensors, 76. 
Pseudo-Euclidean dP, 325, 376. 

— every metric locally, 360. 

— metric, 299, 360, 383. 

-and versors, 329. 

Quadratic, canonical form of, 205, 281. 

— differential form, invariant, 84. 

— form, 66. 

-covariance of coefficients of, 73. 

-definite, 90. 

--dr*, character of, 120. See dr'. 

— — invariant, 73. 

—■ with non-vanishing discriminant, 
90. 

— forms of class zero, 242. 

— - of class i, 253. 

-Euclidesn, 242. 

-fliemann’s symbols for, 242-246. 

-theory of, 205. 

Radioactivity, 297. 

Radius of universe, 439. 

Redprocal elemenu in determinants, 54, 
5S, 80, 81. 

— tensors, 95. 

Refracting medium, space as, 402. 
Refraction of light, 334. 

Refractive index, 334. 

Relative motion, 313. 316. 

Relativity and Newtonian theory, differ-- 
en<*s, 377 - 

— composition of velocities in, 317. 

— general, and Poisson’s equation, 386, 

387. 

-|>ostulates (*f, 364. 

—- invwance in, 322. 

— kinematics of, 311, 316. 

--metrics, qualities of, 325. 

-statical, 326. 

-starionary, 326. 


Relativity, postulates of, 364, 

— principle of, 311, 

— restricted, 300. 

— special theory of, 300. 

Reversible motion, 327, 

— transformstion, 3, 7, 61. 

Reversibility of light propagation, 365. 
Ricci’s coefficients of rotation, 2^. 

— lemma, J48, 152. 

— symbols, 199, 372, 389, 411, 426. 

— tensor, 199. 

-linear invariant of, 200, 380. 

Riemann-Chrittoffel tensor in Vt, 372. 

-— — 20 components of, 372. See 

Rianann's symbols. 

Riemannisn curvature of Vu, 195-198. 
Riemann’s symbols, 172. 

-and conformal representation, 228, 

246. 

-and Euclidean metric manifold, 

242—246. 

-Bianchi's identities in, 182. 

— — of first kind. 176, 179-182. 

-of second kind, 175, 177, 17S. 

Rigid motion in any manifold, 408. 
Romerian units, 307. 

Rotation, Ricci’s coefficients of, 268. 
Rotor of vector, 161. 

Saturation fof indicesl. See ConiracUon. 
Scalar product of vectors, 98, 126, 152. 

' Schur’s theorem, 235. 

Srhwarzschild’s solution of gravitational 
equations, 419-423. 

-extensions of, 439. 

Second covariant derivatives, 184 

— differential parameter, 154, 393. 

— fundamental form of V^, 252. 
Section of manifold, 163. 

I — of V„ 201. 

Sets of orthogonal directions, 205. 

— of simple systems, 74, 756. 

— reciprocal, 74. 

Severi’s theorem, 171. 

Shift, spectral, 400. 

Signals, light, and coefficients of dr*, 
364-366, 

Simultaneity, 290, 311. 

Sirius, spectrum of Companion of, 402. 
Sobral expedition, 407. 

I Solution of differential equations, 36, 

1 48. 

-gravitational equations, Schwans- 

child’s, 419-423. 

-first approximation deduced 

from, 4 »S- 

Solutions, rigorous, of gravitational 
equations, 437. 

Space, metric of, and Newtonian poten¬ 
tial, 391. 
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Space, non'EucKdean, 391. 

— of constant curvature, etctension of, 
426, 427, 428. 

-gravitational equations in, 428. 

Space-rime, 290. 

— an Einsteinian, rfr* for, 392. 

— co-ordinate tranaformations, 290. 

— De Sitter’s, 429-435. 

— De Sitter’s, constant negative curva¬ 
ture of, 436. 

— Einstein’s and De Sitter’s, case in¬ 
cluding, 435. 

— Einstein's, curvature of space in, 438. 1 

— Einstein s cylindrical, 429 1 

— metric, and energy tensor, 374. ' 

— with assigned Newtonian field, 392. 
-Sjiatially uniform metrics, 425. 

.Spectral displacement, 400 ' 

Sphere, geodesic, in K,, 409, 410. 
Spherical symmetry and gravitational 
equations, 419. 

— —■ metrics with, 408-414. I 

Statical diS 32*5, 327. 371, 377 . 378 , 392. 

— field, 400. 

— metrics, 326, 327. I 

.Stationarj metrics, 32(1, 327. 

— - - I'erraat's principle for, 340, 

Stress, 344. 

- and bilinear form, 345. 

— force absorbed in, 349 

— in spatially svmmi’tncal metrics, 42s, 
42y, 430, 43fi, 437, 438. 

— kinetic, 351, 356, 358, 

— normal, 345. 

— tenjior and equations' of motion, 
351 - 

-divergence ot, 344, 346, 354. 

-in classical iheor>’, 344. 

-in generaliz.*'^ co-ordinates. 346. 

— -- interpretation of divergence, 346. 
Sum ol len^ors, 76. 

Surface, geodesic, 164. 

— intnn.sjc geometry of, f;g. 

— parametric equations of, 86. 

— \’ect()ra, q6 

Surfaces, developable, 100,101. 
Symmetrical double systems, 72. 

— systems (tensor';), bs. 

Symmerrj, spherical, and gravitational 
equations, 410 

— — metnes with, 40S-414. 

System, mixed, 70, 71. 

Systems (tensors), antisymmetrical, 73. 

— double, 65. 

— m-fold, 65. 

— of order w, 65. 

— of order zero, 65. 

— symmetrical, 65. 

Tensor, 70, 71. 


Tensor, Einstein’e, 200, 371. See Em- 
stettCi tensor. 

— energy, 355. 

— — and equations of motion, 359. 

— first general definition of, 80. 

— gravitational. 371. 

-JO components of, 372. 

— Riemannian, 371. See Riemann'f 
symbols. 

— second general definition of, 83. 

— stress, divergence of, 344, 346, 354. 
--- with vanishing elements, 71. 

Tensors, addition of, 75. 

— associated, 95, 96. 

— composition of, 79. 

— contraction of, 77-79. 

-- inner multipiication of, '?o. 

— multiplication of, 76, 
reciprocal, 95 

Third fundamcnia! form of Vn, 259. 
Time, conventional, 364. 

— !ocal, 290, 311, 312. 

Total differential, 13. 

-equations, 13-33. 

— —equation^, complete system of, 
15-18 

Trajectories, 40V 

— and geodesics, 324, 326. 

— and light rays, 343. 

Kinsteinian and Newtonian, 395. 

— in generalized me*(hanic.s, 324. 

— orthogonal, 263. 

Transformation, afline, 304, 305. 

{ - by contra\ariance, 67, 69-71. 

I — by covariance, 64, 67-71. 
j — b> invariance, 62. 

I — formular of, 80. 

' - homographic, 304, 

linear, of diflerentials, 80. 

— of denvaiives, 85. 

' 'rmnsformatNins, linear, 67. 

— Lorentz, 300, 308, 310, 316. 

— reversible, 3, 7, 6i. 

— space-time co-ordinate, 290. 
Translation, motion of, 305. 

Universe, radium of, 439. 

I Variations, Poincarif’s equation of, 208, 
j Variety. See Mamtold. 

, Vector, contravanant and covariant 
' components of, 97. 

1-in lao, 127. 

j — derit'ative of, 139,140. 

I — determination of, by invariants, 266. 

— product, 159. 

— product of versors, 20 r. 

— projection of, in 127. 

I — transformation of, 62, 63, 64. 
Vectors, cquipoUence of, 103. 
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Vectors, panliel and equal, loj. 

~ scalar product of, 98, 116. 

— surface or tangential, 96. 

— zero, 97. 

Velocities, absolute and relative,. 316- 
310. 

— composition of, 306. 

--according to Einstein, 317. 

Velocity, earth’s orbital, 399, 

— large universal constant, 391, 392, 
3it. 

— mass and, 29.1. 

— of light, 393, 306, 3tt, 334, 335, 339 i 
382. 399 - 

— — irreversible, 340, 

--law of variation of, 339. 

-non-symmetrical, 3 to 


Veraor (unit vector, direction), 93, 96, 
9$, 103 , 103, 133. 135, ia6, 140. 

— in Vt, and eorreaponding vector, 

329- 

Versors, and pseudcKEuclidean metrics, 
339- 

— spacelike, 330. 

— timelike, 330. 

Vibration of atom, 400. 

Volume of curved space, 427, 438. 

World lines, 390, 329, 352, 353. 

-of light, 337, 364. 

-parameters of, 353. 

-and stress tensor, 353. 

Zero vectors, 97. 




